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In this work, we study forms of the type F “ px2
1 ` ¨ ¨ ¨ ` x2

mqpy2
1 ` ¨ ¨ ¨ ` y2

nq for n ě 2, m ě 1. For m “ 1, 2, we provide a complete description of the structure of minimal apolar sets to F. This study enables
the determination of the forbidden locus of F and yields the structure of its minimal apolar ideal, including the corresponding Hilbert function. Our approach improves the lower bound and upper
bounds of the Waring rank of F in the case m ě 3.

Introduction: This work concerns the study of apolar sets associated to forms, a topic situated within the broader context of the Waring rank problem for homogeneous polynomials. Let S “ Crx0, x1, . . . , xns be a polynomial ring in n ` 1
variables over C. Let F be a homogeneous polynomial of degree d in S. Then it is a well known fact that there exists L1, L2, . . . , Ll P S1, and α1, α2, . . . , αl P k such that F “

řl
i“1 αiLi

d. This is a Waring decomposition of F. The least integer r such
that F has a Waring decomposition F with exactly r summand is the Waring rank of F, rkpFq.
Determining or even bounding the Waring rank of a given form is a fundamental but notoriously difficult problem in algebraic geometry and computational algebra. One powerful tool for studying Waring rank is apolarity theory.
Let T “ CrX0, X1, . . . , Xns be the ring of differential operators with the natural action on S defined by Xi “ B

Bxi
. For a homogeneous form F, the apolar ideal of F is defined as FK “ tg P T | g ˝ F “ 0u. This is a homogeneous Artinian Gorenstein

ideal. A set of points X Ď Pn is said to be apolar to F if the defining ideal of X, IpXq Ă FK. The Waring locus (see [2]) of a form F is given by WF “ tP P Pn | P P X, IX Ă FK, | X |“ rkpFq u. The locus of forbidden points FF of a form is defined as
complement of WF, i.e. FF “ Pn zWF.

Theorem. Let F “ px2
1 ` ¨ ¨ ¨ ` x2

mqpy2
1 ` ¨ ¨ ¨ ` y2

nq, n ě m ě 2. Then npm ` 2q ď rkpFq ď 2mn. If m “ 2,
then the equality holds. If m ě 3, then the lower bound is strict.

Proof. Idea: We use e-computability (see [1] to obtain lower bound for rkpFq. We obtain an upper bound by apolarity
lemma, where we give an apolar ideal of points in FK. For m ě 3, we improve the lower bound by studying the
structure of minimal apolar subsets of F.

Theorem. Let F “ x2
py2

1 ` ¨ ¨ ¨ ` y2
nq with n ě 2 and let X be a set of rk F “ 3n distinct points

apolar to F. Then the following facts hold:

i) The forbidden locus of F is FF “ VpY2
1 ` ¨ ¨ ¨ ` Y2

nq.

ii) If Y is the projection of X from VpY1, . . . , Ynq on VpXq, then Y is a set of n distinct points
in linear general position, i.e. the Hilbert function of Y is

i 0 1 2
HFpY, iq 1 n n ,

and HFpY, iq “ n for i ě 3.

iii) Let Y “ tP1, . . . , Pnu. If Λi “ xPi, Py, where xPi, Py denotes the linear span of Pi and
P “ r1 : 0 : 0 : ¨ ¨ ¨ : 0s, then X X Λi is a set of three distinct points for 0 ď i ď n.

iv) The Hilbert function of X is
i 0 1 2 3

HFpX, iq 1 n 2n ` 1 3n ,

and HFpX, iq “ 3n for i ě 3.

v) The ideal of X up to change of coordinates is given by

IpXq “ ptYiYju1ďiăjďn, X3
`

n
ÿ

i“2
LipY2

1 ´ Y2
i qq

for some linear forms Li P CrX, Y1, . . . , Yns for 2 ď i ď n. P2
PnP1

Theorem. Let F “ x1x2py2
1 ` ¨ ¨ ¨ ` y2

nq and let X be a set of rk F “ 4n distinct points apolar to F. Then the
following holds true.

i) The forbidden locus of F is FF “ VpX1X2pY2
1 ` ¨ ¨ ¨ ` Y2

nqq.

ii) If Y is the projection of X from VpY1, . . . , Ynq on VpX1, X2q, then Y is a set of n distinct points in
linear general position, that is

i 0 1 2
HFpY, iq 1 n n ,

and HFpY, iq “ n for i ě 3.

iii) Let Y “ tP1, . . . , Pnu and let ℓ “ VpY1, . . . , Ynq. If Λi “ xℓ, Piy, then X X Λi is a set of four distinct
points for 1 ď i ď n contained in two lines passing through Pi.

iv) the Hilbert function of any minimal apolar set X is

i 0 1 2 3
HFpX, iq 1 n+2 3n+1 4n ,

and HFpX, iq “ 4n for all i ě 4.

v) The ideal of X up to change of coordinates is given by

IpXq “ ptYiYju1ďiăjďn,Q1,Q2q VpX1, X2q

PnP1 P2

VpY1, Y2, . . . , Ynq

where
Q1 “ X2

1 `
řn

i“2 αipY2
1 ´ Y2

i q,Q2 “ X2
2 `

řn
i“2 βipY2

1 ´ Y2
i q for 2 ď i ď n, αi, βi P C

vi) If W is the projection of X from VpX1, X2q on VpY1, . . . , Ynq, then W is a set of at most 2n points.
Moreover, W always has an even number of points.

One of the key ideas in our results is to bound the Hilbert function of the apolar ideal of points in a certain degree, and hence
gather more information on the projection. Moreover, nice structure of FK is an added bonus, makes a lot of computations
easier.
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