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Abstract

This thesis focuses on the study of the Hilbert functions and its applications to Waring decom-

position of homogeneous polynomials (forms) and singularity theory. Chapters 2 and 3 are

devoted to the study of Waring decomposition and computation of rank of special binomials

and more forms. In Chapters 4 and 5 we give applications of Hilbert functions in singularity

theory. We characterize Gorensteinness of associated graded rings using Hilbert functions.

Chapter 2 is motivated by the question of understanding the minimal apolar sets of ho-

mogeneous polynomials that arise in the Waring decomposition. In particular, we study forms

of the type F “ px2
1 ` ¨ ¨ ¨ ` x2

mqpy21 ` ¨ ¨ ¨ ` y2nq. For m “ 1,m “ 2, and for any n, using

projections we describe: the forbidden locus, the structure, and the Hilbert function of all min-

imal apolar sets. In particular, we show that every minimal apolar ideal has the same Hilbert

function. Moreover, we obtain that all defining ideals have the same canonical form up to the

orthogonal action. For m,n ! 3, we provide new lower and upper bounds for the Waring rank.

In Chapter 3 our goal is to understand the Waring rank of certain families of forms. First,

we give a formula for the Waring rank of forms whose annihilator ideal is of the type pXa0
0 `

G, Xa1
1 , Xa2

2 , . . . , Xan
n q where G is a homogeneous form of degree a0 with degX0

G " a0.

We call such ideals quasi-monomial complete intersections. As an application, we compute the

Waring rank of all binomials whose annihilator ideal is a complete intersection.

In Chapter 4 we present our study on symmetric decomposition of the Hilbert function of

an ideal in an Artinian Gorenstein (AG) local k-algebra A. This is motivated from the work

of A. Iarrobino on the symmetric decomposition of the Hilbert function of A. This became

a very powerful tool for classifying the Hilbert functions of AG k-algebras. We introduce the

symmetric decomposition of the Hilbert function of any ideal I in A. Using this we characterize

Gorensteinness of GpIq. Our hope is that this result will be useful in classifying the possible

Hilbert function of an ideal in an AG k-algebra. We illustrate this by giving a complete list of

2-admissible sequences of length at most 3 and with h0 “ 2 that are realizable by an ideal in an
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AG k-algebra.

Chapter 5 is devoted to understand Gorensteinness of associated graded rings of a filtration

F in a Gorenstein local ring. We give a criterion for Gorensteinness of the associated graded

ring of F in terms of the Hilbert coefficients of F in some cases. Further, we present ring-

theoretic properties of the normal tangent cone of the maximal ideal of A “ S{pfq where

S “ Krrx, y1, . . . , ymss is a formal power series ring over an algebraically closed field K, and

f “ xa
´ gpy1, . . . , ymq, where g is a polynomial with g P py1, . . . , ymq

b
zpy1, . . . , ymq

b`1, and

a, b, m are integers. We show that the normal tangent cone Gpmq is Cohen-Macaulay if a # b

and a ‰ 0 in K. Moreover, we give a criterion of the Gorensteinness of Gpmq.
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- सुभािषतम्

“Mathematics is the music of reason”

- J. J. Sylvester

“Symmetry, as wide or as narrow as you may define its meaning, is one idea by which man

through the ages has tried to comprehend and create order, beauty and perfection.”

- Hermann Weyl





Chapter 1

Introduction

The theme of this thesis is Hilbert functions. We focus on its applications to Waring decompo-

sition and singularity theory.

Commutative algebra is a tool for studying polynomials and the algebraic structures de-

rived from them. One of the foundational developments comes from the work on polynomials,

invariants, and syzygies by Hilbert in 1890. In [32] Hilbert introduced what is now called the

Hilbert function, an invariant that measures the size of the graded pieces of a graded algebra.

Although defined in elementary linear-algebraic terms, the Hilbert function encodes deep ge-

ometric and algebraic information. In the projective setting, it determines important discrete

invariants of a projective variety, including its dimension, arithmetic genus to mention a few.

More generally, Hilbert function has become a fundamental tool in commutative algebra and al-

gebraic geometry, with applications in areas ranging from the study of syzygies and resolutions

to tensor decomposition, singularity theory, and combinatorics.

Let T “ krX0, X1, . . . , Xns be a standard graded polynomial ring over a field k, and let

I $ T be a homogeneous ideal. Then R “ T {I is a standard graded k-algebra. The Hilbert

function of R is defined by

HFpR, iq “ dimk Ri “ dimkpT {Iqi, for i ! 0.

Thus, HFpR, iq records the dimension of the degree i component of R. Equivalently, it measures

the number of linearly independent forms of degree i modulo the relations imposed by the ideal

I . For basic properties of HFpR, iq, we refer to [7].

One of the reasons Hilbert functions are so useful is that they compress subtle algebraic

information into a numerical profile. In the Artinian case, the Hilbert function is a finite se-
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quence, and its shape is constrained by strong algebraic conditions. For Artinian Gorenstein

algebras, for example, the Hilbert function often reflects duality and symmetry phenomena.

Hilbert functions also arise naturally in singularity theory. If one studies the local ring of

a singular point on a variety, then the Hilbert function of the local ring and of its associated

graded ring captures important information about the singular points. In particular, the Hilbert -

Samuel function and the corresponding Hilbert–Samuel polynomial encode the multiplicity of

the singularity, one of its most fundamental numerical invariants. The associated graded ring

with respect to the maximal ideal encodes the tangent cone of the singularity, and its Hilbert

function provides numerical information about the local structure of the singular point through

the dimensions of the quotients mi
{mi`1. In the study of Artinian Gorenstein local algebras,

Hilbert functions place strong constraints on the possible local algebra structures and therefore

on the singularities they represent. Thus, in both projective and local settings, Hilbert functions

provide a unifying numerical invariant through which one can approach questions of geometry,

algebra, and singularities.

In this thesis, we present two problems of different flavors: Waring decomposition and

problems in singularity theory: symmetric decomposition of the Hilbert function of an ideal

and Gorensteinness of associated graded rings in terms of Hilbert coefficients, where the under-

standing of Hilbert functions plays a great role.

The first part of the thesis concerns the Waring rank problem for forms, where Hilbert

functions of apolar algebras and characterization of Hilbert functions of ideals defining distinct

points in projective space is very useful.

Let S “ Crx0, . . . , xns be the standard graded polynomial ring over C, and let F P S be a

homogeneous polynomial of degree d, also known as a degree d form. It is well known that [39]

there exist L1, . . . , Lr P S1 such that

F “

rÿ

i“1

ωiL
d
i ,

for some ωi P C, 1 # i # r. Such a decomposition of F is called a Waring decomposition or

sum of powers decomposition. The least integer r such that there exists a Waring decomposition

of F with exactly r summand is called the Waring rank of F, denoted by RkF .

Question A. Given F P Sd, compute the Waring rank and a Waring decomposition of F .

This simple looking problem is extremely difficult to solve. Formal hardness is proved

in [68]. It is a special case of tensor decomposition, since homogeneous polynomials may be
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identified with symmetric tensors and Waring decompositions correspond to decompositions

into symmetric rank-one tensors. Because of this, the problem is relevant not only in com-

mutative algebra and algebraic geometry, but also in areas such as algebraic statistics, signal

processing [44], quantum information theory [3, 10], and complexity theory [45–47].

One of the landmark results in the Waring rank problems is due to J. Alexander and A.

Hirschowitz, where they determined the rank of a generic form [1]. However, despite our

understanding of the generic case, computing the Waring rank of a specific polynomial remains

a challenging open problem; no efficient algorithm is currently known.

Significant progress has been made for specific families of polynomials. For example, the

Waring rank of binary forms was classically known due to Sylvester. In [69, 70] an algorithm

to compute the Waring rank of binary forms is presented. Similarly, the Waring rank of a

quadratic form in any number of variables is classically known, as it coincides with the rank of

the associated symmetric matrix.

In more recent years, the rank has been determined for several other families: The War-

ing rank of monomials is obtained in [11, 13]. The Waring rank of binary binomials, and of

elementary symmetric polynomials are computed in [8] and [48], respectively. The study of

reducible forms has also been a subject of long-standing interest due to their importance in

analysis. While the rank of a quadratic form itself is elementary, the ranks of its powers are

far more intricate and have been studied extensively in [25, 61]. The Waring rank of reducible

cubic forms was specifically investigated in [16]. More recently, the rank of broader classes of

reducible forms has been explored in [18].

Given a linear form L appearing in a Waring decomposition of F , one naturally associates

it with a point of Pn. With this connection, Apolarity Lemma 2.1.1 provides a beautiful link

between Waring decompositions and projective geometry. Nevertheless, the structure of the

point configurations arising from minimal decompositions is still far from being understood.

Even when the numerical value of the rank is known, the corresponding minimal apolar sets

often remain geometrically mysterious. Understanding these sets more deeply may lead to new

insight into the Waring rank.

This motivates the following question:

Question B. Given F P Sd, describe algebraic and geometric properties of the minimal apolar

sets of F .

For instance, in [11], the authors proved that every minimal apolar scheme to a monomial
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is a complete intersection. A systematic investigation of the structure of minimal apolar sets was

initiated in [14], where they introduced the concept of Waring loci of F - a set of all linear forms

that appear in some minimal Waring decomposition of F , and forbidden loci - a complement of

the set Waring loci in Pn. In this thesis, we continue this line of inquiry by focusing on products

of two quadratic forms.

Our main results of Chapter 2 are summarized below:

Theorem I. A. Let F “ x2
py21 ` ¨ ¨ ¨ `y2nq with n ! 2. If X is a set of RkF “ 3n distinct points

apolar to F , then the following facts hold:

i) The forbidden locus of F is

FF “ V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q.

ii) If Y is the projection of X from V pY1, . . . , Ynq on V pXq, then Y is a set of n distinct

points in linear general position, that is

i 0 1 2

HFpY, iq 1 n n
,

and HFpY, iq “ n for i ! 3.

iii) Let Y “ tQ1, . . . , Qnu. If !i “ xQi, P y, where xQi, P y denotes the linear span of Qi and

P “ r1 : 0 : 0 : ¨ ¨ ¨ : 0s, then X X !i is a set of three distinct points for 1 # i # n.

iv) The Hilbert function of X is

i 0 1 2 3

HFpX, iq 1 n 2n ` 1 3n
,

and HFpX, iq “ 3n for i ! 3.

v) Up to change of coordinates, the ideal of X is

IpXq “ ptYiYju1!i"j!n, X
3

`

nÿ

i“2

LipY
2
1 ´ Y 2

i q

for linear forms Li P CrX, Y1, . . . , Yns, 2 # i # n.
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P

Q1 Q2

Qn

V(X)

Figure 1.1: A minimal apolar set of F “ x2
py21 ` ¨ ¨ ¨ ` y2nq: red dots represent apolar points

contained in n-lines with 3 points on each line.

Our proof techniques make use of the Hilbert function of the annihilator ideal FK and the

Apolarity Lemma 2.1.1. Note that for F “ x2
py21 ` ¨ ¨ ¨ ` y2nq, the Waring rank was known [12,

Proposition 4.4]. In the case where F “ px2
1 ` x2

2qpy21 ` ¨ ¨ ¨ ` y2nq, we also calculate the Waring

rank. The second main result in Chapter 2 is the following:

Theorem I. B. Let F “ px2
1 ` x2

2qpy21 ` ¨ ¨ ¨ ` y2nq and n ! 2, then RkF “ 4n. If X is a set of

4n distinct points apolar to F , then the following facts hold:

i) The forbidden locus of F is given by

FF “ V pX2
1 ` X2

2 q Y V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q.

ii) If Y is the projection of X from V pY1, . . . , Ynq on V pX1, X2q, then Y is a set of n distinct

points in linear general position, that is

i 0 1 2

HFpY, iq 1 n n
,

and HFpY, iq “ n for i ! 3.

iii) Let Y “ tQ1, . . . , Qnu and let ε “ V pY1, . . . , Ynq. If !i “ xε, Qiy, where xε, Qiy denotes

the linear span of ε and Qi, then X X !i is a set of four distinct points for 1 # i # n

contained in two lines passing through Qi.

iv) Up to change of coordinates, the ideal of X is

IpXq “ ptYiYju1!i"j!n,Q1,Q2q
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where Q1 “ X2
1 `

nÿ

i“2

ωipY
2
1 ´Y 2

i q, Q2 “ X2
2 `

nÿ

i“2

ϑipY
2
1 ´Y 2

i q for some ωi, ϑi P Czt0u,

2 # i # n and
nÿ

i“2

ωi ‰ 0,
nÿ

i“2

ϑi ‰ 0.

v) If W is the projection of X from V pX1, X2q on V pY1, . . . , Ynq, then W is a set of 2k

points with k # n.

V pX1, X2q

Qn
Q1 Q2

V pY1, Y2, . . . , Ynq

Figure 1.2: A minimal apolar set of F “ px2
1 `x2

2qpy21 ` ¨ ¨ ¨ `y2nq: black dots represent minimal

apolar points contained in n-planes with 4 points on each plane.

Further, we obtain new bounds on the Waring rank of the product of Fermat squares.

Theorem I. C. Let n ! m ! 3. If we let F “ px2
1 ` ¨ ¨ ¨ ` x2

mqpy21 ` ¨ ¨ ¨ ` y2nq, then

npm ` 2q " RkF # 2mn.

In Chapter 3 our focus is on computing the Waring rank of special forms whose annihila-

tor ideal is a quasi-monomial complete intersection. One of the simplest forms after monomials

is binomials. In [9], the Waring rank of binary binomials is computed. Recently, the War-

ing decomposition of special binomials in [17] is studied motivated by their connections with

complexity theory. Our goal is to compute the Waring rank of binomials inspired by recent

works [2, 21, 67], where the authors characterized binomials F such that the corresponding ap-

olar algebra T {FK is a complete intersection, where T “ CrX0, . . . , Xns and FK is a set of

all partial derivatives that kill F . In fact, they showed that the annihilator ideal FK of such a

binomial F is a quasi-monomial complete intersection in “most” of the cases, that is, an ideal

of the form

FK
“ pXa0

0 ` G, Xa1
1 , Xa2

2 , . . . , Xan
n q

6



where G is a homogeneous form in T of degree a0 with degX0
G " a0. Motivated by this, more

generally, we ask:

Question C. Compute the Waring rank of a form F P Sd whose annihilator ideal FK
$ T is

a complete intersection of the form pXa0
0 ` G0, X

a1
1 ` G1, . . . , X

an
n ` Gnq where degGi “ ai

and degXi
Gi " ai for 0 # i # n.

We answer Question C when G1 “ ¨ ¨ ¨ “ Gn “ 0. Our proof techniques are motivated by

the computation of the Waring rank of monomials. For the case of quasi-monomials, we first

employ e-compatibility to establish a definitive lower bound on the rank. We then prove this

bound is sharp by constructing a set of distinct points within FK whose cardinality matches this

bound. By the Apolarity lemma, we achieve the rank in this case. Our result is summarized

below:

Theorem II. A. Let F P T be such that FK
“ pXa0

0 ` G, Xa1
1 , Xa2

2 , . . . , Xan
n q where G is a

form of degree a0 with degX0
G " a0 and a1 # a2 # ¨ ¨ ¨ # an. Then

RkF “

$
’’’’’’’’’’’&

’’’’’’’’’’’%

a0

n!

j“2

aj if a1 # a0 or

a1 & a0 and pXa0
0 ` Gq does not have a multiple factor.

n!

j“1

aj if a1 & a0 and pXa0
0 ` Gq has a multiple factor.

Using a description of the generators of binary binomial FK given by Shibata [67, Theorem 1.3],

we reprove the Waring rank of binary binomials proved by Brustenga i Moncusı́, and Masuti

in [8, Theorem 3.1].

Theorem II. B. Let F “ xa0
0 xa1

1 pxb0
0 ´xb0

1 q be such that b0, a0, a1 P N with b0 ! 1, 0 # a0 # a1.

Let v “ minti | a0 ` 1 # ib0u, w “ minti | a1 ` 1 # ib0u. Then we have the following:

v " w a1 ` 1 " a0 ` b0 ` 1 and a1 ` 1 ´ vb0 ! 2 Rk F “ a0 ` b0 ` 1

Otherwise RkF “ a1 ` 1.

v “ w vb0 ! a0 ` a1 ` 2 ´ pv ´ 1qb0, a1 ` 1 ´ pv ´ 1qb0 # 1 Rk F “ a0 ` a1 ` 2 ´ pv ´ 1qb0

Otherwise RkF “ vb0.
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We now present our results on the Waring rank of binomials whose annihilator ideal is

a complete intersection. We note that by the results of [2, 21, 67] such FK in most cases is

a quasi-monomial complete intersection. But to apply the result of quasi-monomial complete

intersection in the case of the Waring rank of binomials, we need to know whether a certain

generator of the annihilator ideal is square-free, which in general is not an easy task. In the rest

of the cases, we use a different method to compute the rank.

Note that if F is a binary binomial, then FK is a complete intersection, since Artinian

Gorenstein ideals in codimension two are complete intersections. We first present the case

when F “ F1F2 and F1 is a binary binomial and F2 is a monomial.

Theorem II. C. Let F “ F1F2 where F1 “ xa0
0 xa1

1 pxb0
0 ´ xb0

1 q, and F2 “ xa2
2 ¨ ¨ ¨ xan

n such that

a0 # a1, and a2 # ¨ ¨ ¨ # an. Let ϖ “ minta2 ` 1, a0 ` b0 ` 1u, and

v “ minti | a0 ` 1 # ib0u, w “ minti | a1 ` 1 # ib0u.

If v " w, then

Rk F “

$
’’’’&

’’’’%

pa0 ` b0 ` 1q

ϖ

n!

i“1

pai ` 1q if ϖ # a1 ` 1 or pa1 ` 1 " ϖ and a1 ` 1 ´ vb0 # 1q

pa0 ` b0 ` 1q

n!

i“2

pai ` 1q otherwise.

If v “ w, then we have the following cases:

RkF “

$
’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’%

degP degQ

˜
n!

i“3

pai ` 1q

¸
if one of the following holds:

piq a2 ` 1 # mintdegP, degQu

piiq degP # a2 ` 1 # degQ

piiiq degQ # a2 ` 1 # degP and Q is square-free

RkF1

˜
n!

i“2

pai ` 1q

¸
otherwise,

where FK
“

˜
P “

vÿ

i“0

X ib0
0 Xpv´iqb0

1 , Q “

v´1ÿ

i“0

Xa0`1´pv´1´iqb0
0 Xa1`1´ib0

1

¸
.

The next case we consider F “ F1F2 such that F1 is a binomial in at least three variables

such that FK
1 is a complete intersection and F2 is a monomial.
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Theorem II. D. Let F “ xa0
0 xa1

1 ¨ ¨ ¨ xan
n pxb0

0 ´ xb1
1 ¨ ¨ ¨ xbn

n q. Write F “ F1F2 where F1 “

xa0
0 xa1

1 ¨ ¨ ¨ xak
k pxb0

0 ´ xb1
1 ¨ ¨ ¨ xbk

k q a binomial with bi ‰ 0 for 1 # i # k, bk`1 “ ¨ ¨ ¨ “ bn “ 0,

FK
1 is a quasi-monomial complete intersection and F2 “ x

ak`1

k`1 ¨ ¨ ¨ xan
n for some 1 # k # n, and

ak`1 # ¨ ¨ ¨ # an.

If 2 # k # n, then

RkF “

$
’’’’’&

’’’’’%

pa0 ` 1q

ϖ

k!

i“1

pai ` bi ` 1q

n!

i“k`1

pai ` 1q if ϖ # a0 ` 1

k!

i“1

pai ` bi ` 1q

n!

i“k`1

pai ` 1q otherwise

where ϖ “ minptai ` bi ` 1 | 1 # i # ku Y tak`1 ` 1uq.

Note that using the characterization of [21, 67], the above two theorems exhaust all the

binomials whose annihilator ideal is a complete intersection.

In Chapter 4 we prove symmetric decomposition of Hilbert function of an ideal in an

Artinian Gorenstein (AG) local ring. Let pR,Mq be a local ring over a field k where k “ R{M

and J an ideal in R such that A “ R{J is an AG k-algebra. One of the most important

numerical invariants associated with an AG k-algebra is its Hilbert function. Classifying the

Hilbert function of AG k-algebras is a widely open problem in commutative algebra. They

have been characterized in certain cases, see [6, 37, 43, 49, 54]. In this section, our results are

in the direction of understanding the structure of the Hilbert function of I , namely, the Hilbert

function of its associated graded ring GpIq “ ‘n#0I
n
{In`1 for any ideal I in A. The associated

graded ring GpIq plays an important role in algebraic geometry, in particular in the resolution

of singularities. There has been a lot of research in the literature on studying the properties of

GpIq in terms of the properties of I and a local ring A of any dimension (not just AG k-algebra),

see [19, 27, 34, 59, 62–64, 71].

For a standard graded S0-algebra where S0 is an Artinian ring, S “

à

i#0

Si the Hilbert

function HF : Z Ñ Z#0 is defined as HFpSqi “ εS0pSiq where εS0pSiq denotes the length of Si

as S0-module. It is well known that the Hilbert function of a graded AG k-algebra is symmetric.

This is no longer true with the Hilbert function of a local AG k-algebra. However, A. Iarrobino

in [38] developed a beautiful theory that shows the Hilbert function of an AG k-algebra admits

a symmetric decomposition, namely,

HFpGpmqqi “

j´2ÿ

a“0

Hpaqi,
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where Hpaq is symmetric about pj´aq{2. Here j is the socle degree of A, that is the, maximum

integer such that mj
‰ 0. This became a very powerful tool in classifying the Hilbert functions

of local AG k-algebras (see, for example [54]). Recently, there has been intense research on

this symmetric decomposition, for instance in [41], the authors have studied the possible vectors

Hpaq in a symmetric decomposition of the Hilbert function of AG k-algebra, and in [40], the

authors have studied its interaction with Jordan type. Very recently, M. Wojtala has extended

the symmetric decomposition theory to self-dual modules in [72].

We introduce a symmetric decomposition of the Hilbert function of an arbitrary ideal in

an AG local k-algebra. We prove that:

Theorem III. A. Let pA,mq be an AG k-algebra, and I an ideal in A such that Iu ‰ 0 and

Iu`1
“ 0. Then the Hilbert function of I has a decomposition

HFpGpIqqi “

uÿ

a“0

Hpaqi,

where Hpaq is symmetric about pu ´ aq{2.

As a consequence, we recover a result by W. Heinzer, M.-K. Kim, and B. Ulrich in [31],

which asserts that GpIq is Gorenstein if and only if the Hilbert function of GpIq is symmetric.

Our hope is that Theorem III. A will be useful in classifying the Hilbert function of an

ideal in an AG k-algebra. One of the difficulties in understanding the structure of the Hilbert

function of GpIq is that, in this case GpIq0 “ A{I, which is not a field unless I “ m. In [5] C.

Blancafort and S. Nollet characterized the Hilbert functions of standard graded algebras of the

form R0rx1, . . . , xbs{I where R0 is an Artinian ring. They call such a sequence a b-admissible

sequence. This result generalizes a result of Macaulay which characterizes the Hilbert functions

of standard graded algebras over a field [50]. We ask:

Question D. Which b-admissible sequences occur as the Hilbert function of GpIq for some

ideal I in an AG k-algebra A?

We call a sequence that occurs as the Hilbert function of GpIq for some ideal I in an AG

k-algebra A as an I-Gorenstein sequence. Note that a Gorenstein sequence refers to a sequence

that occurs as the Hilbert function of some AG k-algebra. To the best of our knowledge, this

is the first time realizable Gorenstein sequences are studied in this generality. As with the case

of Gorenstein sequences, the classification of b-admissible sequences that are I-Gorenstein is a

difficult problem. We are far from having a complete solution. However, we want to investigate
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the problem in certain cases. For instance, the structure of the Hilbert function of AG k-algebra

of codimension two is well known [49, 51]. Inspired by this, we investigate the structure of the

Hilbert function of an ideal in a codimension two AG k-algebra.

In Chapter 5 we study the Gorenstein property of associated graded rings arising from

filtrations of m-primary ideals. These graded rings encode asymptotic information about the

filtration and have been studied extensively as a bridge between local algebra and the geometry

of singularities. In particular, their homological properties, especially the Cohen–Macaulayness

and Gorensteinness, often provide information of the underlying local ring and its ideals.

In Chapter 5, our study shows that the Gorensteinness of an associated graded ring can

often be detected through Hilbert coefficients 5.0.1. The Hilbert function of a filtration agrees

for large values with a polynomial, and the coefficients of this polynomial carry important

numerical information about the filtration. These coefficients have long been used to study

depth, multiplicity, and reduction numbers. We show that they also provide effective criteria for

determining when the associated graded ring is Gorenstein.

Our motivation comes in part from two important classes of filtrations: the ordinary I-adic

filtration tInunPZ and the integral closure filtration of ideals. The latter is particularly signifi-

cant in the study of singularities, where integral closure and normalization play a fundamental

role. Even when the local ring is Cohen–Macaulay or Gorenstein, the corresponding associ-

ated graded rings are often far from well-behaved. For instance, it has been observed that GpIq

and GpIq are rarely Cohen-Macaulay even if A is Cohen-Macaulay. A lot of attention in the

literature is devoted to obtain criteria for GpFq to be Cohen-Macaulay in terms of Hilbert coef-

ficients and/or reduction number, with particular attention to the filtration tInunPZ and tInunPZ.

For instance, it is well-known that if rpFq # 1 in a Cohen-Macaulay local ring, then GpFq is

Cohen-Macaulay [53]. Also, it is known that if e1pFq “ 0 in a Cohen-Macaulay local ring,

then GpFq is Cohen-Macaulay [53]. For these reasons, a lot of research is devoted to obtain

a sharp bound on the Hilbert coefficients and reduction number, and studying the behavior of

GpFq when these bounds are extremal.

A key ingredient in our approach is the relation between Gorensteinness and the Hilbert

series of the associated graded ring. We prove that for Hilbert filtrations over a Gorenstein local

ring, once the associated graded ring is Cohen–Macaulay, its Gorensteinness is equivalent to

the symmetry of the numerator of its Hilbert series. This reduces the problem to a numerical

one and allows us to express Gorensteinness in terms of Hilbert coefficients. We then study
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this problem in situations where the reduction number is small, and more generally when a

suitable relative reduction number is extremal. In these cases, the Hilbert series can be computed

explicitly, which leads to concrete numerical criteria for Gorensteinness. In particular, we obtain

characterizations in terms of the first few Hilbert coefficients when the reduction number is at

most two, and more generally in cases where the relative reduction number attains its maximal

possible value.

Our main results on understanding Gorensteinness of associated graded rings are summa-

rized below: The following result establishes a criterion for Gorensteinness in terms of Hilbert

coefficients in a d-dimensional Gorenstein local ring.

Theorem IV. A. Let pA,mq be a d-dimensional Gorenstein local ring, F “ tFnunPZ a Hilbert

filtration. Suppose GpFq is Cohen-Macaulay. Let

HSGpFqpzq “
h0 ` h1t ` ¨ ¨ ¨ ` hsts

p1 ´ tqd
phs ‰ 0q

be the Hilbert series of GpFq. Then GpFq is Gorenstein if and only if hs´i “ hi for all

i “ 0, 1, . . . , s.

We use this result to characterize the Gorensteinness of GpFq in terms of the Hilbert

coefficients.

A first result in this direction is obtained when rpFq # 2.

Theorem IV. B. Let pA,mq be a Gorenstein local ring of dimension d ! 1. Let F “ tFnunPZ

be a Hilbert filtration.

(a) Let rpFq “ 1. Then GpFq is Gorenstein if and only if e0pFq “ 2e1pFq.

(b) Suppose there exists a minimal reduction Q of F such that rQpFq “ 2 and F2XQ “ QF1.

Then GpFq is Gorenstein if and only if e0pFq “ e1pFq.

We make an additional assumption when rpFq “ 2, namely: there exists a minimal re-

duction Q of F such that rQpFq “ 2 and F2 X Q “ QF1. With these conditions we prove that

GpFq is Cohen-Macaulay, and compute the Hilbert series of GpFq. Notice that this condition is

not restrictive. For instance, the filtrations F “ tInunPZ and F “ tmn
unPZ satisfy this criterion.

Hence, as a consequence of our result, we obtain a criterion for Gorensteinness of GpIq. This

recovers and extends a recent result by Okuma, Watanabe, and Yoshida in [58].
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In order to compute the Hilbert series of GpFq, we introduce the notion of relative re-

duction number for Hilbert filtration F . This is inspired by the definition of relative reduction

number for normal filtrations defined in [57] in dimension two.

We derive an upper bound for the relative reduction number of a filtration nrpFq when the

depth of GpFq is almost maximal.

We also examine the conditions under which nrpFq achieves that upper bound, which

serves as a crucial technical assumption for the computation of the Hilbert series of GpFq.

If the upper bound is achieved, then we say the filtration F has maximal relative reduction

number. In this case, we are able to compute the Hilbert series of GpFq and obtain a criterion

for GpFq to be Gorenstein when rpFq ! 2. Our main result is summarised below:

Theorem IV. C. Let pA,mq be a Cohen-Macaulay local ring of dimension d ! 1 and F “

tFnunPZ a Hilbert filtration. Suppose that r “ nrpFq ! 2 is maximal. Then

(a) The Hilbert series of GpFq is

HSGpFqptq “
ϖ ` pe0pFq ´ ϖ ´ 1qt ` tr

p1 ´ tqd
,where ϖ “ εpA{F1q.

(b) GpFq is Gorenstein if and only if GpFq is Cohen-Macaulay and F1 “ m presp. F1 “ m

and e0pmq “ 2q if r “ 2 presp. r ! 3q.

We include some interesting examples of semigroup rings in dimension one and use our

criteria to detect Gorensteinness of Gpmq.

In the last section of this chapter, we discuss the Gorensteinness of associated graded

rings of integral closure filtration of the maximal ideal in a Zariski-type hypersurface ring. Let

K be an algebraically closed field, and let m ! 1, 2 # a # b be integers, and put S “

Krrx, y1, . . . , ymss be a formal power series ring with pm ` 1q-variables over K. Put y “

y1, . . . , ym. Let g, f be polynomials such that

g “ gpyq P pyq
b
zpyq

b`1,

f “ fpx, yq “ xa
´ gpyq.

Then a hypersurface A “ S{pfq is called “Zariski-type hypersurface” if a ‰ 0 in K. We give a

criterion for Gpmq to be Gorenstein in the case where A is a Zariski-type hypersurface.

Theorem IV. D. Gpmq is Gorenstein if and only if b ” 0, d pmod aq where d “ gcdpa, bq.

Moreover,
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(a) If b ” 0 pmod aq, then Gpmq is a reduced, hypersurface.

(b) If b ” d pmod aq and d “ 1, then Gpmq is a non-reduced, hypersurface.

(c) If b ” d pmod aq and d & 1, then Gpmq is a complete intersection but not a hypersurface.
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Chapter 2

Waring decompositions of the product of

two quadrics: the small rank cases

In this chapter, we present our study on the Waring decomposition of the product of quadrics. In

Sections 2.2, and 2.3 we study the specific forms x2
py21 ` ¨ ¨ ¨ `y2nq and px2

1 `x2
2qpy21 ` ¨ ¨ ¨ `y2nq.

In particular, we study the structure, the defining ideal, and the Hilbert function of all minimal

apolar sets. As a result, we compute the forbidden locus of these forms. In the final Section

2.4 of this chapter, we present new lower and upper bounds for the Waring rank of forms of the

type px2
1 ` ¨ ¨ ¨ ` x2

mqpy21 ` ¨ ¨ ¨ ` y2nq.

2.1 Basic results

In this section, we prove some technical lemmas on upper bounds for Hilbert function and

change of coordinates.

For the first result of this section, we set S “ Crx0, . . . , xns be the standard graded poly-

nomial ring and let T “ CrX0, . . . , Xns be the ring of differential operators on S. An im-

portant tool, which is useful in the study of Waring rank problems is the apolarity action. Let

T “ CrX0, . . . , Xns be a polynomial ring over C. The apolarity action of T on S is defined on

monomials by

Xa0
0 ¨ ¨ ¨Xan

n ˝ pxb0
0 ¨ ¨ ¨ xbn

n q “
B
a0

Bxa0
0

¨ ¨ ¨
B
an

Bxan
n

pxb0
0 ¨ ¨ ¨ xbn

n q,

and then extended linearly on S and T. For more properties, refer Appendix C.

15



Given a homogeneous form F P Sd, using the apolarity action, we write annihilator ideal

of F as

FK
“ tg P T | g ˝ F “ 0u.

Given a Waring decomposition F “

lÿ

i“1

Ld
i where Li “ ai0x0 ` ai1x1 ` ¨ ¨ ¨ ` ainxn for all

1 # i # l, we associate a set of l distinct points

X “ tra10 : a11 : ¨ ¨ ¨ : a1ns, . . . , ral0 : al1 : ¨ ¨ ¨ : alnsu % Pn.

The following lemma shows a beautiful connection between the set of points associated to

a Waring decomposition and apolarity theory.

Lemma 2.1.1 (Apolarity Lemma, [39]). Let F P Sd be a homogeneous polynomial of degree d.

Then F has a Waring decomposition F “

lÿ

i“1

Ld
i if and only if IpXq % FK where X is the set of

distinct points corresponding to the linear forms Li.

It is known that T {FK is an Artinian Gorenstein ring. Recall that X is said to be apolar to

F if IpXq $ FK, and we call IpXq an apolar ideal of F. If X is apolar to F, then by Apolarity

Lemma 2.1.1 we obtain RkF #| X |, where | X | denotes the cardinality of X. Further, X is a

minimal apolar set of F if |X| “ RkF.

Obtaining good bounds on the Waring rank is not an easy task. In [12], Carlini et. al.

introduced e-computability. This is very useful to obtain lower bound on the Waring rank.

Theorem 2.1.2 (Theorem 3.3 [12]). Let F P Sd, and X P Pn be an apolar set of F. Let I be an

ideal in T generated in degree e & 0, and t P Ie. If t is a non-zerodivisor in T {pIpXq : Iq, then

for s && 0, we have

|X| !
1

e

sÿ

i“0

HFpT {pIpXq : Iq ` ptq, iq !
1

e

sÿ

i“0

HFpT {pFK
: Iq ` ptq, iq.

A homogeneous form F P Sd is said to be e-computable if there exists an ideal I % T ,

and t P Ie ‰ 0 such that

RkpF q “
1

e

sÿ

i“0

HFpT {pFK
: I ` ptqq, iq.

The study of Waring locus of a form was introduced by Carlini, Catalisano, Oneto in [15].

For F P Sd, Waring locus of F is given by

WF “ tP P Pn
C | P P X, IpXq % FK, | X |“ RkpF q u.

The locus of forbidden points of a form is defined as its complement, F is FF “ Pn
zWF .
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Remark 2.1.3. If F is e-computable by an ideal I , and t P Ie ‰ 0, then Theorem 2.1.2 implies

that V pIq $ FF .

The following lemma is, at the best of our knowledge, a new bound on the Hilbert function

of a minimal apolar set to a given form.

Lemma 2.1.4. Let X be a minimal set of s points apolar to F P Sd and let V % pT {IpXqqa be

a subspace. If g P pT {IpXqqb where b! 0, is a nonzerodivisor and gV % pFK
{IpXqq, then

HFpX, d ´ a ´ bq # s ´ dimC V.

Proof. Let X be a minimal set of s points apolar to F . For each Pi “ rai,0 : . . . : ai,ns P X we

can construct the linear form

Li “ ai,0x0 ` ai,1x1 ` ¨ ¨ ¨ ` ai,nxn P S

such that, by the 2.1.1,

F “

sÿ

i“1

ϱiL
d
i ,

for some constants ϱi P C. Note that, since X is minimal, ϱi ‰ 0, for all i. Hence we can

assume that ϱi “ 1 for 1 # i # s. Let dimV “ l, and v1, v2, . . . , vl be a basis of V . Since

gV % FK
{IpXq, there exists fj P IpXq such that fj ` gvj P FK. Since fj P IpXq $ FK, we get

gvj P FK for 1 # j # l.

Hence for 1 # j # l, we have gvj ˝ F “ 0. Thus, by Proposition A.2 we get the system of

equations
sÿ

i“1

gvjpPiqL
d´a´b
i “ 0

for 1 # j # l, which in matrix form has the shape:

”
Ld´a´b
1 Ld´a´b

2 . . . Ld´a´b
s

ı

»

——————–

gv1pP1q gv2pP1q ¨ ¨ ¨ gvlpP1q

gv1pP2q gv2pP2q ¨ ¨ ¨ gvlpP2q

...
...

...
...

gv1pPsq gv1pPsq ¨ ¨ ¨ gvlpPsq

fi

""""""fl
“ 0. (2.1.1)

If we let tu1, . . . , ucu be an ordered basis of Td´a´b, where c “

ˆ
n ` d ´ a ´ b

d ´ a ´ b

˙
, then we can

write Ld´a´b
i as a linear combination of the chosen basis. Namely, there exists a c ˆ s matrix
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M with complex entries such that

”
Ld´a´b
1 Ld´a´b

2 . . . Ld´a´b
s

ı
“

”
u1 u2 . . . uc

ı
M. (2.1.2)

Thus, we have that

rankpMq “ dimCpCLd´a´b
1 ` CLd´a´b

2 ` ¨ ¨ ¨ ` CLd´a´b
s q. (2.1.3)

Substituting (2.1.2) in (2.1.1), we obtain

”
u1 u2 . . . uc

ı
M

”
gvjpPiq

ı

1!i!s,1!j!l
“ 0.

Since u1, . . . , uc is a basis of Td´a´b, we get

M
”
gvjpPiq

ı

1!i!s,1!j!l
“ 0 (2.1.4)

Moreover, we get that ”
gvjpPiq

ı

1!i!s,1!j!l
“ GN

where G is the s ˆ s diagonal matrix having on the diagonal gpP1q, . . . , gpPsq and

N “

”
vjpPiq

ı

1!i!s,1!j!l
.

Note that, since g is a non-zerodivisor in pT {IpXqqb, we get gpPiq ‰ 0 for all 1 # i # s. Indeed,

by relabelling, choose m such that gpPiq “ 0 for 1 # i # m, gpPiq ‰ 0 for m ` 1 # j # s.

Since Pi ’ P1 for all i “ m` 1, . . . , |X|, we can choose h P Pm`1 X ¨ ¨ ¨ XP|X|zpP1q, where Pi

denotes the ideal of the point Pi. Note that IpXq “ P1 X ¨ ¨ ¨ X P|X|. Further, 0 ‰ h P T {IpXq,

and 0 “ gh P T {IpXq. Since g is a nonzerodivisor in pT {IpXqqb, this is a contradiction. Hence

G is invertible. Consider the evaluation map

I : Cv1 ` ¨ ¨ ¨ ` Cvl Ñ Cs

given by

f Ñ pfpP1q, . . . , fpPsqq.

Since tv1, v2, . . . , vlu are linearly independent in T {IpXq, we obtain I is an injective map.

Therefore we have

rank I “ rankpNq “ dimkpV q “ l. (2.1.5)

Thus, Equation (2.1.4) yields

MGN “ 0.
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Therefore, the column space of GN is contained in the null space of M . Thus,

rankpGNq # nullitypMq,

where nullitypMq is the dimension of the kernel of M . Since G is invertible, GN and N have

the same column space. Thus

rankpNq “ rankpGNq # nullitypMq.

Thus, by the Rank-Nullity Theorem, we have

rankpMq “ s ´ nullitypMq

and thus, rankpMq # s ´ rankpNq. By Equation (2.1.3), we have

rankpMq “ dimCpLd´a´b
1 , . . . , Ld´a´b

s q “ HFpX, d ´ a ´ bq

where the last equality follows by [39] Lemma (ii) and the fact that the apolarity action gives a

perfect bilinear pairing from Td´a´b ˆ Sd´a´b Ñ C. By Equation (2.1.5), we have rankpNq “

dimC V .

Hence the result is now proved.

From now on, and throughout the chapter, we consider a specialised version of the rings S

and T in which we divide the variables into two sets. Namely, we let S “ Crx1, . . . , xm, y1, . . . , yns

be a standard graded polynomial ring and let T “ CrX1, . . . , Xm, Y1, . . . , Yns the ring of dif-

ferential operators on S. Let m “ pX1, . . . , Xm, Y1, . . . , Ynq be the irrelevant maximal ideal

in T. An ideal I $ T is said to be saturated if I “ Isat where Isat “

#

i#i

pI : mi
q. Note that

saturated ideals in T are in one-to-one correspondence with the closed subschemes of Pm`n´1

(see [28, Exercise II.5.10]). Throughout this chapter, our interest is a finite set of distinct points

in projective space. The defining ideal of such points is a radical ideal, which is saturated. The

following lemma shows that after the projection, we have a nice description of the defining ideal

of the points obtained from the projection.

Lemma 2.1.5. Let X be a finite set of points in Pm`n´1
“ PpS1q . If we let Y be the projection

of X from V pY1, . . . , Ynq on V pX1, . . . , Xmq, then

IpYq “ pX1, . . . , Xmq ` IpXq X CrY1, . . . , Yns.
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Proof. Note that IpXq is a radical ideal being an ideal of points, and so is J “ IpXq X

CrY1, . . . , Yns as the contraction of a radical ideal is radical. Now we show that pX1, . . . , Xmq`

J is a radical ideal. Observe that

CrX1, . . . , Xm, Y1, . . . , Yns

pX1, . . . , Xmq ` J
–

CrY1, . . . , Yns

J
. (2.1.6)

Since J is a radical ideal, CrY1, . . . , Yns{J is reduced. Hence, by Equation (2.1.6), we have

pX1, . . . , Xmq `J is a radical ideal. By the standard definition of projection, we have that IpYq

is the saturation of pX1, . . . , Xmq`J . Since a radical ideal is saturated, the result is proved.

The next lemma shows an interesting connection between apolar set of a polynomial and

its projection.

Lemma 2.1.6. Let F “ F1F2 ‰ 0 be such that F1 P S1 “ Crx1, . . . , xms and F2 P S2 “

Cry1, . . . , yns, and X be apolar to F. If Y1 is a projection of X from V pX1, . . . , Xmq to

V pY1, . . . , Ynq, then Y1 is apolar to F1. Similarly, If Y2 is a projection of X from V pY1, . . . , Ynq

to V pX1, . . . , Xmq, then Y2 is apolar to F2.

Proof. By [22, Proposition 3.1] we have

FK
“ pFK

1 qS1 ` pFK
2 qS2

where pFK
i qSi denotes the annihilator of Fi computed in Si for i “ 1, 2. Let Y1 be a projection

of X from V pX1, . . . , Xmq to V pY1, . . . , Ynq. By Lemma 2.1.5 we have

IpY1q “ IpXq X CrX1, . . . , Xms ` pY1, . . . , Ynq.

If g P IpXq X CrX1, . . . , Xms, then g ˝ F “ 0. This implies F2pg ˝ F1q “ 0. Since F2 ‰ 0, we

obtain g P FK
1 . Moreover, pY1, . . . , Ynq $ FK

1 . Hence IpY1q % FK
1 . Therefore Y1 is apolar to

F1. Similarly, we obtain Y2 is apolar to F2.

To study minimal apolar sets to a form F , we use the Apolarity Lemma. Thus, we need to

describe the annihilators of the forms of our interest. This is done in the following lemma.

Lemma 2.1.7. Let F “ px2
1 ` ¨ ¨ ¨ ` x2

mqpy21 ` ¨ ¨ ¨ ` y2nq, where m ! 1, n ! 2. Then

FK
“

$
’’&

’’%

pX3
1 , tY 2

1 ´ Y 2
i u2!i!n, tYiYju1!i"j!nq if m “ 1

ptX2
1 ´ X2

i u2!i!m, tXiXju1!i"j!m, tY 2
1 ´ Y 2

i u2!i!n, tYiYju1!i"j!nq if m ! 2.
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Proof. Let

I “

$
’’&

’’%

pX3
1 , tY 2

1 ´ Y 2
i u2!i!n, tYiYju1!i"j!nq if m “ 1

ptX2
1 ´ X2

i u2!i!m, tXiXju1!i"j!m, tY 2
1 ´ Y 2

i u2!i!n, tYiYju1!i"j!nq if m ! 2

and T “ CrX1, ¨ ¨ ¨ , Xm, Y1, ¨ ¨ ¨ , Yns. Note that I $ FK. Moreover, a standard computation

yields:

i 0 1 2 3 4

HFpT {I, iq 1 n ` m nm ` 2 n ` m 1

.

Note that T {FK is an Artinian Gorenstein ring of socle degree 4. Thus, by symmetry, we have

that

HFpT {FK, 0q “ HFpT {FK, 4q “ 1 and HFpT {FK, 1q “ HFpT {FK, 3q “ n ` m.

Now we compute HFpT {FK, 2q by acting on all possible degree 2 forms on F. This can be

done since apolarity gives a perfect pairing (see [26]) between S2 and T2. For 1 # i # m and

1 # j # n, we have

XiYj ˝ F “ 4xiyj

X2
i ˝ F “ y21 ` ¨ ¨ ¨ ` y2n

Y 2
j ˝ F “ x2

1 ` ¨ ¨ ¨ ` x2
m.

Thus, HFpT {FK, 2q “ mn`2, and hence T {I and T {FK have the same Hilbert function. Since

I $ FK, this implies I “ FK.

We will often use group actions to study apolar subsets. In particular, given the ring

Crx1, . . . , xm, y1, . . . , yns

we will consider the following action. We denote by Opnq the subgroup of the complex orthog-

onal group OpC,m` nq acting as the identity on the m variables xi and in the standard way on

the n variables yj . To a given linear form

L “ a1x1 ` ¨ ¨ ¨ amxm ` b1y1 ` ¨ ¨ ¨ ` bnyn

corresponds to a projective point

LP “ ra1 : . . . : am : b1 : . . . : bns,
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and the action of g P Opnq on L corresponds to the action of gT on LP . Indeed,

gpLq “ ra1, . . . , am, b1, . . . , bns ¨ g ¨ rx,ys
T

“ pgT ¨ ra1, . . . , am, b1, . . . , bns
T

q
T

¨ rx,ys
T .

Note that the coefficient of linear form L after the action of g becomes gTLT
P . Hence, if X is

apolar to a form F and g P Opnq, then gT pXq is apolar to gpF q.

In particular, we will use the following technical lemma to avoid zeroes in apolar subsets.

Lemma 2.1.8. Let F P Crx1, . . . , xm, y1, . . . , yns be a form fixed by the action of Opnq, and let

X be a set of r points apolar to F such that X X V pY1, . . . , Ynq “ H. Then, there exists a set Y

of r points apolar to F such that, if

ra1 : . . . : am : b1 : . . . : bns P Y,

then bj ‰ 0 for all j.

Proof. For P “ ra1
1 : . . . : a

1
m : c1 : . . . : cns P X and g P Opnq we set

gT pP q “ ra1 : . . . : am : b1 : . . . : bns

and we define

UpP, jq “ tg P Opnq | bj “ 0u.

Note that UpP, jq is defined by a linear equation in Opnq. Since P R V pY1, . . . , Ynq there exists

h P Opnq such that hT cj ‰ 0. Hence, UpP, jq is a proper subvariety of Opnq. If we let

U “

#

PPX,1!j!n

UpP, jq,

then U is a proper subvariety of Opnq. Let g P OpnqzU and let

Y “ gT pXq.

Then by construction Y is a set of r points with the required property, and the proof is now

completed.

We will often deal with a finite set of points in general linear position, that is, each of its

subsets has the maximal possible linear span. Thus we recall the following basic fact:

Remark 2.1.9. If Y “ tP1, . . . , Pnu be a set of n points in general position in Pn´1, then there

exist linearly independent linear forms L1, . . . , Ln such that

IpYq “ pLiLj | 1 # i " j # nq.
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Proof. First, we prove the existence of Li. Let Pi “ rai1 : . . . : ains, and vi “ pai1, . . . , ainq
T

be the column vector corresponding to Pi. Let Ai “ pv1 . . . v̂i . . . vnq
T be the matrix of size

pn ´ 1q ˆ n corresponding to the points P1, , . . . , P̂i, . . . , Pn. Since the points P1, . . . , Pn are in

general position, by definition A has rank n ´ 1. Therefore, the homogeneous system

AX “ 0

has a nontrivial solution, say pωi1, . . . ,ωinq. Then define Li “ ωi1Y1 ` ¨ ¨ ¨ `ωinYn. Hence Lj P

IpPiq for all j ‰ i. Note that LipPiq ‰ 0 since P1, . . . , Pn are in general position. Moreover,

htpL1, . . . , L̂i, . . . , Lnq “ htIpPiq and both are prime ideals. Hence pL1, . . . , L̂i, . . . , Lnq “

IpPiq for all 1 # i # n. Now we show that tL1, . . . , Lnu is linearly independent. Suppose

a1L1 ` ¨ ¨ ¨ ` anLn “ 0. Then for all i “ 1, . . . , n.

ai “
1

LipPiq
pa1L1 ` ¨ ¨ ¨ ` anLnqpPiq “ 0.

Hence L1, . . . , Ln are linearly independent. Moreover,

IpYq “

n$

i“1

IpPiq

“

n$

i“1

pL1, . . . , L̂i, . . . , Lnq

“ pLiLj | 1 # i " j # nq.

We conclude this section with a technical result that we will often use to make computa-

tions easier. Note that the following lemma implies the well-known structure of the orbits of

action of the complex orthogonal group.

Lemma 2.1.10. Let G “ y21 ` ¨ ¨ ¨ ` y2n and let E “ tQ1, . . . , Qnu % Pn´1 be a minimal apolar

set of G. Let O be the n ˆ n matrix whose ith column is given by a choice of coordinate of Qi.

There exists a choice of coordinates for each Qi such that O is a complex orthogonal matrix.

Proof. Let Qi “ rai1 : . . . : ains, 1 # i # n. Since we are working over C, any minimal sum of

power decomposition of G has the shape

G “

nÿ

i“1

L2
i (2.1.7)

where Li “ ai1y1 ` ¨ ¨ ¨ ` ainyn. Note that the Apolarity Lemma also states that the converse

is true, that is, given the set of apolar points Qi, after rescaling, we can build the forms Li in

23



Equation (2.1.7). Since any quadratic form is completely determined by its associated symmet-

ric matrix, we can write (2.1.7) in matrix form

In “

nÿ

i“1

raijails1!j,l!n (2.1.8)

where In is the n ˆ n identity matrix and raijails1!j,l!n is the matrix associated to L2
i . If we let

O “ pajiq1!i,j!n, then (2.1.8) yields

OOJ
“ In.

Hence, the result is proved.

2.2 The form x2py2
1

` ¨ ¨ ¨ ` y2nq

In this section, we focus on the case F “ x2
py21 ` ¨ ¨ ¨ ` y2nq with n ! 2. Thus, we consider the

ring S “ Crx, y1, . . . , yns and T “ CrX, Y1, . . . , Yns the ring of differential operator on S. We

recall that, by [12, Propostion 4.4], we know that RkF “ 3n.

We will now proceed to investigate the structure of any minimal apolar sets of F .

Proposition 2.2.1. Let F “ x2
py21 ` ¨ ¨ ¨ ` y2nq with n ! 2 and let X be a set of RkF “ 3n

distinct points apolar to F . Then the following holds:

i) If Y is the projection of X from V pY1, . . . , Ynq on V pXq, then Y is a set of n distinct

points in linear general position, that is

i 0 1 2

HFpY, iq 1 n n
,

and HFpY, iq “ n for i ! 3.

ii) Let Y “ tQ1, . . . , Qnu and P “ r1 : 0 : . . . : 0s. If !i “ xQi, P y, where xQi, P y denotes

the linear span of Qi and P , then X X !i is a set of three distinct points for 1 # i # n.

Proof. We start by proving (i). By Lemma 2.1.7 we have

FK
“ pX3, tYiYjup1!i"j!nq, tY 2

1 ´ Y 2
i up2!i!nqq. (2.2.1)

Let IpXq be an ideal of a minimal apolar set X. Since Opnq fixes F , by Lemma 2.1.8 we may

assume that for Pi P X, Pi “ rbi : ai,1 : . . . : ai,ns is such that ai,1 ‰ 0 for 1 # i # n. By Lemma
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A.3 we obtain Y1 is a non-zerodivisor in T {IpXq. Let V :“ xY2, Y3, . . . , YnyC % pT {IpXqq1.

Since IpXq % FK, we have that IpXq1 “ 0. Thus dimV “ n ´ 1, and Y1V % pFK
{IpXqq.

Hence, by Lemma 2.1.4, we obtain that

HFpX, 2q # 3n ´ pn ´ 1q “ 2n ` 1, (2.2.2)

and that

dim IpXq2 !

ˆ
n ` 2

2

˙
´ p2n ` 1q “

ˆ
n

2

˙
. (2.2.3)

Note that, by Equation (2.2.1), FK does not involve the variable X in any degree 2 terms. Thus

we get

IpXq2 “ pIpXq X CrY1, . . . , Ynsq2. (2.2.4)

Therefore by Equation (2.2.3) we obtain

dimpIpXq X CrY1, . . . , Ynsq2 !

ˆ
n

2

˙
. (2.2.5)

Let Y be the projection of X from the point P “ r1 : 0 : . . . : 0s on the hyperplane V pXq. By

Lemma 2.1.5 we have

IpYq “ pXq ` IpXq X CrY1, . . . , Yns.

Since IpXq1 “ 0, we get IpYq1 “ pXq1 and thus

HFpY, 1q “ n.

Since IpYq2 “ pXq2 ` pIpXq X CrY1, . . . , Ynsq2, Equation 2.2.5 yields

HFpY, 2q #

ˆ
n ` 2

2

˙
´

ˆ
pn ` 1q `

ˆ
n

2

˙˙
“ n. (2.2.6)

Since HFpY, 1q “ n and IpYq is an ideal of reduced points we obtain HFpY, 2q “ n. Hence we

get the Hilbert function of Y as

i 0 1 2 ¨ ¨ ¨

HFpY, iq 1 n n n
(2.2.7)

Therefore Y is a set of n points in a general position. This concludes the proof of (i).

We now prove (ii). Let Y “ tQ1, . . . , Qnu. We have

X %

n#

i“1

xQi, P y.
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Let Hi “ xP,Q1, . . . , Q̂i, . . . , Qny be the hyperplane generated by the linear span of P and the

points Q1, . . . , Q̂i, . . . , Qn. Note that, since pFK
q1 “ 0, Qi R Hi. Let IpHiq “ Li. If we let

Li “

nÿ

j“1

ωijYj for some ωij P C, then

FK
: IpHiq “ FK

: Li “ ppωi1Y1 ` ¨ ¨ ¨ ` ωinYnq ˝ F q
K

“ p2x2
pωi1y1 ` ¨ ¨ ¨ ` ωinynqq

K,

where the second equality holds by [12, Lemma 3.2]. Note that

IpX X !iq $ IpXq : IpHiq $ FK
: IpHiq “ GK,

where G “ 2x2
pωi1y1 ` ¨ ¨ ¨ ` ωinynq. After a change of variables, G is a monomial and,

by [13, Proposition 3.1], we have that RkG “ 3. Therefore each of the n lines !i contains at

least 3 points of X. Note that P is the only point in the intersection of any two lines. Moreover,

F is e-computable by I “ pY1, . . . , Ynq and t “ Y1 `¨ ¨ ¨`Yn (see [12, Proposition 4.4]). Hence

by Remark 2.1.3 we obtain P P FF . Thus we have at least 3n points in the union of n lines.

Hence, since | X |“ 3n, each line contains exactly 3 points. This concludes the proof of (ii).

The proof of is now completed.

We can now characterize the points that appear in a minimal apolar set to F . Recall that

for F P Sd, the Waring locus of F is defined as

WF “ tP P Pn
C | P P X, IpXq $ FK, | X |“ RkF u.

The locus of forbidden points of a form is defined as its complement, that is FF “ Pn
zWF .

Theorem 2.2.2. If F “ x2
py21 ` ¨ ¨ ¨ ` y2nq, then the forbidden locus of F is given by

FF “ V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q.

Proof. Let Q P WF be a point of the Waring locus of F , that is there exists a minimal apolar

set X to F , such that Q P X. Let Y be the projection of X from V pY1, . . . , Ynq “ tP “ r1 : 0 :

. . . : 0su on V pXq. By Proposition 2.2.1 we know that Y is a set n-points in general position.

Thus, by Lemma 2.1.7 Y is a minimal apolar set of G “ y21 ` ¨ ¨ ¨ ` y2n. By [15, Proposition 3.1]

we have FG “ V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q, thus Q R V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q. Hence we proved that

FF ( V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q.
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We will now show that equality holds, that is, we prove that if Q R V pY 2
1 ` ¨ ¨ ¨ `Y 2

n q, then

Q P WF . We split the proof in two cases depending on the first coordinate of Q to be zero or not.

• Case (i): Let Q “ r0 : ω1 : ¨ ¨ ¨ : ωns R V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q. Hence
nÿ

i“1

ω2
i ‰ 0. Consider

Q1
“ rω1 : ¨ ¨ ¨ : ωns P Pn´1. Since

nÿ

i“1

ω2
i ‰ 0 by [15, Proposition 3.1] we have Q1

P WG.

Thus, there exists a minimal apolar set D :“ tQ1
1 “ Q1, Q1

2, . . . , Q
1
nu of G “ y21 `¨ ¨ ¨`y2n

containing Q1. By Lemma 2.1.10 we obtain the orthogonal matrix N . Consider

IpXq “ ptYiYju1!i"j!n, X
3

` XpY 2
1 ` ¨ ¨ ¨ ` Y 2

n´1 ` p´n ` 1qY 2
n qq

an ideal of 3n points apolar to F. Note that P 1
“ r0 : 1 : 0 : ¨ ¨ ¨ : 0s P X. Further the

action of the matrix g “

»

–1 0

0 N

fi

fl P Opn ` 1q fixes F . Since the action of A takes P 1 to

Q we get the new apolar set X1
“ gT pXq of F containing Q. Hence Q P WF .

• Case (ii): Let Q “ r1 : ω1 : ¨ ¨ ¨ : ωns R V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q. In this case, we consider the

ideal of 3n points apolar to F given by

IpX1
q “ ptYiYju1!i"j!n, X

3
` p´

nÿ

i“1

YiqpY 2
1 ` ¨ ¨ ¨ ` Y 2

n´1 ` p´n ` 1qY 2
n qq.

Moreover, the point P 2
“ r1 : 1 : 0 : ¨ ¨ ¨ : 0s P X1. We construct a matrix A similarly to

case (i) where the action of A fixes F and A takes P 2 to Q.

The proof is now completed.

We now focus on algebraic properties of minimal apolar sets to F : we begin by describing

their Hilbert functions.

Proposition 2.2.3. If F “ x2
py21 ` ¨ ¨ ¨ ` y2nq, n ! 2, and X is a set of 3n points apolar to F ,

then the Hilbert function of X is

i 0 1 2 3 4 ¨ ¨ ¨

HFpX, iq 1 n ` 1 2n ` 1 3n 3n 3n.

Proof. Since IpXq % FK and pFK
q1 “ 0, we obtain HFpX, 1q “ n ` 1. Now, we claim that

HFpX, 2q “ 2n ` 1.
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Proof of the claim. Note that by Equation 2.2.2 we have HFpX, 2q # 2n` 1. By contradiction,

we assume that HFpX, 2q # 2n and we use the notation of the proof of Proposition 2.2.1. From

the assumption we get dim IpXq2 !

ˆ
n ` 2

2

˙
´2n. Since FK

2 does not involve any forms in the

variable X, so is IpXq2. Therefore, dim IpXq2XCrY1, Y2, . . . , Yns !

ˆ
n ` 2

2

˙
´2n “

ˆ
n

2

˙
`1.

This implies HFpY, 2q # n ´ 1, a contradiction to Equation 2.2.7.

We now prove by contradiction that HFpX, 3q “ 3n. Since X is a set of 3n points, we

have that HFpX, 3q # 3n. Thus, we assume by contradiction that HFpX, 3q # 3n ´ 1. Let

W “ IpXq3. Then

dimW “ dim IpXq3 !

ˆ
n ` 3

3

˙
´ 3n ` 1. (2.2.8)

By Proposition 2.2.1(ii) we know that X is supported on L where L is the union of n lines

passing through the point P “ r1 : 0 : . . . : 0s and each line in L contains exactly 3 points of

X. Let W 1
$ W such that every element of W 1 passes through the point P . Hence

dimW 1
! dimW ´ 1. (2.2.9)

Note that W 1
% T3 and that each of its elements vanishes on 4 points of each line of L. Thus W 1

vanishes on L. Let W 2
% W 1 be the set of all elements passing through

ˆ
n ` 2

3

˙
´ n general

points of the hyperplane V pXq. Note that

dimW 2
! dimW 1

´

ˆ
n ` 2

3

˙
` n !

ˆ
n

2

˙
` 1 (2.2.10)

where the last inequality follows from Equations (2.2.8) and (2.2.9). Since L X V pXq consists

of n points, each element of W 2 has X as a factor. Thus, we obtain

W 2
“ xXQ1, . . . XQjy

where j !

ˆ
n

2

˙
` 1 and the forms Qi are linearly independent degree two forms. Since

V pXq ) L, we have

V pQ1, Q2, . . . , Qjq * L

for some j !

ˆ
n

2

˙
` 1. Thus, Q1, . . . , Qj P IpLq. Note that L is the non-degenerate union of

n lines through P , thus

IpLq “ pLiLj : 1 # i " j # nq,

where the linear forms Li do not involve X . In particular, the ideal of L is generated by
ˆ
n

2

˙

degree two forms. Thus a contradiction, since the forms Qi are linearly independent. Hence

HFpX, 3q “ 3n. Since X is a set of 3n reduced points, the proof is completed.
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We now complete the algebraic description of minimal apolar sets to F by describing their

defining ideals.

Proposition 2.2.4. Let F “ x2
py21 ` ¨ ¨ ¨ ` y2nq with n ! 2. If X is a minimal apolar set of F ,

then there exists ς P Opnq such that the ideal of IpςpXqq is given by

IpςpXqq “ ptYiYju1!i"j!n, X
3

`

nÿ

i“1

LipY
2
1 ´ Y 2

i qq

for some linear form Li in CrX, Y1, . . . , Yns for 1 # i # n.

Proof. By Proposition 2.2.3, we have HFpX, 3q “ 3n. Keeping the same notation as in Propo-

sition 2.2.3, we have HFpX, 2q “ 2n` 1 and Y is an ideal of n points in general position apolar

to G “ y21 ` ¨ ¨ ¨ ` y2n. Hence by Lemma 2.1.10, we can assume Y “ te1, e2, . . . , enu. Hence

IpYq “ pYiYj | 1 # i " j # nq $ IpXq X CrY1, . . . , Yns.

Therefore

IpXq2 “ pYiYj | 1 # i " j # nq.

Further, by Proposition 2.2.1 we have X % L. Hence IpXq * IpLq. Note that HFpL, 3q “ˆ
n ` 3

3

˙
´ p3n` 1q. Hence, there exists exactly one degree 3 generator in IpXq. Since IpXq %

FK, a degree 3 generator has to be of the form X3
`

nÿ

i“2

L1
ipY

2
1 ´ Y 2

i q for some L1
i % T1,

2 # i # n. We write

IpXq “

n$

i“1

pY1, Y2, . . . , Ŷi, . . . , Yn, Q “ X3
`

nÿ

i“2

L1
ipY

2
1 ´ Y 2

i q q ` J,

where J is generated in degree at least four in IpXq. By Proposition 2.2.1, we have 3 points on

each line V pY1, . . . , Ŷi, . . . , Ynq for all 1 # i # n. Consider Q̄ P
CrX, Y1, . . . , Yns

pY1, . . . , Ŷi, . . . , Ynq

. Note

that Q̄ “ X3
` pωX ` kYiqY

2
i with pω, kq ‰ 0, and Q̄ does not have a multiple factor. Indeed,

if Q̄ has a multiple factor, then there exists a degree 2 form in pQ̄q ` J̄ . Since pQ̄q ` J̄ is an

ideal of 3 points, this is a contradiction. Hence Q̄ does not have a multiple factor. Therefore,

pQ̄q is an ideal of 3 points. Thus V pQ̄q “ V ppQ̄q ` J̄q. Therefore pQ̄q ( J̄ . Hence IpXq has

generators in degree at most 3.

Theorem I. A is now proved by Propositions 2.2.1, 2.2.3, 2.2.4 and Theorem 2.2.2.
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2.3 The form px2
1

` x2
2
qpy2

1
` ¨ ¨ ¨ ` y2nq

We note that up to a change of coordinates, the forms px2
1 ` x2

2qpy21 ` ¨ ¨ ¨ ` y2nq and x1x2py21 `

¨ ¨ ¨ ` y2nq can be identified. Hence, throughout this section, we assume the form to be F “

x1x2py21 ` ¨ ¨ ¨ ` y2nq with n ! 2. By Proposition 2.4.4, we obtain RkF “ 4n.. We study the

structure of minimal apolar sets of F , we obtain the forbidden locus of F , and we also describe

their ideals and Hilbert functions.

We begin by studying the projection of any minimal apolar set from V pY1, . . . , Ynq. A

summary of the below result can be visualized in Figure 1.2.

Proposition 2.3.1. Let F “ x1x2py21 ` ¨ ¨ ¨ ` y2nq and let X be a minimal apolar set of points to

F . Then RkF “ 4n and the following facts hold:

i) If Y is the projection of X from V pY1, . . . , Ynq on V pX1, X2q, then Y is a set of n distinct

points in linear general position, that is

i 0 1 2

HFpY, iq 1 n n
,

and HFpY, iq “ n for i ! 3.

ii) Let Y “ tQ1, . . . , Qnu and let ε “ V pY1, . . . , Ynq. If we consider the plane !i “ xε, Qiy,

where xε, Qiy denotes the linear span of ε and Qi, then X X !i is a set of four distinct

points for 1 # i # n contained in two lines passing through Qi.

Proof. Proposition 2.4.4 immediately yields that RkF “ 4n. We now prove (i). By Lemma

2.1.7 we have

FK
“ pX2

1 , X
2
2 , tYiYjup1!i"j!nq, tY 2

1 ´ Y 2
i up2!i!nqq. (2.3.1)

Let X be a minimal apolar set of F. Since Opnq fixes F by Lemma 2.1.8, we can assume that

for Pi “ rui : vi : ai,1 : . . . : ai,ns P X, ai,1 ‰ 0. Therefore by Lemma A.3 we obtain

g “ Y1 P pT {IpXqq1 is a non-zerodivisor in T {IpXq. Let V “ xY2, Y3, . . . , YnyC % pT {IpXqq1.

Note that gV % pFK
{IpXqq, and dimV “ n ´ 1. By Lemma 2.1.4, we get

HFpX, 2q # 4n ´ pn ´ 1q “ 3n ` 1.

Thus,

dim IpXq2 !

ˆ
n ` 3

2

˙
´ 3n ´ 1. (2.3.2)
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Let Y be the projection of X on V pX1, X2q from the line V pY1, . . . , Ynq. Therefore by Lemma

2.1.5 we have

IpYq “ pX1, X2q ` pIpXq X CrY1, . . . , Ynsq. (2.3.3)

Since IpXq % FK, IpXq1 “ 0. Hence IpYq1 “ pX1, X2q1. Therefore

HFpY, 1q “ n. (2.3.4)

We have IpYq2 “ pX1, X2q2 ` pIpXq X CrY1, . . . , Ynsq2. We now use Grassmann formula to

estimate

dim IpXq2 X CrY1, . . . , Yns.

By Equation (2.3.1) we note that dimpFK
q2 “

ˆ
n

2

˙
` pn ´ 1q ` 2 and

dimpFK
q2 X CrY1, . . . , Yns “

ˆ
n

2

˙
` pn ´ 1q.

Thus, we get that

dim IpXq2 X CrY1, . . . , Yns ! dim IpXq2 ` dimpFK
q2 X CrY1, . . . , Yns ´ dimpFK

q2 !

ˆ
n

2

˙
,

(2.3.5)

and also

HFpY, 2q #

ˆ
n ` 1

2

˙
´

ˆ
n

2

˙
“ n. (2.3.6)

Since IpYq is an ideal of points and HFpY, 1q “ n, we obtain

HFpY, 2q “ n.

Hence the Hilbert function of Y is given by

i 0 1 2 ¨ ¨ ¨

HFpY, iq 1 n n n

Therefore, Y is a set of n points in a general position.

We can now proceed with the proof of (ii). Let Y “ tQ1, . . . , Qnu. From part (i), we have

the following:

X %

n#

i“1

x ε, Qiy,

where x ε, Qiy is the plane that passes through ε and Qi. Let P1 “ r1 : 0 : ¨ ¨ ¨ : 0s, P2 “ r0 : 1 :

0 : ¨ ¨ ¨ : 0s, and Hi “ xP1, P2, Q1, . . . , Q̂i, . . . , Qny for 1 # i # n. Since Hi is a hyperplane,

we let Hi “ V pLiq, where Li is a linear form not involving X1 and X2. We claim that Qi R Hi.
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Proof of the claim. We prove the claim by contradiction. If Qi P Hi, then X $ Hi. This implies

that IpHiq $ IpXq $ FK. This yields Li P FK, a contradiction.

Let Li “

nÿ

j“1

ωijYj , and consider the points of X not on Hi “ V pLiq, that is, the points

X X !i. We have

FK
: IpHiq “ FK

: pωi1Y1 ` ¨ ¨ ¨ ` ωinYnq “ ppωi1Y1 ` ¨ ¨ ¨ ` ωinYnq ˝ F q
K

“ p2x1x2pωi1y1 ` ¨ ¨ ¨ ` ωinynqq
K

where the second equality holds by [12, Lemma 3.2]. After a change of coordinates G “ x1x2Li

is a monomial and [13, Proposition 3.1] yields RkG “ 4. Note that

IpX X !iq “ IpXq : IpHiq $ FK
: IpHiq “ GK.

Therefore, each of the n planes !i “ xε, Qiy contains at least 4 points of X. Note that F is

e-computable with I “ pY1, . . . , Ynq and t “ Y1 ` ¨ ¨ ¨ ` Yn, and moreover V pY1, . . . , Ynq is the

only line in the intersection of any two planes and that, by Remark 2.1.3, V pY1, . . . , Ynq $ FF .

Hence we obtain at least 4n points in the union of the n planes. Since | X |“ 4n, each plane !i

contains exactly 4 points.

To complete the proof of this proposition we need to show that each of these 4 points lie

exactly on 2 lines passing through Qi. This is done in Remark 2.3.4.

Remark 2.3.2. In the proof of Proposition 2.3.1, we proved that Equation (2.3.6) is an equality.

Hence, equality holds in Equations (2.3.5) and (2.3.2). Thus we proved that HFpX, 2q “ 3n`1.

We now determine the ideal of minimal apolar sets to F .

Proposition 2.3.3. Let F “ x1x2py
2
1 ` ¨ ¨ ¨ ` y2nq with n ! 2. If X is a minimal apolar set of F ,

then there exists ς P Opnq such that ideal IpςpXqq is given by

IpςpXqq “ ptYiYju1!i"j!n, X
2
1 `

nÿ

i“2

ωipY
2
1 ´ Y 2

i q, X2
2 `

nÿ

i“2

ϑipY
2
1 ´ Y 2

i qq

where ωi, ϑi ‰ 0 and
nÿ

i“2

ωi ‰ 0,
nÿ

i“2

ϑi ‰ 0.

Proof. Let Y be the projection of X on V pX1, X2q from the line V pY1, . . . , Ynq. By the proof of

Theorem 2.3.1 (ii) we have Y “ tQ1, . . . , Qnu is a set of n points in general position. Moreover,
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by Lemma 2.1.6 we have Y is apolar to G “ py21 `¨ ¨ ¨`y2nq. Hence by Lemma 2.1.10 we obtain

an orthogonal matrix O which acts on S and fixes F , and takes Y to te1, . . . , enu. Hence we may

assume IpYq ( pYiYj | 1 # i " j # nq. Hence pYiYj | 1 # i " j # nq $ IpXq2. By Remark

2.3.2 we have dim IpXq2 “

ˆ
n

2

˙
` 2. Hence there exist quadratic forms Q1,Q2 P IpXq2 such

that

IpXq2 “ ptYiYju1!i"j!n, Q1,Q2q.

Since Q1,Q2 P FK, and dim IpYq2 “

ˆ
n

2

˙
, Q1,Q2 has at least one of the coefficient of X2

1 , X
2
2

non-zero. Thus we may assume

Q1 “ X2
1 `

nÿ

i“2

ωipY
2
1 ´ Y 2

i q, Q2 “ X2
2 `

nÿ

i“2

ϑipY
2
1 ´ Y 2

i q.

We claim that ωi ‰ 0, ϑi ‰ 0 for 2 # i # n and
nÿ

i“2

ωi,
nÿ

i“2

ϑi ‰ 0.

Proof of the claim. By contradiction assume ωi “ 0 for some i and consider the plane defined

by Pi “ pY1, . . . , Ŷi, . . . , Ynq. Note that, by Proposition 2.3.1 (ii), IpXq % T {Pi is an ideal of 4

points. Moreover, if ωi “ 0, then X1 P IpXq. Hence, the Hilbert function of HFpT {IpXq, 2q #

2. This is a contradiction. Similar arguments can be repeated to complete the proof.

Hence, we write

IpXq “

n$

i“1

pY1, Y2, . . . , Ŷi, . . . , Yn,Q1,Q2 q ` J,

where J is generated in degree at least three in IpXq.

Consider

Q̄1, Q̄2 P
CrX1, X2, Y1, . . . , Yns

pY1, . . . , Ŷi, . . . , Ynq

» CrX1, X2, Yis,

and note that Q̄1 “ X2
1 ´ k1Y

2
i , Q̄2 “ X2

2 ´ k2Y
2
i with k1, k2 ‰ 0. In particular, pQ̄1, Q̄2q is

an ideal of four points. By Proposition 2.3.1, we now show that pQ̄1, Q̄2q ` J̄ is the ideal of the

same four points. Thus, pQ̄1, Q̄2q ( J̄ and hence

pY1, Y2, . . . , Ŷi, . . . , Yn,Q1,Q2 q ( J

for all i. The proof is now completed.

Remark 2.3.4. We can now complete the proof of Proposition 2.3.1 part (ii) final part of show-

ing that 4 points on X X !i lie exactly on 2 lines passing through Qi with exactly two points on

each line. Note that, in the proof of Proposition 2.3.3 we have only used the fact that X X !i is
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a set of 4 points from Proposition 2.3.1 (ii). In particular, we want to show that the four points

in each of the planes !i lie on a pair of lines passing through the point Qi. After a change of

coordinates, we may assume Qi to be the coordinate point ei, and we may assume the ideal of

the four points to be

pY1, Y2, . . . , Ŷi, . . . , Yn,Q1,Q2 q.

Since this ideal contains a degree two polynomial without Yi, this is enough to conclude.

We now determine the Hilbert function of any minimal apolar set to F .

Proposition 2.3.5. If F “ x1x2py
2
1 ` y22 ` ¨ ¨ ¨ ` y2nq, then the Hilbert function of any minimal

apolar set X is

i 0 1 2 3 4 ¨ ¨ ¨

HFpX, iq 1 n ` 2 3n ` 1 4n 4n 4n
(2.3.7)

Proof. By Proposition 2.3.3, after a change of coordinates, we have IpXq “ ptYiYju1!i"j!n, Q1, Q2q

where Q1 “ X2
1 `

nÿ

i“2

ωipY
2
1 ´ Y 2

i q, and Q2 “ X2
2 `

nÿ

i“2

ϑipY
2
1 ´ Y 2

i q . We consider the lex-

icographic ordering X1 & X2 & Y1 & ¨ ¨ ¨ & Yn on CrX1, X2, Y1, . . . , Yns and we compute a

Gröbner basis G of IpXq. In particular, we will show that G “ ptYiYju1!i"j!n, Q1, Q2q is such

a basis and this is enough to prove the result. Hence G is a Gröbner basis of IpXq. Therefore

the initial ideal of IpXq is given by

in$pIpXqq “ ptYiYju1!i"j!n, X
2
1 , X

2
2 q.

Moreover, HFpT {IpXqq “ HFpT {in$IpXqq and HFpT {in$IpXqq is as in Equation 2.3.7.

To prove that G is Gröbner basis we prove that each S-polynomials is zero mod G. Let

fi,j “ YiYj and note that the S-polynomial of two monomials is automatically zero. Thus, we

only need to consider the following two cases. For any 1 # i, j # n with i ‰ j, we have

Spfi,j, Q1q “
YiYjX2

1

YiYj
pYiYjq ´

YiYjX2
1

X2
1

Q1

“ YiYj

nÿ

k“2

ωkpY 2
1 ´ Y 2

k q

“ 0 mod G.
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Similarly, Spfi,j, Q2q “ 0 mod G. Moreover,

SpQ1, Q2q “
X2

1X
2
2

X2
1

Q1 ´
X2

1X
2
2

X2
2

Q2

“ X2
2 p

nÿ

i“2

ωipY
2
1 ´ Y 2

i qq ´ X2
1 p

nÿ

i“2

ϑipY
2
1 ´ Y 2

i qq

“ X2
2 p

nÿ

i“2

ωipY
2
1 ´ Y 2

i qq ´ X2
1 p

nÿ

i“2

ϑipY
2
1 ´ Y 2

i qq ` X2
1X

2
2 ´ X2

1X
2
2

“ X2
2Q1 ´ X2

1Q2

“ 0 mod G.

The proof is now completed.

We can now characterize which points appear in any minimal apolar sets to F .

Theorem 2.3.6. If F “ x1x2py21 ` y22 ` ¨ ¨ ¨ ` y2nq, then the forbidden locus of F

FF “ V pX1X2q Y V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q.

Proof. By Proposition 2.3.3 we have IpXq “ ptYiYju1!i"j!n, X
2
1 `

nÿ

i“2

ωipY
2
1 ´ Y 2

i q, X2
2 `

nÿ

i“2

ϑipY
2
1 ´ Y 2

i qq up to a change of coordinates. First we show that RHS $ LHS.

Let P P WF and assume that P P V pX1X2q. We will prove that this a contradiction. If

X1pP q “ 0 or X2pP q “ 0, then, by the shape of the ideal, we get that P “ r0 : 0 : ¨ ¨ ¨ : 0s.

Thus, V pX1X2q $ FF .

Now, let Q “ ra : b : c1 : ¨ ¨ ¨ : cns P WF and assume by contradiction that Q P

V

˜
nÿ

i“1

Y 2
i

¸
. Let X be a minimal apolar set containing Q. Following Proposition 2.3.1 we

consider Y the projection of X from V pY1, . . . , Ynq to V pX1, X2q. Since | Y |“ n, we obtain

Y is a minimal apolar set of G “ y21 ` ¨ ¨ ¨ ` y2n by Lemma 2.1.6. Note that, by Remark

2.1.3, the image of Q under the projection exists and it is r0 : 0 : c1 : ¨ ¨ ¨ : cns P WG.

This is a contradiction by Proposition [15, Proposition 3.1] since FG “ V p

nÿ

i“1

Y 2
i q. Hence,

V pY 2
1 ` ¨ ¨ ¨ ` Y 2

n q $ FF .

Now we prove that equality holds. Let Q “ ra : b : c1 : c2 : ¨ ¨ ¨ : cns such that

ab ‰ 0 and
nÿ

i“1

c2i ‰ 0. We want to show that Q P WF . Let Q1 be the projection of Q from

V pY1, . . . , Ynq to V pX1, X2q given by Q1
“ rc1 : c2 : ¨ ¨ ¨ : cns. By Proposition [15, Proposition

3.1] we get Q1
P WG where G “ py21 ` ¨ ¨ ¨ ` y2nq. Hence there exists P 1

2, . . . , P
1
n such that
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Y “ tQ1, P 1
2 . . . P

1
nu is a minimal apolar set of G. By Lemma 2.1.10 we obtain an orthogonal

matrix N with the normalized coordinates of Q1 in the first column. Therefore the matrix

M “

»

———–

a 0 0

0 b 0

0 0 N

fi

"""fl

fixes F . Consider the minimal apolar set of F given by the following ideal:

IpXq “ ptYiYju1!i"j!n, X
2
1 ´ Y 2

1 ´ ¨ ¨ ¨ ´ Y 2
n´1 ` pn ´ 1qY 2

n , X
2
1 ´ X2

2 q.

The action of M takes X into another minimal apolar set of F . Note that the point r1, 1, 1, 0, . . . , 0s P

X is mapped to Q by this action. Hence, Q P WF .

We now consider the projections of minimal apolar sets to F on the line V pX1, X2q.

Proposition 2.3.7. If W is the projection of X from V pX1, X2q on V pY1, . . . , Ynq, then W is a

set of 2k points with k # n.

Proof. By Lemma 2.1.5, we have IpWq “ pY1, . . . , Ynq ` IpXq X CrX1, X2s. To prove that

the maximal number of points is 2n, it is enough to prove that pIpXq2n X CrX1, X2sq ‰ 0. By

Proposition 2.3.3 we have

IpXq “ ptYiYju1!i"j!n, X
2
1 `

nÿ

i“2

ω1ipY
2
1 ´ Y 2

n q, X2
2 `

nÿ

i“2

ω2ipY
2
1 ´ Y 2

i qq

“

n$

i“1

pY1, . . . , Ŷi, . . . , Yn, X
2
1 ´ k1iY

2
i , X

2
2 ´ k2iY

2
i q

(2.3.8)

where kji “ ωji for 1 # j # 2 and 2 # i # n, and kj1 “

nÿ

i“2

ωji for 1 # j # 2. Hence

n!

i“1

pk2iX
2
1 ´ k1iX

2
2 q P IpXq. Thus the first part of the proof is completed.

Now we prove that only an even number of points can occur in W. Note that formula

2.3.8 gives a primary decomposition of IpXq. In particular, to understand the projection W, we

need to study the common roots of the polynomials X2
1 ´ k1iX

2
2 for 1 # i # n. Any pair of

these polynomials either has two common roots or no common root at all. Hence, the result

follows.
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Theorem I. B is now proved by using Propositions 2.3.1, 2.3.3, 2.3.5, Theorem 2.3.6, and

Proposition 2.3.7.

The previous Proposition 2.3.7 shows that the projection W, unlikely the projection Y, is

not completely determined. In the remark that follows we give more details on W.

Remark 2.3.8. Keeping the same notation as in Proposition 2.3.1, we note the following:

(i) If we choose ω1i “ ω2i for all 2 # i # n, then X2
1 ´ X2

2 P IpXq. Thus, W contains

exactly 2 points.

(ii) If
ω1i

ω2i
‰

ω1j

ω2j
for any 2 # i, j # n, i ‰ j such that

%n
i“2 ω1k%n
k“2 ω2k

‰
ω1i

ω2i
for any 2 # i # n,

we obtain exactly 2n points in W. For example, choose ω1i “ i ´ 1 for 2 # i # n ´ 1,

ω1n “ en and ω2i “ 1 for all 2 # i # n.

(iii) For n “ 3 we can not get exactly 4 points in W. Indeed, note that if
ω2

ϑ2
‰

ω3

ϑ3
implies

ω2 ` ω3

ϑ2 ` ϑ3
‰

ω2

ϑ2
and

ω2 ` ω3

ϑ2 ` ϑ3
‰

ω3

ϑ3

This implies W has exactly 6 points. Further, if
ω2

ϑ2
“

ω3

ϑ3
, then we obtain exactly 2 points

in W.

(iv) For n ! 4, we can choose
ωi

ϑi
such that W has 4 points. i.e. choose

ω2

ϑ2
‰

ω3

ϑ3
, and

ω3

ϑ3
“

ωi

ϑi
for all i ! 4 with

n´1ÿ

i“2

ωi “

n´1ÿ

i“2

ϑi “ 0.

Example 2.3.9. Let F “ px2
1 `x2

2qpy21 ` y22 ` y23q. By Remark 2.3.8 we have that the projection

of any minimal apolar set X from V pX1, X2q to V pY1, Y2, Y3q is either a set of 2 points or a

set of 6 points, while the projection of X from V pY1, Y2, Y3q to V pX1, X2q is always a set of 3

points. Hence, by Theorem I. B we obtain that any minimal apolar set X to F has one of the

following shapes described in Figure 2.1 and Figure 2.2. Red dots denote the points in X in

both pictures.
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Q1 Q2

Q3

P1 P2

V pX1, X2q

V pY1, Y2, Y3q

Figure 2.1: Minimal apolar set whose projec-

tion from V pX1, X2q to V pY1, Y2, Y3q having

2 points.

V pY1, Y2, Y3q

V pX1, X2q Q1
Q2

Q3

P1 P2 P3 P4 P5 P6

Figure 2.2: Minimal apolar set whose projec-

tion from V pX1, X2q to V pY1, Y2, Y3q having 6

points.

2.4 The forms px2
1

` x2
2

` ¨ ¨ ¨ ` x2mqpy2
1

` y2
2

` ¨ ¨ ¨ ` y2nq

In this section, we provide a new lower and an upper bound for the rank of the forms px2
1 `x2

2 `

¨ ¨ ¨ ` x2
mqpy21 ` y22 ` ¨ ¨ ¨ ` y2nq.

Proposition 2.4.1. Let n ! 2. If we let F “ px2
1 ` x2

2 ` x2
3qpy21 ` ¨ ¨ ¨ ` y2nq, then RkF # 6n.

Proof. Consider the ideal

IpXq “ ptYiYju1!i"j!n, X1X2, X1X3, X
2
2 ´ X2

3 , X
2
1 ´ X2

2 ` Y 2
1 ` ¨ ¨ ¨Y 2

n´1 ´ pn ´ 1qY 2
n q.

Using a description of FK given in Lemma 2.1.7, it is clear that IpXq % FK. Moreover

IpXq “

˜
n$

i“1

pY1, . . . , Ŷi, . . . , Yn, X1, X
2
2 ´ X2

3 ,´X2
2 ` kiY

2
i q

¸

$
˜

n$

i“1

pY1, . . . , Ŷi, . . . , Yn, X2, X3, X
2
1 ` kiY

2
i q

¸

where ki “ 1 for 1 # i # n ´ 1 and kn “ n ´ 1. Thus, X is an ideal of 6n points apolar to F .

Hence, by the Apolarity Lemma 2.1.1 the result is proved.

Proposition 2.4.2. Let m,n ! 2. If we let F “ px2
1`¨ ¨ ¨`x2

mqpy21`¨ ¨ ¨`y2nq, then RkF # 2mn.

Proof. Let q “ y21 ` ¨ ¨ ¨ ` y2n. We divide the proof in two cases: m even and m odd.

Case (i) m “ 2k for some k P N. Then we write

px2
1 ` ¨ ¨ ¨ ` x2

mqq “ px2
1 ` x2

2qq ` ¨ ¨ ¨ ` px2
2k´1 ` x2

2kqq.

38



Therefore by Proposition 2.4.4 we have Rkpx2
i ` x2

jqq “ Rkpxi ` φxjqpxi ´ φxjqq “ 4n.

Hence we get

RkF # 4nk “ 2n ¨ 2k “ 2mn.

Case (ii) m “ 2k ` 1 for some k P N. Then we write

px2
1 ` ¨ ¨ ¨ ` x2

mqq “ px2
1 ` ¨ ¨ ¨ ` x2

2k´2qq ` px2
2k´1 ` x2

2k ` x2
2k`1qq.

Therefore, by case (i) and Proposition 2.4.1, we get

RkF # 2p2k ´ 2qn ` 6n “ 2n ¨ p2k ` 1q “ 2mn.

The proof is completed.

Theorem 2.4.3. Let n ! m ! 3. If we let F “ px2
1 ` ¨ ¨ ¨ ` x2

mqpy21 ` ¨ ¨ ¨ ` y2nq, then

npm ` 2q " RkF # 2mn.

Proof. Note that the upper bound comes from Proposition 2.4.2, thus we only need to prove the

lower bound. Using Lemma 2.1.7 we get

FK “ ptXiXju1!i"j!m, tX2
1 ´ X2

i u2!i!m, tYiYju1!i"j!n, tY 2
1 ´ Y 2

i u2!i!nq.

Set I “ pY1, . . . , Ynq, t “ ω1Y1 ` ¨ ¨ ¨ ` ωnYn for 0 ‰ ωi P C, 1 # n, and J “ pFK
: Iq ` ptq.

Thus, we get

J “ ptXiXju1!i"j!m, tX2
1 ´ X2

i u2!i!m, tYiYju1!i"j!n, Y
2
i u1!i!nq ` ptq.

Therefore
i 0 1 2 3 4

HFpT {J, iq 1 m ` n ´ 1 mpn ´ 1q ` 1 n ´ 1 0

and thus
ÿ

i#0

HFpT {J, iq “ npm ` 2q. Hence, by [12, Theorem 3.3], we get

RkF !

ÿ

i#0

HFpT {J, iq “ npm ` 2q.

We now prove by contradiction that RkF & npm`2q. We assume that RkF “ npm`2q

and we let X being a minimal apolar subset of F . Note that F is e-computable using I “

pY1, . . . , Ynq and t “

nÿ

i“1

ωiYi for 0 ‰ ωi P C. Thus, Remark 2.1.3 yields V pY1, Y2, . . . , Ynq $

FF .
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Let V “ FK
2 XCrY1, . . . , Yns2. Then dimV “

ˆ
n

2

˙
`n´1. If we let dimV {IpXq “ dimV ´ω,

then dim IpXq2 X CrY1, . . . , Yns2 “ ω. Thus, by Lemma 2.1.4 we have

HFpX, 2q # npm ` 2q ´ dimV {IpXq.

Therefore

dim IpXq2 !

ˆ
n ` m ` 1

2

˙
´ npm ` 2q ` dimV {IpXq.

Applying Grassmann’s formula, we get

ω “ dim IpXq2 X CrY1, . . . , Yns2 “ dim IpXq2 ` dimV ´ dimpV ` IpXq2q

! dim IpXq2 ` dimV ´ dimFK
2

!
ˆ
n ` m ` 1

2

˙
´ npm ` 2q ` dimV {IpXq ` dimV ´ dimFK

2

! 2

ˆ
n

2

˙
´ ω.

(2.4.1)

and thus, ω !

ˆ
n

2

˙
.

We now show that ω “

ˆ
n

2

˙
. Note that pX1, X2, . . . , Xmq ` IpXq X CrY1, . . . , Yns is

the ideal of the projection of X onto V pX1, X2, . . . , Xmq, we call this projection Y. Since

HFpY, 1q “ n, we get HFpY, 2q ! n. Thus,

HFpY, 2q “

ˆ
n ` 1

2

˙
´ dim IpXq2 X CrY1, . . . , Yns2 ! n

implies

ω #

ˆ
n ` 1

2

˙
´ n “

ˆ
n

2

˙
. (2.4.2)

Therefore, by Equations (2.4.1), and (2.4.2), we have

dim IpXq2 X CrY1, . . . , Yns2 “

ˆ
n

2

˙
.

Therefore, HFpY, 2q “ n and thus, IpYq is an ideal of n points. Therefore the apolar set X is

contained in n many m-dimensional linear spaces, each passing through V pY1, . . . , Ynq. Simi-

larly as in the proof of Proposition 2.2.1, let Y “ tQ1, . . . , Qnu, and H→ “ xε, Q1, . . . , Q̂i, . . . , Qny

where ε “ V pY1, . . . , Ynq. Note that Hi is a hyperplane, hence IpHiq “ pLiq for some Li “

ωi1Y1 ` ¨ ¨ ¨ ` ωinYn. Indeed,

FK
: pωi1Y1 ` ¨ ¨ ¨ ` ωinYnq “ ppωi1Y1 ` ¨ ¨ ¨ ` ωinYnq ˝ F q

K

“
`
px2

1 ` x2
2 ` ¨ ¨ ¨ x2

mqpωi1y1 ` ¨ ¨ ¨ ` ωinynq
˘K
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where the first equality holds by [12, Lemma 3.2]. Note that G “ px2
1 ` x2

2 ` ¨ ¨ ¨ x2
mqpω1y1 `

¨ ¨ ¨ ` ωnynq is such that RkG “ 2m. Again, by Proposition 2.4.4 F is e-computable with I “

pY1, . . . , Ynq and t “ Y1 ` ¨ ¨ ¨ ` Yn. Hence by Remark 2.1.3 we have V pY1, Y2, . . . , Ynq $ FF ,

we obtain X contains 2mn distinct points. Hence a contradiction since 2mn & npm ` 2q.

Next, we prove the Waring rank of the forms of the type F “ xa1
1 xa2

2 ¨ ¨ ¨ xam
m pyb1`¨ ¨ ¨`ybnq,

where m,n ! 1, b ! 2, and a1 # a2 # ¨ ¨ ¨ # am with a1 ` 1 ! b. Note that this includes the

case F “ px2
1 ` x2

2qpy21 ` ¨ ¨ ¨ ` y2nq. To understand the structure of minimal apolar sets of such

forms, the computation of rank was crucial.

Proposition 2.4.4. Let F “ xa1
1 xa2

2 ¨ ¨ ¨ xam
m pyb1 ` ¨ ¨ ¨ ` ybnq, where m,n ! 1, b ! 2, and

a1 # a2 # ¨ ¨ ¨ # am with a1 ` 1 ! b. Then

RkF “ p

m!

i“1

pai ` 1qqn.

Proof. We use e-computability to obtain a lower bound. Consider I “ pY1, Y2, . . . , Ynq and

t “

nÿ

i“1

ωiYi. Let Ĩ “ FK
: I ` ptq. Then

Ĩ “ ptXai`1
i u1!i!n, tYiYju1!i"j!n, tY b

i u1!i!n,
nÿ

i“1

ωiYiq. (2.4.3)

We want to compute the Hilbert function of T {Ĩ . For l ! 0, and l ` 1 " b, we have

HFpT {Ĩ , l ` 1q “ pn ´ 1qpNo. of linearly independent degree l monomials in T {Ĩ

involving only x1
isq ` pNo. of linearly independent degree l ` 1 monomials in T {Ĩ

involving only x1
isq. (2.4.4)

Let a “ pa1, a2, . . . , anq. Define

Cpm, s, aq “| tpl1, l2, . . . , lmq |

mÿ

i“1

li “ s and li # aiu | .

Here Cpm, s, aq counts the number of linearly independent monomials of degree s in T {Ĩ in-

volving only xi’s. By Equation (2.4.4), for all l ! 0,

HFpT {Ĩ , l ` 1q “ Cpm, l, aqpn ´ 1q ` Cpm, l ` 1, aq. (2.4.5)

Further, HFpT {Ĩ , p

mÿ

i“1

aiq ` 1q “ 0. Let ω “

mÿ

i“1

ai. We have
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ω`1ÿ

l“0

HFpT {Ĩ , lq “ 1 `

ω`1ÿ

l“1

HFpT {Ĩ , lq “ 1 `

ωÿ

l“0

HFpT {Ĩ , l ` 1q

“ 1 `

ωÿ

l“0

pCpm, l, aqpn ´ 1q ` Cpm, l ` 1, aqq pby Equation (2.4.5)q

“ n
ωÿ

l“0

Cpm, l, aq “ n
m!

i“1

pai ` 1q

(2.4.6)

Therefore, by Equation (2.4.6) we have

RkF !

ÿ

l#0

HFpT {Ĩ , lq “ n
m!

i“1

pai ` 1q, (2.4.7)

where the first inequality holds by [12, Theorem 3.3]. Further, the ideal

IpXq “ p tYiYju1!i"j!n, Q1, Q2, . . . , Qmq

where Qi “ Xai`1
i ` pY ai`1´b

1 ` ¨ ¨ ¨ ` Y ai`1´b
n qpp´n ` 1qY b

1 ` Y b
2 ` ¨ ¨ ¨ ` Y b

n q is contained in

FK. We have

IpXq “

n$

i“1

pY1, Y2, ¨ ¨ ¨ , Ŷi ¨ ¨ ¨Yn, q1, q2, . . . , qmq,

where qj “ X
aj`1
j ` Y ai`1

i for all 1 # j # m, for all 2 # i # n, and for i “ 1, for all

1 # j # m, qj “ X
aj`1
j ` p´n ` 1qY a1`1

1 . Note that over the field of complex numbers, qj

splits into linear forms, giving the primary decomposition of IpXq. Hence IpXq is an ideal of

n
m!

i“1

pai ` 1q distinct points. Therefore, by the Apolarity Lemma,

RkF # n
m!

i“1

pai ` 1q. (2.4.8)

Therefore, by inequalities (2.4.7) and (2.4.8), we obtain the result.

Remark 2.4.5. Our guess is that the upper bound is the Waring rank of F in Theorem 2.4.3.

We prove m “ 2 case in Proposition 2.4.4. If the guess is correct, then we have a nice structure

for minimal apolar sets of F.
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Chapter 3

Waring rank of quasi-monomial complete

intersections

In this chapter, first, we compute the Waring rank of the forms F such that

FK
“ pXa0

0 ` GpX0, . . . , Xnq, Xa1
1 , Xa2

2 , . . . , Xan
n q

where GpX0, . . . , Xnq is a homogeneous form of degree a0 with degX0
G " a0. This is done in

Section 3.2. As an application, in Section 3.3 we further compute the Waring rank of binomials

whose annihilator ideal is a complete intersection. To obtain lower bounds on the Waring rank,

we highly depend on e-computability 2.1.2. Hence, in Section 3.1 we compute the relevant

colon ideals.

3.1 Preliminary results

In the rest of the chapter, we consider the standard graded polynomial ring T “ CrX0, . . . , Xns.

Let T rts “ Crt,X0, X1, . . . , Xns be the standard graded polynomial ring with the lexico-

graphic ordering t & X0 & ¨ ¨ ¨ & Xn. Next, we compute FK
: pXiq, 1 # i # n, and FK

: phq

when Xa0
0 `G “ hmg for some forms h, g P T with deg h & 0 and m ! 2. In the next section,

using these colon ideals and Theorem 2.1.2 on e-computability, we obtain lower bounds on the

Waring rank of F .

Proposition 3.1.1. Let I “ pXa0
0 ` G, Xa1

1 , Xa2
2 , . . . , Xan

n q % T be an ideal.

1. For any 1 # i # n, we have

I : pXiq “ pXa0
0 ` G, Xa1

1 , . . . , Xai´1
i , . . . , Xan

n q.
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2. If Xa0
0 ` G “ hmg for forms h, g P T with deg h & 0 and m ! 2, then

I : phq “ phm´1g, Xa1
1 , . . . , Xan

n q.

Proof. 1 We first prove (1). Note that a Gröbner basis of tI ` p1 ´ tqpXiq % T rts is,

GB “ ttXa0
0 `tG, tXa1

1 , tXa2
2 , tXa3

3 , . . . , tXan
n , pt´1qXi, XipXa0

0 `Gq, XiX
a1
1 , XiX

a2
2 , . . . , Xai

i , . . . XiX
an
n u.

Thus by Theorem B.1 we have that

I X pXiq “ pXipX
a0
0 ` Gq, XiX

a1
1 , XiX

a2
2 , . . . , Xai

i , . . . XiX
an
n q.

The conclusion follows by Theorem B.2. Similarly, to prove (2) we use that

GB “ tthmg, tXa1
1 , tXa2

2 , . . . , tXan
n , pt ´ 1qh, hmg, hXa1

1 , hXa2
2 , . . . , hXan

n u

is a Gröbner basis of tI ` p1 ´ tqphq % T rts. Thus by Theorem B.1 we get

I X phq “ phmg, hXa1
1 , hXa2

2 , . . . , hXan
n q.

Again the conclusion follows by Theorem B.2.

Recall that a set of points X $ Pn is said to be apolar to F if IpXq $ FK. To prove

the existence of some apolar set, we use a geometric approach. We recall a few notation. Let

V % Pn be a projective variety. We denote the homogeneous coordinate ring of V by CrVs

and the field of rational functions of V by CpVq, that is, the field of fractions of CrVs. Let

f : V Ñ W be a map of varieties. Recall that f is said to be a finite map if CrVs is integral over

CrWs.

Lemma 3.1.2. If f “ Xa0
0 `G P T is a homogeneous irreducible polynomial of degree a0, and

↼p : V pfq Ñ Pn´1

is the map defined by the projection of V pfq from the point r1 : 0 : ¨ ¨ ¨ : 0s to Pn´1, then the

pullback ↼˚
P pCpPn´1

q $ CpV pfqq is a finite separable field extension.

Proof. We have CrV pfqs “ CrX0, . . . , Xns{pfq and CrPn´1
s “ CrX0, . . . , Xns{pX0q –

CrX1 . . . , Xns. Note that f is a finite map. Indeed, by the properties of integral extension,
1See Proposition B.3 for a detailed version.
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it suffices to show that X0 is integral over CrPn´1
s. Considering f as a polynomial in X0 with

coefficients from CrPn´1
s, X0 is integral over CrPn´1

s. Hence CrV pfqs is finite over CrPn´1
s.

Therefore CpV pfqq is a finite field extension over CpPn´1
q. Since CpPn´1

q is of characteristic

zero, it is a perfect field and every finite extension of a perfect field is separable. Hence the

proof.

The following result describes a nice property of maps as in 3.1.2 between normal vari-

eties.

Theorem 3.1.3 (Theorem 2.29 [66]). Let X, Y be irreducible varieties, Y be normal and F :

X Ñ Y be a map. If F˚
pkpY qq $ kpXq is a finite separable field extension, then the set of

unramified points of F is open and nonempty.

Next, we recall a classical result: Bertini’s Theorem. This result is useful in obtaining an

ideal of a certain number of distinct points inside the annihilator ideal.

Theorem 3.1.4 (Corollary 10.9 [28]). Let X be a non-singular projective variety over an alge-

braically closed field of characteristic zero. If ↽ is a linear system without base points on X,

then almost every element of ↽ considered as a closed subscheme of X is nonsingular.

Remark 3.1.5. We note that from [28, Remark 10.9.2] that “projective” is not necessary in the

Theorem 3.1.4 if the linear system ↽ is finite dimensional (which is indeed the case in our set

up). Moreover, if X has finitely many singular points, and ↽ is base point free on X, then by [28,

Remark 8.18.1] there exists an element in ↽ which is smooth on Xzt singular points of Xu.

3.2 Rank of quasi-monomial complete intersections

In this section we compute the Waring rank of F such that

FK
“ pXa0

0 ` GpX0, . . . , Xnq, Xa1
1 , Xa2

2 , . . . , Xan
n q

where GpX0, . . . , Xnq is a homogeneous form of degree a0 with degX0
GpX0, . . . , Xnq " a0.

For the sake of simplicity, we denote Xa0
0 ` GpX0, . . . , Xnq by Xa0

0 ` G.
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Theorem 3.2.1. Let F P T be such that FK
“ pXa0

0 ` G, Xa1
1 , Xa2

2 , . . . , Xan
n q where G is a

form of degree a0 with degX0
G " a0 and a1 # a2 # ¨ ¨ ¨ # an. Then

RkF “

$
’’’’’’’’’’’&

’’’’’’’’’’’%

a0

n!

j“2

aj if a1 # a0 or

a1 & a0 and pXa0
0 ` Gq does not have a multiple factor.

n!

j“1

aj if a1 & a0 and pXa0
0 ` Gq has a multiple factor.

Proof. We divide the proof in two cases.

Case I: pa1 # a0q or (a1 & a0 and pXa0
0 ` Gq does not have a multiple factor).

First, we prove a lower bound on the RkF using e-compatibility. Let J “ pX1q and t “ X1.

By Proposition 3.1.1(1) we get

Ĩ “ pFK
: Jq ` ptq “ pXa0

0 ` G, X1, X
a2
2 , . . . , Xan

n q.

And thus

T {Ĩ “
CrX0, . . . , Xns

pXa0
0 ` G, X1, X

a2
2 , . . . , Xan

n q
.

Therefore, we get
ÿ

i#0

HFpT {Ĩ , iq “ a0

n!

i“2

ai.

Furthermore, Theorem 2.1.2 on e-compatibility yields the lower bound

RkF ! a0

n!

i“2

ai. (3.2.1)

To obtain an upper bound on RkF we use the Apolarity Lemma 2.1.1. That is, we con-

struct a set of a0
n!

i“2

ai distinct points apolar to F. We do this in two subcases.

Case I(i): We first prove an upper bound for RkF if a1 # a0.

Consider the projective variety

V “ V pXa2
2 ´ Xa2

1 , . . . , Xan
n ´ Xan

1 q

with ai ! 2 for 2 # i # n. Note that IpVq $ FK. Let S be the singular locus of V. We compute

S using the Jacobian criterion. Note that the Jacobian matrix is given by

J “

¨

˚̊
˚̊
˚̊
˝

0 ´a2X
a2´1
1 a2X

a2´1
2 0 ¨ ¨ ¨ 0

0 ´a3X
a3´1
1 0 a3X

a3´1
3 ¨ ¨ ¨ 0

...
...

...
... . . . ...

0 ´anX
an´1
1 0 0 ¨ ¨ ¨ anX

an´1
n

˛

‹‹‹‹‹‹‚

pn´1qˆpn`1q

.

46



If P “ rp0, . . . , pns P SingpVq, then rank JpP q # n´2. This means all the determinants of size

pn´1q vanishes at P . i.e., for 1 # j # n, DjpP q “

&n
i“1 X

ai´1
i

X
aj´1
j

pP q “ 0. This means XlpP q “

0 for some 2 # l # n. Since P P V, we have XlpP q “ X1pP q “ X2pP q “ ¨ ¨ ¨XnpP q “ 0.

Hence S “ tr1 : 0 : 0 : ¨ ¨ ¨ : 0su. Let V1
“ VzS, and ↽ “ pFK

qa0 be the vector space defining a

linear system on V1. i.e., given v P FK
a0 define a divisor Dv “ tZ P V1

| vpZq “ 0u on V1. We

claim that the linear system defined by ↽ on V1 is base point free, that is BSp↽q “ H.

Proof of the claim. By contradiction, assume that q “ rq0 : q1 : . . . : qns P V1 is a base point

of ↽. Since Xa0
1 P ↽ we get q1 “ 0. This implies q1 “ ¨ ¨ ¨ “ qn “ 0 because q P V. Thus a

contradiction since r1 : 0 : ¨ ¨ ¨ : 0s R V1. Hence the claim.

By Theorem 3.1.4 we know that a general element of ↽ is smooth on V1. Thus there exists

H P FK
a0 such that

X “ V pH,Xa2
2 ´ Xa2

1 , . . . , Xan
n ´ Xan

1 q

is a smooth set of points. Moreover X is a set of a0
n!

i“2

ai distinct points with IpXq $ FK. Hence

the Apolarity Lemma 2.1.1 yields the upper bound

RkF # a0

n!

i“2

ai. (3.2.2)

Therefore, by Equations (3.2.1) and (3.2.2), we get the exact value of RkF.

Case I(ii): To obtain an upper bound for the RkF if a1 & a0 and pXa0
0 ` Gq does not have a

multiple factor, we proceed as follows.

Let LP be the set lines in Pn passing through the point P and L
1
P % LP be the set of lines

that intersect V pXa0
0 ` Gq in distinct points. Note that f “ Xa0

0 ` G does not have multiple

factors, hence we assume f is irreducible. If not, write f as a product of irreducible factors, and

we can repeat the argument below on each component separately. Consider the projection map

from the point P “ r1 : 0 : 0 : ¨ ¨ ¨ : 0s

↼P : V pfq Ñ Pn´1. (3.2.3)

By Lemma 3.1.2 ↼˚
P pkpPn´1

q % kpV pfqq is a separable field extension. Hence, by Theorem [66,

Theorem 2.29] the set of unramified points of ↼P is open and nonempty. Thus the ramification

locus of ↼P is a proper closed subset; we call this locus Z. Therefore L1
P is dense and non-empty.

Let us define apolar star to be the union of lines X passing through the point P defined by

the ideal

pXa2
2 ´ w2X

a2
1 , . . . , Xan

n ´ wnX
an
1 q % FK (3.2.4)
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with wi ‰ 0 for all 2 # i # n. Let L2
P % LP be the set of all lines containing apolar sets as in

Equation (3.2.4). Then L
2
P is dense and non-empty. Indeed, the set of all apolar stars consists

of all the lines except the lines passing through the union of the surfaces tXi “ 0 | 0 # i # nu.

Hence the complement is open.

Note that the apolar star X is completely determined by any lines in it. Moreover, given

a line ε, there is a unique apolar star containing it. A bad apolar star X is an apolar star such

that ↼P pX q X Z ‰ H. That means there is a line ε in X intersect the ramification locus Z. i.e.,

ε P X does not intersect V pfq in distinct points. Note that X is completely determined by ε

and ↼P plq P Z. Thus the bad apolar star is contained in a closed subset of LP and thus proper.

In other terms L
3
P % LP the set of lines describing apolar star which is not bad, is open and

non-empty. If ↼P pεq “ r1 : w2 : ¨ ¨ ¨ : wns and ε P L
1
P X L

2
P X L

3
P , then Xε X V pfq is a set of

distinct a0
n!

i“2

ai points apolar to F .

Case II: a1 & a0 and Xa0
0 ` G has a multiple factor.

Let pXa0
0 ` Gq “ hmg with m ! 2 for some h, g P T where h is a form of degree k ! 1.

Consider J “ phq and t “ h. Therefore by Proposition 3.1.1(2) we get

Ĩ “ pFK
: Jq ` ptq “ ph,Xa1

1 , . . . , Xan
n q. (3.2.5)

Note that h “ Xk
0 ` h1 for some homogeneous h1

P Tk. Therefore we get

ÿ

i#0

HFpT {Ĩ , iq “ k
n!

i“1

ai. (3.2.6)

Since t is of degree k, using Theorem 2.1.2 on e-compatibility we obtain

RkF !
1

k
p

ÿ

i#0

HFpT {Ĩ , iqq “

n!

i“1

ai. (3.2.7)

To obtain an upper bound, we proceed as in Case I(i) for the projective variety

W “ V pXa2
2 ´ Xa2

1 , . . . , Xan
n ´ Xan

1 q

and the linear system defined by ↽ “ FK
a1 . Hence the proof.

Example 3.2.2. Consider I “ pX2
`Y 2

`Z2, Y 3, Z3
q and F “ x5

´5x3y2 ´5x3z2 `15xy2z2.

By Macaulay2 we verify that FK
“ I. Hence, by Theorem 3.2.1 we obtain RkF “ 6.
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3.3 Rank of binomials

In this section, we compute the Waring rank of binomials whose annihilator ideal is a complete

intersection. Recently, in [2], the authors have computed the annihilator ideal of binomial forms

in three variables. Subsequently, the papers [21, 67] characterize the binomials whose annihi-

lator ideal is a complete intersection. In fact, they have computed FK in this case. This com-

putation shows that such an ideal is a quasi-monomial complete intersection in “most cases”.

As a consequence of Theorem 3.2.1, we compute the Waring rank of binomials in these cases.

In the remaining cases, we use similar techniques to compute the Waring rank. Hence, we

compute the Waring rank of all binomial forms whose annihilator ideal is a complete inter-

section (CI). Consider a binomial F “ xa0
0 xa1

1 ¨ ¨ ¨ xan
n pxb0

0 ¨ ¨ ¨ xbk
k ´ x

bk`1

k`1 ¨ ¨ ¨ xbn
n q. A necessary

condition (see [21, 67] for FK to be a CI is k “ 1. Therefore we consider the binomial of

type F “ xa0
0 xa1

1 ¨ ¨ ¨ xan
n pxb0

0 ´ xb1
1 ¨ ¨ ¨ xbn

n q. Rearranging the variables if required, we can write

F “ F1F2 where F1 “ xa0
0 xa1

1 ¨ ¨ ¨ xak
k pxb0

0 ´xb1
1 ¨ ¨ ¨ xbk

k q is a binomial with bi ‰ 0 for 1 # i # k,

bk`1 “ ¨ ¨ ¨ “ bn “ 0, and F2 “ x
ak`1

k`1 ¨ ¨ ¨ xan
n for some 1 # k # n. Moreover, by [22, Proposi-

tion 3.1] we have

FK
“ pFK

1 qS1 ` pFK
2 qS2

where S1 “ Crx0, . . . , xks and S2 “ Crxk`1, . . . , xns. Note that pFK
2 qS2 is a monomial com-

plete intersection. Hence FK is a CI whenever pFK
1 qS1 is a CI. If k “ 1, then F1 is a binary

binomial and pFK
1 qS1 is always a complete intersection, but may not be a quasi-monomial com-

plete intersection. We use a description of annihilator ideal given by K. Shibata in [67]. Using

that, we reprove a result [8, Theorem 3.1] of Brustenga i Moncusı́ and Masuti and obtain the

Waring rank of binary binomials. If k ! 2, then by [21,67] we have a characterization for pF1q
K

to be a CI. In fact, it is a quasi-monomial complete intersection. Hence we use Theorem 3.2.1

to obtain the rank.

We first present the case k “ 1. To do so, we recall a result by K. Shibata [67] which

computes the annihilator ideal of a binary binomial.

Theorem 3.3.1 ( [67], Lemma 2.11). Let S “ Crx0, x1s, and T “ CrX0, X1s be the standard

graded polynomial rings. Let

F “ xa0
0 xa1

1 pxb0
0 ´ xb0

1 q

where b0, a0, a1 P N with b0 ! 1, 0 # a0 # a1. Let

v “ minti | a0 ` 1 # ib0u, w “ minti | a1 ` 1 # ib0u.
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Then

FK
“

$
’’’’&

’’’’%

˜
Xa0`b0`1

0 , M “

vÿ

i“0

X ib0
0 Xa1`1´ib0

1

¸
if v " w;

˜
P “

vÿ

i“0

X ib0
0 Xpv´iqb0

1 , Q “

v´1ÿ

i“0

Xa0`1´pv´1´iqb0
0 Xa1`1´ib0

1

¸
if v “ w.

It is easy to see that when the polynomials M,P,Q are square-free. Indeed,

MpXb0
0 ´ Xb0

1 q “ Xpv`1qb0
0 Xa1`1´vb0

1 ´ Xa1`1`b0
1 .

Whenever a1 ` 1 ´ vb0 ! 2, we obtain M has a multiple factor. Similarly,

P pXb0
0 ´ Xb0

1 q “ Xpv`1qb0
0 ´ Xpv`1qb0

1 .

Hence P is always square-free. Note that

QpXb0
0 ´ Xb0

1 q “ Xa0`1`b0
0 Xa1`1´pv´1qb0

1 ´ Xa0`1´pv´1qb0
0 Xa1`1`b0

1 .

Hence Q has a multiple factor if a0 ` 1 ´ pv ´ 1qb0 ! 2 or a1 ` 1 ´ pv ´ 1qb0 ! 2, otherwise it

is square free. By Sylvester’s algorithm [69, 70], the result below is a direct consequence.

Theorem 3.3.2. Let F “ xa0
0 xa1

1 pxb0
0 ´xb0

1 q be a binary binomial and notations be as in Theorem

3.3.1. Then we have the following:

v " w a1 ` 1 " a0 ` b0 ` 1 and a1 ` 1 ´ vb0 ! 2 RkF “ a0 ` b0 ` 1

Otherwise RkF “ a1 ` 1.

v “ w vb0 ! a0 ` a1 ` 2 ´ pv ´ 1qb0, a1 ` 1 ´ pv ´ 1qb0 # 1 RkF “ a0 ` a1 ` 2 ´ pv ´ 1qb0

Otherwise RkF “ vb0.

Note that the above result is equivalent to [8, Theorem 3.1]. Rewriting the statement in

Theorem 3.3.2, we get F “ xa0`b0
0 xa1

1 ´ xa0
0 xa1`b0

1 . In terms of notation as in [8, Theorem 3.1],

we get r “ a0,ω “ b0, s “ a1. We claim that under this identification, both results yield the

same value of the Waring rank.
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Proof of the claim. Consider the Euclidean division of a0 by b0: a0 “ qb0 ` j, 0 # j " b0.

Hence v “ q`1 and vb0 “ pq`1qb0 “ a0`b0´j. Therefore a1`1´vb0 “ a1`1´pa0`b0´jq “

j ´ ↽ ` 1, where ↽ “ r ` ω ´ s “ a0 ` b0 ´ a1.

Case I. We first consider the case v " w. Since w “ rpa1 ` 1q{b0s, we have

v " w +ñ a1 ` 1 & vb0 +ñ j ´ ↽ ` 1 & 0 +ñ j ! ↽.

Case I.A. Suppose a1 ` 1 " a0 ` b0 ` 1 and a1 ` 1 ´ vb0 ! 2. This means a1 " a0 ` b0 +ñ

↽ & 0, and j ´ ↽ ` 1 ! 2 +ñ j & ↽. Thus, under the case ↽ & 0, j & ↽ we have

RkpF q “ a0 ` b0 ` 1 “ r ` ω ` 1.

Case I.B. In all remaining cases with v " w, we have

RkpF q “ a1 ` 1 “ s ` 1.

This matches exactly the cases of [8, Theorem 3.1], where either ↽ # 0, or ↽ & 0 and j “ ↽.

Case II. Assume v “ w. This implies

v “ w +ñ a1 ` 1 # vb0 +ñ j ´ ↽ ` 1 # 0 +ñ j " ↽.

Case II. A. Assume vb0 ! a0 ` a1 ` 2´ pv ´ 1qb0 and a1 ` 1´ pv ´ 1qb0 # 1. Since v “ q ` 1

the second inequality becomes

a1 ` 1 ´ qb0 # 1.

Using a1 “ a0 ` b0 ´ ↽ “ qb0 ` j ` b0 ´ ↽, we obtain

j ` b0 ´ ↽ # 0.

Since ↽ # b0, we get j “ 0. Hence ↽ “ b0. This implies a0 “ a1. Note that j “ 0 implies

a0 “ qb0. Therefore vb0 “ a0 ` b0 and pv ´ 1qb0 “ a0. Hence, the inequality becomes

vb0 “ a0 ` b0 ! a0 ` a1 ` 2 ´ pv ´ 1qb0 “ a0 ` a1 ` 2 ´ a0 “ a0 ` 2.

This implies b0 ! 2. Hence this case is the same as j “ 0, r “ s,ω & 1, and the Waring rank

RkpF q “ a0 ` a1 ` 2 ´ pv ´ 1qb0 “ a1 ` 2 “ s ` 2.

Case II. B. In all remaining cases of v “ w, the Waring rank is given by

RkpF q “ vb0 “ a0 ` b0 ´ j “ r ` ω ´ j.

Hence, the proof of the claim.
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Lemma 3.3.3. If V “ V pG,Xa3`1
3 ´ Xa3`1

2 , . . . , Xan`1
n ´ Xan`1

2 q % Pn, n ! 2 is a variety

where G P CrX0, X1s is a homogeneous form and square-free, then the singular locus of V is a

finite set, and is given by

SingpVq “tr0 : 0 : 1 : ⇀3 : ¨ ¨ ¨ : ⇀ns | ⇀ai`1
i “ 1 for all 2 # i # nu

Y tru0 : u1 : 0 : 0 : ¨ ¨ ¨ : 0 | Gpu0, u1q “ 0u.

Proof. Note that the Jacobian matrix is given by

J “

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

BG

BX0

BG

BX1
0 0 0 ¨ ¨ ¨ 0

0 0 ´pa3 ` 1qXa3
2 pa3 ` 1qXa3

3 0 ¨ ¨ ¨ 0

0 0 ´pa4 ` 1qXa4
2 0 pa4 ` 1qXa4

4 ¨ ¨ ¨ 0

...
...

...
...

... . . . ...

0 0 ´pan ` 1qXan
2 0 0 ¨ ¨ ¨ pan ` 1qXan

n

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

pn´1qˆpn`1q

.

If P “ rp0 : ¨ ¨ ¨ : pns P SingpVq, then rank JpP q # n ´ 2. We divide the proof in to two cases.

Case I. We assume X2pP q “ 0. Since P P V we get p2 “ ¨ ¨ ¨ “ pn “ 0. Hence the set of points

tru0 : u1 : 0 : 0 : ¨ ¨ ¨ : 0 | Gpu0, u1q “ 0u % SingpVq.

Case II. Assume that X2 ‰ 0. All the pn ´ 2q ˆ pn ´ 2q sub-matrices of JpP q does not have

the full rank. This implies
BG

BX0
pp0, p1q “

BG

BX1
pp0, p1q “ 0. Since G is square-free, this is not

possible unless p0 “ p1 “ 0. Hence the proof is complete.

Lemma 3.3.4. Let FK
“ pP “

vÿ

i“0

X ib0
0 Xpv´iqb0

1 , Q “

v´1ÿ

i“0

Xa0`1´pv´1´iqb0
0 Xa1`1´ib0

1 , Xa2
2 , . . . , Xan

n q.

1. If I “ pX2q, then FK
: I “ pP,Q, Xa2´1

2 , Xa3
3 , . . . , Xan

n q.

2. If I “ pX1q, then FK
: I “ pP, Q{X1, X

a2
2 , . . . , Xan

n q.

3. If I “ pX0, X1q, then FK
: I “ pP,Q, Xa2

2 , . . . , Xan
n q.

Proof. Refer to Lemma B.4 for a proof.

We now present the computation of the Waring rank of binomials obtained as the multi-

plication of a binary binomial and a monomial in different sets of variables.
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Theorem 3.3.5. Let F “ F1F2 where F1 “ xa0
0 xa1

1 pxb0
0 ´ xb0

1 q, and F2 “ xa2
2 ¨ ¨ ¨ xan

n such that

a0 # a1, and a2 # ¨ ¨ ¨ # an. Let ϖ “ minta2 ` 1, a0 ` b0 ` 1u. Using the notations as in

Theorem 3.3.1 if v " w, then

RkF “

$
’’’’&

’’’’%

pa0 ` b0 ` 1q

ϖ

n!

i“1

pai ` 1q if ϖ # a1 ` 1 or pa1 ` 1 " ϖ and a1 ` 1 ´ vb0 # 1q

pa0 ` b0 ` 1q

n!

i“2

pai ` 1q otherwise.

If v “ w, then we have the following cases:

RkF “

$
’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’%

degP degQ

˜
n!

i“3

pai ` 1q

¸
if one of the following holds:

piq a2 ` 1 # mintdegP, degQu

piiq degP # a2 ` 1 # degQ

piiiq degQ # a2 ` 1 # degP and Q is square-free

RkF1

˜
n!

i“2

pai ` 1q

¸
otherwise.

Proof. We divide the proof into two main cases.

Case A: We first prove the case v " w. By Theorem 3.3.1 we have

FK
“

˜
Xa0`b0`1

0 , M “

vÿ

i“0

X ib0
0 Xa1`1´ib0

1 , Xa2`1
2 , . . . , Xan`1

n

¸

a quasi-monomial complete intersection. Moreover, M is not square-free if a1 ` 1 ´ vb0 ! 2.

Let ϖ “ minta2 ` 1, a0 ` b0 ` 1u. Hence by Theorem 3.2.1, we obtain

RkF “

$
’’’’&

’’’’%

pa0 ` b0 ` 1q

ϖ

n!

i“1

pai ` 1q if ϖ # a1 ` 1 or pa1 ` 1 " ϖ and a1 ` 1 ´ vb0 # 1q

pa0 ` b0 ` 1q

n!

i“2

pai ` 1q otherwise.

Case B: We now prove the case v “ w. Proof of this case has two main sub parts.

Case I. Let a2`1 # mintdegP, degQu or degP # a2`1 # degQ or (degQ # a2`1 # degP

and Q is square-free). We first obtain a lower bound on the RkF. Consider I “ pX2q, and

t “ X2. By Proposition 3.1.1 we obtain FK
: pX2q. Then by the e-computability Theorem 2.1.2

we get a lower bound

RkF ! degP degQ

˜
n!

i“3

pai ` 1q

¸
.
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To obtain an upper bound on the RkF , we consider the variety

V “

$
’’’&

’’’%

V pXa3`1
3 ´ Xa3`1

2 , . . . , Xan`1
n ´ Xan`1

2 , P q if a2 ` 1 # mintdegP, degQu or

degP # a2 ` 1 # degQ

;

V pXa3`1
3 ´ Xa3`1

2 , . . . , Xan`1
n ´ Xan`1

2 , Qq degQ # a2 ` 1 # degP and Q is square-free,

and a linear system defined by the vector space

” “

$
&

%
FK
degQ if a2 ` 1 # mintdegP, degQu

FK
degP if degQ # a2 ` 1 # degP.

By Lemma 3.3.3 we get V has finitely many singular points. Moreover, we claim that the linear

system defined by ” is base point free on V. i.e., BSp”q “ H.

Proof of the claim. Assume by contradiction that q “ rq0 : q1 : . . . : qns P BSp”q. Hence

P pqq “ Qpqq “ 0 because q P V X V p”q. This implies q0 “ q1 “ 0. Similarly, note that

XdegQ
2 P FK

degQ if a2 ` 1 # degQ and XdegP
2 P FK

degP if a2 ` 1 # degP. Hence q2 “ 0 in both

the cases. Further, q P V implies q2 “ ¨ ¨ ¨ “ qn “ 0. Hence the claim.

Hence by Remark 3.1.5 we can apply Bertini’s Theorem 3.1.4 on the variety VzSingpVq

and the linear system defined by ” on VzSingpVq. Hence we obtain an upper bound

RkF # degP degQ

˜
n!

i“3

pai ` 1q

¸
.

Case II. If conditions of Case I are not satisfied, then either degQ # minta2 ` 1, degP u and

Q is not square-free, or degP # degQ " a2 ` 1. We compute RkF by dividing the cases into

three subparts. First we obtain a lower bound for RkF.

Case II(a) Assume that degQ # minta2 ` 1, degP u and Q is not square free. This gives

a1 `1´pv´1qb0 ! 2. Therefore Q “ X2
1Q

1 for some Q1
P T. Consider I “ pX1q, and t “ X1.

Then by Lemma 3.3.4 we have

FK
: I ` ptq “ pP,X1Q

1, Xa2`1
2 , . . . , Xan`1

n , X1q

“ pP,Xa2`1
2 , . . . , Xan`1

n , X1q.

Hence by computing the Hilbert function we get

ÿ

i#0

HFpT {pFK
: I ` ptqq, iq “ degP

n!

i“2

pai ` 1q.
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Case II(b) If degP # degQ " a2 ` 1, then consider I “ pX0, X1q, and t “ X0 ` X1. By

Lemma 3.3.4 we have

FK
: I “ pP,Q,Xa2`1

2 , . . . , Xan`1
n q.

Hence we obtain

FK
: I ` ptq “ pP,Q,Xa2`1

2 , . . . , Xan`1
n , X0 ` X1q (3.3.1)

Since degP # degQ we obtain
ÿ

i#0

HFpT {pFK
: I ` ptqq, iq “ degP

n!

i“2

pai ` 1q.

In both the Cases II(a) and II(b), by Theorem 2.1.2 on e-computability, we obtain

RkF ! degP
n!

i“2

pai ` 1q. (3.3.2)

We now obtain an upper bound for RkF for the Cases II(a) and II(b). Let V “ V pXa3`1
3 ´

Xa3`1
2 , . . . , Xan`1

n ´ Xan`1
2 , P q % Pn and a linear system defined by the vector space ” “

FK
a2`1. We claim that ” is base point free on V.

Proof of the claim. On the contrary, assume that q “ rq0 : ¨ ¨ ¨ qns P BSp”q. Note that Xa2`1´degQ
0 Q,

Xa2`1´degQ
1 Q P ”. Hence q0 “ q1 “ 0 or Qpqq “ 0. Moreover q P V, hence P pqq “ 0. This

implies q0 “ q1 “ 0. Further, we proceed similarly to Case I to obtain the claim.

By Lemma 3.3.3 V has finitely many singular points. By Remark 3.1.5 we use Bertini’s

Theorem 3.1.4 on the variety VzSingpVq and the linear system defined by ” on VzSingpVq to

obtain an upper bound

RkF # degP

˜
n!

i“2

pai ` 1q

¸
. (3.3.3)

Moreover in the Cases II(a) and II(b), by Theorem 3.3.2 we have RkF1 “ degP. Hence by

Equations (3.3.2) and (3.3.3) we have RkF “ RkF1

˜
n!

i“2

pai ` 1q

¸
.

Case II(c). Assume degQ # degP " a2 ` 1 and Q is square-free. We obtain a lower bound

on the RkF using e-computability. Let I “ pX0, X1q, and t “ X0 ` X1. By Lemma 3.3.4 we

obtain FK
: I ` ptq. Here degQ # degP. We perform computations similar to the Case II(b)

to obtain
ÿ

i#0

HFpT {pFK
: I ` ptqq, iq “ degQ

n!

i“2

pai ` 1q.
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Thus, by the e-computability Theorem 2.1.2 we get a lower bound

RkF ! degQ
n!

i“2

pai ` 1q. (3.3.4)

To obtain an upper bound on RkF , we consider the variety

V “ V pXa3`1
3 ´ Xa3`1

2 , . . . , Xan`1
n ´ Xan`1

2 , Qq

and a linear system defined by the vector space ” “ FK
a2`1 on V. By using arguments similar

to the Case II(b), we obtain an upper bound

RkF # degQ

˜
n!

i“2

pai ` 1q

¸
. (3.3.5)

Again by Theorem 3.3.2 in this case we have RkF1 “ degQ. Hence by Equations (3.3.4) and

(3.3.5) we have proved RkF “ RkF1

˜
n!

i“2

pai ` 1q

¸
.

We now present the case k ! 2. By the results of [2, Theorem 4.1], [21, Theorem 3.3],

and [67, Theorem 1.3] we know that if FK is a complete intersection, then it is a quasi-monomial

complete intersection. Hence RkF is almost immediate from Theorem 3.2.1. First, we state

the known results describing FK.

Theorem 3.3.6 (Theorem 4.1 [2], Theorem 3.3 [21], Theorem 1.3 [67]). Let

F “ xa0
0 ¨ ¨ ¨ xak

k pxb0
0 ´ xb1

1 ¨ ¨ ¨ xbk
k q

be a binomial form with all bi ‰ 0 such that
nÿ

i“1

bi “ b0 and k ! 2, and ai ! 0. If there exists

an integer 1 # i # k with ai " qbi where q “ ta0 ` 1

b0
u, then

FK
“ pXa0`1

0 ` G,Xa1`b1`1
1 , . . . , Xak`bk`1

k q

where G “

mÿ

j“1

pXb1
1 ¨ ¨ ¨Xbk

k q
jXa0`1´jb0

0 with m “ minttai
bi

u | 1 # i # ku.

We now present our results on the Waring rank of binomials whose annihilator ideal is a

quasi-monomial complete intersection as in Theorem 3.3.6.

Theorem 3.3.7. Let F “ xa0
0 xa1

1 ¨ ¨ ¨ xan
n pxb0

0 ´ xb1
1 ¨ ¨ ¨ xbn

n q. Write F “ F1F2 where F1 “

xa0
0 xa1

1 ¨ ¨ ¨ xak
k pxb0

0 ´ xb1
1 ¨ ¨ ¨ xbk

k q a binomial with bi ‰ 0 for 1 # i # k, bk`1 “ ¨ ¨ ¨ “ bn “ 0,
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and F2 “ x
ak`1

k`1 ¨ ¨ ¨ xan
n for some 1 # k # n, and ak`1 # ¨ ¨ ¨ # an.

If 2 # k # n, and F1 satisfies conditions as in Theorem 3.3.6, then

rkpF q “

$
’’’’’&

’’’’’%

pa0 ` 1q

ϖ

k!

i“1

pai ` bi ` 1q

n!

i“m`1

pai ` 1q if ϖ # a0 ` 1

k!

i“1

pai ` bi ` 1q

n!

i“k`1

pai ` 1q otherwise

where ϖ “ minptai ` bi ` 1 | 1 # i # ku Y tak`1 ` 1uq.

Proof. By Theorem 3.3.6 we have

FK
“ pXa0`1

0 ` G,Xa1`b1`1
1 , . . . , Xak`bk`1

k , Xak`1
k`1 , . . . , Xan`1

n q

where G “

mÿ

j“1

pXb1
1 ¨ ¨ ¨Xbk

k q
jXa0`1´jb0

0 with m “ minttai
bi

u | 1 # i # ku. Hence FK is a

quasi-monomial complete intersection. We claim that G is not square-free. That is, we prove

that a0 ` 1 ´ mb0 ! 2. On the contrary, assume that a0 ` 1 ´ mb0 # 1. This means

q “ ta0 ` 1

b0
u # tmb0 ` 1

b0
u # tm `

1

b0
u “ m. (3.3.6)

The last equality follows from the fact that b0 “

kÿ

i“1

bi ! k ! 2. Moreover, by the definition of

m we have mbj # aj for all 1 # j # k. By hypothesis there exists i such that ai " qbi for some

1 # i # k. Therefore, for the same i, we have mbi # ai " qbi. Since bi & 0 we get

m " q. (3.3.7)

Hence, by Equations (3.3.6) and (3.3.7) we have a contradiction. Therefore, we can write

G “ Xa0`1´mb0
0 g for some g P T. Thus Xa0`1

0 `G is not square-free. Hence, by Theorem 3.2.1

immediately, we obtain the result.

We apply the Theorem 3.3.7 in a specific case in the example below:

Example 3.3.8. Let F “ x2
0x

3
1x

3
2x

4
3px

6
0 ´ x4

1x2x3q P Crx0, x1, x2, x3s. By Theorem 3.3.7, we

obtain the Waring rank RkF “ 240.
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Chapter 4

Symmetric decomposition of the Hilbert

function of an ideal

Throughout this chapter, let pR,Mq be a local ring over a field k where k “ R{M and J

an ideal in R such that A “ R{J is an Artinian Gorenstein (AG) k-algebra. This chapter is

devoted to understand the structure of the Hilbert function of I, that is, the Hilbert function of

its associated graded ring GpIq :“ ‘n#0I
n
{In`1 for any ideal I in A. We prove the existence

of symmetric decomposition of the Hilbert function of an ideal.

In Section 4.1 we prove some preliminary results and set up required background. In

Section 4.2, we introduce a symmetric decomposition of the Hilbert function of an arbitrary

ideal in an AG local k-algebra. In Section 4.3, we propose some problems and conjectures

on possible I-Gorenstein sequences in a codimension two AG k-algebra. In Section 4.4, we

give a complete list of 2-admissible sequences of length at most 3 and with h0 “ 2 that are

I-Gorenstein sequences. These sequences support our conjecture. To conclude that certain

2-admissible sequences are not I-Gorenstein, we have deeply extracted information coming

from a possible symmetric decomposition of this sequence. In order to show that a certain

2-admissible sequence H is an I-Gorenstein sequence we have constructed an explicit AG k-

algebra A and an ideal I in A, such that GpIq has the Hilbert function H.

4.1 Preliminary results

In this section, we prove some properties of AG k-algebras.
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Lemma 4.1.1. Let A “ R{J be an AG k-algebra of socle degree s. Then there exists a k-linear

map ⇁ : A Ñ k which is non-zero on the socle of A. The k-bilinear map induced by this linear

map x¨, ¨y : A ˆ A Ñ k, namely xa, by “ ⇁pabq, is non-degenerate.

Proof. By Proposition C.1 corresponding to A “ R{J , there exists a k-linear map ψ : R Ñ k

such that ψ |Ms`1“ 0,ψ |Ms‰ 0. Define ⇁ : A Ñ k as ⇁pa ` Jq “ ψpaq. First we show ⇁

is well-defined. By Proposition C.1, we have ψpRxq “ 0 for all x P J. Hence, in particular

ψpxq “ 0 for all x P J. Thus ⇁ is well defined. Moreover, since Soc A “ M
s

` J{J ,

⇁pM
s

` J{Jq “ ψpM
s
q ‰ 0. Hence ⇁ is non-zero on the socle of A.

Next, we prove that x¨, ¨y is non-degenerate. Suppose a ` J P A “ R{J is such that

xa ` J, b ` Jy “ 0, for all b P R. Then, for all b P R,

xa ` J, b ` Jy “ ⇁pab ` Jq “ ψpabq “ 0.

Hence by the description of J in Proposition C.1, we get that a P J . Hence a ` J “ 0.

Similarly, if b ` J P A is such that xa ` J, b ` Jy “ 0 for all a ` J P A, then b ` J “ 0 in A.

Therefore, our claim is proved.

By abusing the notation we denote the bilinear map x¨, ¨y in Proposition 4.1.1 as ⇁. With

the notation as in C.2 we recall the definition of perp and annihilator of an ideal I in A induced

by this bilinear map ⇁ :

AnnApIq “ ta P A | ⇁patq “ 0, for all t P Iu, and IK
“ ta P A | ⇁ptaq “ 0, for all t P Iu

Hence, AnnApIq “ IK.

Proposition 4.1.2. Let A “ R{J be an AG k-algebra, and Q $ S $ A be ideals in A. Then

pS{Qq
q

– QK
{SK where Vq

“ HompV, kq.

Proof. Let ⇁ : A Ñ k be a k-linear map corresponding to A obtained from Lemma 4.1.1. We

have a natural k-linear map ψ : QK
Ñ pS{Qq

q given by

ψpaq “ ψa : S{Q Ñ k

where ψaps ` Qq “ ⇁psaq for s P S. Since a P QK, ψa is well defined. Note that

kerψ “ ta P QK
| ψpaq “ ψa “ 0u “ ta P QK

| ⇁psaq “ 0 for all s P Su “ SK
X QK

“ SK.
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Hence, we have an injective map ψ : QK
{SK

Ñ pS{Qq
q. Further,

dimpQK
{SK

q “ dimQK
´ dimSK

“ dimA ´ dimQ ´ pdimA ´ dimSq pby Proposition C.2q

“ dimS ´ dimQ

“ dimpS{Qq

“ dimpS{Qq
q.

Hence ψ is an isomorphism. Thus pS{Qq
q

– QK
{SK.

4.2 Symmetric decomposition of the Hilbert function of GpIq

Let pR,Mq be a local ring over a field k with k “ R{M and J be an ideal in R such that

A “ R{J is an AG k-algebra. Let I be an ideal in A. We define the end degree of I as the least

integer u such that Iu ‰ 0 and Iu`1
“ 0. Then we define the following decreasing sequence of

ideals of GpIq as follows:

GpIq “ Cp0q ( Cp1q ( ¨ ¨ ¨ ( Cpu ` 1q “ 0

where Cpaq is a graded ideal of GpIq with ith component given by

Cpaqi “
p0 : Iu`1´a´i

q X I i

p0 : Iu`1´a´iq X I i`1
–

p0 : Iu`1´a´i
q X I i ` I i`1

I i`1
. (4.2.1)

Define Qpaq :“ Cpaq{Cpa ` 1q. We note that

Qpaqv “ Cpaqv{Cpa ` 1qv

“
rp0 : Iu`1´a´v

q X Iv ` Iv`1
s{Iv`1

rp0 : Iu`1´a´1´vq X Iv ` Iv`1s{Iv`1
.

For simplification, let l “ u ` 1 ´ a ´ v. Then

Qpaqv “
p0 : I lq X Iv ` Iv`1

p0 : I l´1q X Iv ` Iv`1
. (4.2.2)

Since p0 : I l´1
q $ p0 : I lq, we can write

p0 : I lq X Iv ` Iv`1
“ p0 : I lq X Iv ` p0 : I l´1

q X Iv ` Iv`1.

Therefore

Qpaqv “
p0 : I lq X Iv ` p0 : I l´1

q X Iv ` Iv`1

p0 : I l´1q X Iv ` Iv`1
. (4.2.3)
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Let M :“ p0 : I lqXIv, N :“ p0 : I l´1
qXIv`Iv`1. Then Qpaqv “ pM`Nq{N – M{pMXNq.

Now

M X N “
`
p0 : I lq X Iv

˘
X

`
Iv`1

` p0 : I l´1
q X Iv

˘

“
“
p0 : I lq X Iv X Iv`1

‰
`

“
p0 : I l´1

q X Iv
‰

psince p0 : I lq X Iv ( p0 : I l´1
q X Ivq

“ p0 : I lq X Iv`1
` p0 : I l´1

q X Iv.

(4.2.4)

Hence

Qpaqv –
Iv X p0 : I lq

Iv`1 X p0 : I lq ` Iv X p0 : I l´1q
(4.2.5)

where l “ u ` 1 ´ a ´ v.

The following lemma is a key tool for proving our main results.

Lemma 4.2.1. Let A “ R{J be an AG k-algebra, I an ideal of A, and φ be a map correspond-

ing to A as in Lemma 4.1.1. Then AnnApIq “ IK
“ p0 : Iq, and I “ p0 : Iq

K.

Proof. By definition AnnApIq “ ta P A | ⇁paIq “ 0u. Let a P AnnApIq. Then

⇁paIAq “ ⇁paIq “ 0.

Since ⇁ is non-degenerate, we get aI “ 0. Hence a P p0 : Iq.

Conversely, if x P p0 : Iq, then ⇁pxIq “ ⇁p0q “ 0. Therefore x P AnnApIq. Hence

AnnApIq “ p0 : Iq. As AnnApIq “ IK, we get IK
“ p0 : Iq.

Thus pAnnApIqq
K

“ p0 : Iq
K. Since pAnnApIqq

K
“ I by Proposition C.2 (ii), I “ p0 :

Iq
K.

Next, we prove the main technical result that shows that the Hilbert function of Qpaq is sym-

metric about pu ´ aq{2.

Proposition 4.2.2. Let A “ R{J be an AG k-algebra, I an ideal in A with the end degree u.

Then for any a ! 0,

Qpaqv
q
:“ HompQpaq, kqv – Qpaqu´a´v.

Proof. Let l “ u ` 1 ´ pa ` vq. By Equation (4.2.5), we have

Qpaqv
q

–

ˆ
Iv X p0 : I lq

Iv`1 X p0 : I lq ` Iv X p0 : I l´1q

q̇
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–

`
Iv`1

X p0 : I lq ` Iv X p0 : I l´1
q
˘K

pIv X p0 : I lqq
K pby Proposition 4.1.2q

“

`
Iv`1

X p0 : I lq
˘K

X
`
Iv X p0 : I l´1

q
˘K

pIv X p0 : I lqq
K pby Proposition C.1 (iv)q

“

`
pIv`1

q
K

` p0 : I lqK˘
X

`
pIvq

K
` p0 : I l´1

q
K˘

pIvqK ` p0 : I lqK pby Proposition C.2 (iv)q

“

`
p0 : Iv`1

q ` I l
˘

X
`
p0 : Ivq ` I l´1

˘

p0 : Ivq ` I l
pby Lemma 4.2.1q

“
p0 : Iv`1

q X
“
p0 : Ivq ` I l´1

‰
` I l

p0 : Ivq ` I l
psince I l $ p0 : Ivq ` I l´1

q

“
p0 : Ivq ` I l´1

X p0 : Iv`1
q ` I l

p0 : Ivq ` I l
psince p0 : Ivq $ p0 : Iv`1

qq

“
I l´1

X p0 : Iv`1
q ` p0 : Ivq ` I l

p0 : Ivq ` I l

–
I l´1

X p0 : Iv`1
q

rp0 : Ivq ` I ls X rI l´1 X p0 : Iv`1qs

“
I l´1

X p0 : Iv`1
q

rrp0 : Ivq ` I ls X p0 : Iv`1qs X I l´1

“
I l´1

X p0 : Iv`1
q

rp0 : Ivq ` I l X p0 : Iv`1q s X I l´1
psince p0 : Ivq $ p0 : Iv`1

qq

“
I l´1

X p0 : Iv`1
q

p0 : Ivq X I l´1 ` I l X p0 : Iv`1q
psince I l X p0 : Iv`1

q $ I l´1
q

“ Qpaql´1. pby Equation 4.2.5q

“ Qpaqu´a´v psince l “ u ` 1 ´ pa ` vqq.

The following is one of the main results of this chapter:

Theorem 4.2.3. Let A “ R{J be an AG k-algebra, and I an ideal in A with the end degree u.

Then

HFpGpIqqi “

uÿ

a“0

Hpaqi,

where Hpaq denotes the Hilbert function of Qpaq. Moreover, Hpaq is symmetric about pu´aq{2.

Proof. We have GpIq “ Cp0q ( Cp1q ( ¨ ¨ ¨ ( Cpu ` 1q “ 0. By considering the Hilbert

function, we obtain HFpGpIqqi “

uÿ

a“0

Hpaqi. Further, by Proposition 4.2.2, we have

Qpaqv – Qpaqu´a´v.

Hence Hpaqv “ Hpaqu´a´v. This proves the result.
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Next, we give an example to illustrate Theorem 4.2.3. For this, we recall a result by C.

Blancafort and S. Nollet which characterizes the Hilbert functions of standard graded algebras

over an Artinian local ring that need not be a field. We remark that possible Hilbert functions

of standard graded algebras over a field are classically known due to Macaulay [50].

Theorem 4.2.4 ( [5], Theorem 2.3). Let R0 be an Artinian ring, R “ R0rx1, . . . , xbs, and

H : N Ñ N be a function. Define the functions q and r by the Euclidean division as Hpnq “ˆ
n ` b ´ 1

b ´ 1

˙
qpnq ` rpnq where 0 # rpnq "

ˆ
n ` b ´ 1

b ´ 1

˙
. Then H is the Hilbert function of

R{I for a homogeneous ideal I % R if and only if

(i) Hp0q # εpR0q where εpR0q denotes the length of R0;

(ii) Hpn ` 1q #

ˆ
n ` b

b ´ 1

˙
qpnq ` rpnqn

`
` for all n ! 0.

Here for the nth Macaulay representation rpnqn “

ˆ
kpnq

n

˙
` ¨ ¨ ¨ `

ˆ
kp1q

1

˙
of rpnq,

rpnqn
`
` :“

ˆ
kpnq ` 1

n ` 1

˙
` ¨ ¨ ¨ `

ˆ
kp1q ` 1

1 ` 1

˙
.

Note that the integer b is the embedding dimension of the ring R. A numerical function H

satisfying the equivalent condition above is called a b-admissible sequence.

Definition 4.2.5. Let H be a b-admissible sequence. We say H is an I-Gorenstein sequence if

there exists a Gorenstein ring A and an ideal I % A such that the Hilbert function of GpIq is H .

Corollary 4.2.6. Let H “ ph0, h1, . . . , huq be a b-admissible sequence. If hu & h0, then H is

not an I-Gorenstein sequence.

Proof. Suppose H is an I-Gorenstein sequence. Notice that by Equation (4.2.5), Qpaqu “ 0 for

all a & 0. Hence by Theorem 4.2.3, hu “ Hp0qu. By symmetry of Hp0q, we get hu “ Hp0qu “

Hp0q0. Since Hp0q0 # h0, we get hu # h0. This is a contradiction.

Next, we give an example to illustrate Theorem 4.2.3.

Example 4.2.7. Let A “
krrt4, t5, t6ss

pt10q
. We know that R “ krrt4, t5, t6ss is Gorenstein, since the

numerical semigroup ring generated by 4,5,6 is symmetric (see [7, Theorem 4.4.8]). Further,

t10 is a nonzerodivisor in R. Hence A is an AG k-algebra. Let I “ pt6q be an ideal in A. Then

I2 “ pt12q, and I3 “ 0. Hence the end degree of I is 2.
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Note that εpAq “ 10, εpA{Iq “ 6, εpA{I2q “ 8. Hence the Hilbert function of GpIq is

(6,2,2). Now we compute Cpaq to obtain Qpaq. We have

p0 : Iq “ pt4, t8, t9, t12, t13, t17q,

p0 : I2q “ pt4, t6, t8, t9, t11, t12, t13, t17q.

X I I2

p0 : Iq pt12, t17q I2

p0 : I2q I I2

Therefore

Cp1q0 “
p0 : I2q X A

p0 : I2q X I
“

p0 : I2q

I

Cp1q1 “
p0 : Iq X I

p0 : Iq X I2
“

pt12, t17q

I2
“ 0

Cp1q2 “ 0

Cp2q0 “
p0 : Iq X A

p0 : Iq X I
“

p0 : Iq ` I

I
“

pt4, t6, t8, t9, t11, t12, t13, t17q

I
“

p0 : I2q

I

Cp2q1 “ Cp3q0 “ 0.

Hence

Qp0q0 “ Cp0q0{Cp1q0 – A{p0 : I2q

Qp0q1 “ Cp0q1{Cp1q1 – I{I2

Qp0q2 “ Cp0q2{Cp1q2 – I2

Qp1q0 “ Cp1q0{Cp2q0 “ 0

Qp1q1 “ Qp1q2 “ 0

Qp2q0 “ Cp2q0{Cp3q0 –
p0 : I2q

I

Qp2q1 “ Qp2q2 “ 0.

Therefore we have a decomposition of the Hilbert function given below:
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HF 6 2 2

H(0) 2 2 2

H(1) 0 0 0

H(2) 4 0 0

The Hilbert series computation of GpIq can also be verified in COCOA as follows:

Use S::=QQ[x,y,z];

J:=Ideal(yˆ2-x*z,yˆ2,x*z,xˆ3-zˆ2);

I:=Ideal(z)+J;

PS:= PrimaryHilbertSeries(J,I); PS;

Next, we show that, as in the case of symmetric decomposition of Gpmq, Qp0q is a Goren-

stein quotient of GpIq of socle degree u (see [Theorem 1.5] [38]).

Proposition 4.2.8. Let A “ R{J be an AG k-algebra, and I an ideal in A with the end degree

u. Then GpIq{Cp1q – Qp0q is a graded Gorenstein quotient of GpIq of socle degree u.

Proof. Consider M “
m

p0 : Iuq
` Qp0qi#1, the maximal ideal of Qp0q. We prove p0 : Mq is

one-dimensional. Let i " u and ā P Qp0qi be such that āM “ 0. Then ā ¨Qp0q1 “ 0. Hence by

Equation (4.2.2), we obtain

a ¨ I $ p0 : Iu´i´1
q X I i`1

` I i`2
$ p0 : Iu´i´1

q.

Hence

a P p0 : Iu´i´1
q : I “ p0 : Iu´i

q.

This gives ā “ 0. Therefore p0 : Mq has no element of degree " u.

Now suppose x̄ P Qp0qu is such that x̄ P p0 : Mq. Then x̄ P

ˆ
0 :

m

p0 : Iuq

˙
. Again, by using

Equation (4.2.2), we get

xm $ p0 : I0q X Iu “ 0.

Therefore x P p0 : mq. Hence we obtain p0 : Mqu “ p0 : mq X Iu. Since A is a Gorenstein

local ring, and an essential extension of p0 : mq, we obtain that p0 : Mqu “ p0 : mq X Iu is a

one-dimensional k-vector space. Hence Qp0q is Gorenstein of socle degree u.

66



Next, we provide equivalent criteria for GpIq to be Gorenstein. Note that the equivalence

of piq and pvq in the following result was obtained in [31, Theorem 4.2]. Here we provide an

alternative proof of the same with some more equivalent conditions in terms of the vanishing of

Qpaq for a & 0.

Theorem 4.2.9. Let A “ R{I be an AG k-algebra, and I an ideal in A with the end degree u.

Then the following are equivalent:

(i) GpIq is Gorenstein of socle degree u;

(ii) Cp1q “ 0;

(iii) Cpiq “ 0 for all i ! 1;

(iv) Qpiq “ 0 for all i ! 1;

(v) HFpGpIqq is symmetric.

Proof. piq +ñ piiq : Suppose GpIq is Gorenstein of socle degree u. By definition 4.2.1 we

have

Cp1qi “
`
p0: Iu´i

q X I i ` I i`1
˘

{I i`1.

We claim that p0: Iu´i
q “ I i`1 for all 0 # i # u. Hence Cp1qi “ 0 for 0 # i # u. Indeed,

I i`1
$ p0: Iu´i

q. Conversely, suppose there exists ω P p0: Iu´i
qzI i`1. Choose j " i ` 1 such

that ω P IjzIj`1. Consider the ideal J “ pω˚
q in GpIq where ω˚ denotes the initial form of ω in

GpIq. Since GpIq is an essential extension of SocGpIq and GpIq is Gorenstein of socle degree

u, we get rSocGpIqsu X Ju ‰ 0. Therefore 0 ‰ ω˚x˚
P SocGpIq X J for some x˚

P GpIqu´j .

Since x P Iu´j
$ Iu´i and ω P p0: Iu´i

q, we get ωx “ 0 which is a contradiction. Therefore

we have proved the claim.

Conversely, Cp1q “ 0 implies that GpIq “ Qp0q. Hence GpIq is Gorenstein of socle

degree u by Proposition 4.2.8.

piiq +ñ piiiq : By definition Cp1q ( Cpiq, for all i ! 2. Hence if Cp1q “ 0, then Cpiq “ 0

for all i ! 2. The converse is clear.

piiiq +ñ pivq : By definition, Qpiq “ Cpiq{Cpi ` 1q. Hence Qpiq “ 0 for all i ! 1 if

Cpiq “ 0 for all i ! 1. Conversely, suppose Qpiq “ 0, for all i ! 1. Then

Cp1q “ Cp2q “ ¨ ¨ ¨ “ Cpuq “ Cpu ` 1q “ 0.
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pivq +ñ pvq : Suppose Qpiq “ 0 for all i ! 1. Since HFpGpIqq “

uÿ

i“0

HFpQpiqq by Theorem

4.2.3, HFpGpIqq “ HFpQp0qq. By Theorem 4.2.3, HFpQp0qq is symmetric, and so does the

Hilbert function of GpIq.

Conversely, suppose that the Hilbert function of GpIq is symmetric. Note that the Hilbert

function of Qp0q is also symmetric. Further, HFpGpIqq “

uÿ

i“0

HFpaq by Theorem 4.2.3. We

claim that Qpaq “ 0 for all a & 0. Suppose Qpaq ‰ 0 for some a & 0. Let

i :“ maxtj : Qpaqj ‰ 0 for some a & 0u.

Then Qpaqj “ 0 for all j & i and a & 0. Hence HFpGpIqqu´k “ Hp0qu´k for all u ´ k & i.

Since the Hilbert functions of Qp0q and GpIq are symmetric,

HFpGpIqqk “ HFpGpIqqu´k “ Hp0qu´k “ Hp0qk for all k " u ´ i.

In particular, for k “ u ´ a ´ i " u ´ i we obtain Hpaqu´a´i “ 0 for all a & 0. Hence by

Proposition 4.2.2, Hpaqi “ Hpaqu´a´i “ 0 for all a & 0, which is a contradiction.

The above result helps us to conclude the Gorensteinness of the associated graded ring by

computing the Hilbert function alone.

4.3 Some open problems in codimension two

In this section we assume that A “
krrx, yss

J
is an AG k-algebra. In the codimension two case,

Iarrobino proved that the symmetric decomposition of the Hilbert function of Gpmq is unique.

We show that for any ideals in A such a result is not necessarily true.

Using Theorem 4.2.4 we have written the code “isHFA” which is useful to understand

whether a given sequence is b-admissible. This code is written using the similar ideas of

Macaulay2 function “isHF” used to verify admissible Hilbert functions of standard graded rings

over the field of rationals. But unlike in the code “isHF”, in the code “isHFA” we need to pro-

vide an integer b and a numerical sequence h in the input. The output is “true” if h is the

Hilbert function of
R0rx1, . . . , xbs

I
for some ideal I in R0rx1, . . . , xbs where R0 is Artinian, else

is “false”. We use this code to verify that a numerical sequence is b-admissible in this chapter.

The code is as follows:
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loadPackage "LexIdeals"

isHFA = method(TypicalValue=>Boolean)

isHFA(ZZ, List) := (b,hilb) ->

( result:=true;

if not all(hilb,i->instance(i,ZZ)) then result=false

else( if hilb#1 > b*hilb#0 then result=false

else (

leng:=#hilb;

degr:=1; while result==true and degr < leng-1

do ((q,r) :=

quotientRemainder(hilb#(degr), binomial(degr+b-1, b-1));

if hilb#(degr+1) > q*(binomial(degr+b, b-1))+macaulayBound(r,degr)

then result=false else degr=degr+1; );

);

);

result

)

--Example

i1:isHFA(2, {2,2,3,4})

o1:true

Let A “
krrx, yss

J
be an AG k-algebra with the maximal ideal m. Inspired by the results

from the symmetric decomposition of the Hilbert function of Gpmq in [36] we ask:

Question 4.3.1. i. Which b-admissible sequences are I-Gorenstein sequences for an ideal I

in A?

ii. Does every I-Gorenstein sequence have a unique symmetric decomposition?

We remark that a characterization of Gorenstein sequence of codimension two is classi-

cally known due to F.S. Macaulay [49] 1. Namely, an admissible sequences of the form

HpAq “ p1, 2, . . . , d, hd, hd`1, . . . , hs “ 1q,

1In [49] Macaulay concluded a proof using his inverse systems and some ideas of C. A. Scott in [65]. The

characterization of local Gorenstein sequences was also obtained by Briançon [6], and later Iarrobino in [38,

Chapter 2] presented a self-contained proof using symmetric decomposition.
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where d ! hd ! hd`1 ! hs “ 1, is a Gorenstein sequence if and only if | hi ´ hi`1 |# 1 for all

i.

Inspired by this result, we guessed that if a b-admissible sequence ph0, . . . , hsq is I-

Gorenstein for an ideal I in A, then | hi ´ hi`1 |# h0. The following example shows that

this need not to be true.

Example 4.3.2. Consider a 3-admissible sequence h “ p3, 7, 7, 3q. Then h is an I-Gorenstein

sequence. Indeed, let A “
krrx, yss

px4 ` y4, x3y2q
and I “ px2, y2, xyq % A be an ideal in A. Then A

is an AG k-algebra, and GpIq has the Hilbert function h.

Note that here | h1 ´ h0 |“ 4 & 3, and h is not a 2-admissible sequence.

We conjecture the following for a 2-admissible sequence to be I-Gorenstein. We say that

a sequence H “ ph0, h1, . . . , huq is partially strict unimodal if h0 " h1 " ¨ ¨ ¨ " hi ! hi`1 !

¨ ¨ ¨ ! hu for some 0 # i # u.

Conjecture 4.3.3. Let A “ krrx, yss{J be an AG k-algebra. Let H “ ph0, h1, . . . , huq be a

2-admissible sequence such that

(i) H is partially strict unimodal; and

(ii) | hi ´ hi`1 |# h0 for all i.

Then H is an I-Gorenstein sequence.

A reason for assuming H is partially strict unimodal is that if H is an O-sequence of the

form p1, 2, . . . , hsq, then by Macaulay’s condition H is partially strict unimodal, which need not

be true if H is a b-admissible sequence. In the following we give an example of a 2-admissible

sequence, which shows that the assumption (i) in Conjecture 4.3.3 is necessary.

Example 4.3.4. Consider a 2-admissible sequence H “ p2, 2, 3, 2q. Then H is not partially

strict unimodal, but | hi ´ hi`1 |# h0 “ 2 for all i. But H is not an I-Gorenstein sequence

because H does not admit a symmetric decomposition.

In Section 5, we investigate 2-admissible sequences with h0 “ 2 and u # 3, which

supports our conjecture.

Now we investigate Question 4.3.1(ii). In [36] Iarrobino showed that if A is an AG k-

algebra of codimension two, then the Hilbert function of A determines the symmetric decom-

position. Moreover, each Qpaq is isomorphic, after a shift in grading, to a complete intersection
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krx, ys{pfa, gaq [38, Theorem 2.2]. The example below shows that a 2-admissible I-Gorenstein

sequence need not determine the symmetric decomposition.

Example 4.3.5. I-Gorenstein sequence with two different symmetric decompositions: Con-

sider a 2-admissible sequence H “ p4, 4, 1q. Let A “ Qrrx, yss{px2y2 ´ x3, y3q, and I1 “

px2, y2q an ideal in A. Then the Hilbert function of GpI1q is H . Further, consider the ring

B “ Qrrx, yss{py4 ´ x5, xyq, and the ideal I2 “ px3, y2q in B. Then the Hilbert function of

GpI2q is also H . The Hilbert function of GpI2q is also H . But GpI1q and GpI2q have different

symmetric decompositions shown in Table 4.1.

HFpGpI1qq 4, 4, 1

H(0) 1, 2, 1

H(1) 2, 2

H(2) 1

HFpGpI2qq 4, 4, 1

H(0) 1, 1, 1

H(1) 3, 3

Table 4.1: Hilbert function with two different symmetric decompositions

We conjecture that a 2-admissible I-Gorenstein sequence with h0 “ 2 determines the

symmetric decomposition.

Conjecture 4.3.6. Let H be a 2-admissible GpIq-Gorenstein sequence where I is an ideal in an

AG k-algebra A “ krrx, yss{J with h0 “ 2. Then the symmetric decomposition of H is unique.

4.4 2-admissible I-Gorenstein sequences with the end degree

at most 3 and h0 “ 2

In this section, we give a complete list of 2-admissible I-Gorenstein sequences with h0 “ 2

and of end degree at most 3 where I is an ideal in A “ krrx, yss{J . This list shows that the

Conjecture 4.3.3 is true if H is an I-admissible sequence with h0 “ 2, and end degree at most

3.

Let I be an ideal in an AG k-algebra A “ krrx, yss{J such that GpIq has the Hilbert

function H with h0 “ 2. Then εpA{Iq “ 2. The following lemma shows that in this case we

can assume that I “ px, y2q, up to a change of coordinates.
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Lemma 4.4.1. Let A “ krrx, yss{J be an AG k-algebra with an embedding dimension two. If I

is an ideal in A such that εpA{Iq “ 2, then I “ px, y2q up to a change of coordinates.

Proof. Suppose εpA{Iq “ 2. Let m “ px, yqA. Then we have a composition series I % m % A

with m{I – A{m. Hence we obtain m2
$ I. Since εpA{Iq “ 2 whereas εpA{m2

q “ 3, m2
, I.

We choose an element v P Izm2. Let
m

I
“ xuy as a k-vector space.

Claim: m “ pu, vq.

By Nakayama’s lemma it is enough to show that ū, v̄ are k-linearly independent in m{m2

where ū, v̄ denote the image of u, v in m{m2. First note that u, v P mzm2. Suppose, u, v are

linearly dependent in m{m2. Then we may assume that ū “ c̄v̄ for some c P A. Hence u ´ cv P

m2
, I. Since v P I, we obtain that u P I . This is a contradiction because ū is a nonzero

element in m{I . Hence u, v are linearly independent in m{m2.

Therefore εpA{pv, u2
qq “ 2. Since we have pv, u2

q % I and εpA{pv, u2
qq “ εpA{Iq “ 2,

we get I “ pv, u2
q. Therefore by a change of coordinates, we can assume that I “ px, y2q.

Proposition 4.4.2. Let H “ p2, h1, h2, . . . , hu´2, hu´1, 1q be a b-admissible sequence. If H is an

I-Gorenstein sequence for an ideal I in an AG k-algebra A “ krrx, yss{J with Hp1q0 “ 0, and

Hp0q “ p1, 1, . . . , 1q, then Hp1q1 # 1.

Proof. By definition Hpaqj “ 0 whenever a` j ! u` 1. Therefore by Theorem 4.2.3, we have

Hp1qu´1 ` Hp0qu´1 “ hu´1.

Since Hp1q0 “ 0, by Proposition 4.2.2 we have Hp1qu´1 “ Hp1q0 “ 0.

Therefore, the decomposition table looks like the following:

H 2,h1, ¨ ¨ ¨ hu´1,hu

H(0) 1, 1, ¨ ¨ ¨ 1, 1

H(1) 0 - ¨ ¨ ¨ 0

H(2) - - ¨ ¨ ¨

...
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By definition Qp0q0 “
A

p0 : Iuq
. Since Hp0q0 “ 1, we get

m “ p0 : Iuq. (4.4.1)

Moreover, by Equation (4.2.5) Qp1q0 “
p0 : Iuq

I X p0 : Iuq ` p0 : Iu´1q
. Hence Hp1q0 “ 0 implies

that

p0 : Iuq “ I X p0 : Iuq ` p0 : Iu´1
q. (4.4.2)

Substituting Equation (4.4.1) in Equation (4.4.2), we obtain

m “ I ` p0 : Iu´1
q. (4.4.3)

Further, by Equation (4.2.5) we have

Qp0q1 “
I X p0 : Iuq

I2 X p0 : Iuq ` I X p0 : Iu´1q
“

I

I X p0 : Iu´1q
.

Since εpA{Iq “ 2, and Hp0q1 “ 1, we obtain

ε

ˆ
A

I X p0 : Iu´1q

˙
“ 3. (4.4.4)

By Equation (4.4.3) we have

m

I
“

I ` p0 : Iu´1
q

I

“
p0 : Iu´1

q

I X p0 : Iu´1q
.

Since ε
´m

I

¯
“ 1, we obtain ε

ˆ
p0 : Iu´1

q

I X p0 : Iu´1q

˙
“ 1. By using Equation (4.4.4), we obtain

ε

ˆ
A

p0 : Iu´1q

˙
“ 2. Hence by Lemma 4.4.1, after a change of coordinates, we can assume that

p0 : Iu´1
q “ pz, w2

q where m “ pz, wq in A.

Since εpA{Iq “ 2, by Lemma 4.4.1 we may assume that I “ px, y2q, up to a change of

coordinates.

Claim: z̄, x̄ are linearly independent in
m

m2
, and hence m “ px, zq.

Suppose not. Then z ´ ωx P m2 for some ω P A. Note that as εpm{Iq “ 1, m2
$ I “

px, y2q. Hence we obtain z P I, which gives that

p0 : Iu´1
q “ pz, w2

q $ I.

By Equation (4.4.3) we obtain

m “ I ` p0 : Iu´1
q “ I,
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which is a contradiction. This proves the claim.

Therefore εpA{px, z2qq “ 2. As px, z2q $ I and εpA{Iq “ 2, we obtain I “ px, z2q. Since

z P p0 : Iu´1
q, we get xz, z3 P I X p0 : Iu´2

q. Therefore the set t1, x, z, z2u spans the k-vector

space
A

I2 ` I X p0 : Iu´2q
, and hence

ε

ˆ
A

I2 ` I X p0 : Iu´2q

˙
# 4. (4.4.5)

By Equations (4.2.5) we have

Qp1q1 “
I X p0 : Iu´1

q

I2 X p0 : Iu´1q ` I X p0 : Iu´2q
“

I X p0 : Iu´1
q

I2 ` I X p0 : Iu´2q
.

Using Equation (4.4.5) and (4.4.4) we obtain

Hp1q1 “ ε

ˆ
A

I2 ` I X p0 : Iu´2q

˙
´ ε

ˆ
A

I X p0 : Iu´1q

˙
# 4 ´ 3 “ 1.

Remark 4.4.3. Proposition 4.4.2 is useful in obtaining information about the symmetric de-

composition of the Hilbert function of GpIq in certain cases. For example, if H “ p2, 4, 3, 1, 1q

is an I-Gorenstein sequence, then by Proposition 4.4.2, we conclude that H has the unique

symmetric decomposition given below:

H 2, 4, 3, 1, 1

H(0) 1, 1, 1, 1, 1

H(1) 0 1 1 0

H(2) 1 2 1

H(3) 0 0

H(4) 0

We are now ready to describe the complete set of 2-admissible I-Gorenstein sequences for an

ideal I in A “ kr|x, y|s{J with the end degree at most 3 and h0 “ 2. If H “ p2, h1, . . . , huq

is an I-Gorenstein sequence, then by Corollary 4.2.6 we get hu # 2. Below is the list of all 2-

admissible sequences up to u “ 3 with hu # 2, where we indicate the I-Gorenstein sequences

in bold.
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(2,1) (2,2) (2,1,1) (2,2,1) (2,2,2) (2,3,1) (2,3,2)

(2,4,1) (2,4,2) (2,1,1,1) (2,2,1,1) (2,2,2,1) (2,2,2,2) (2,2,3,1)

(2,2,3,2) (2,3,1,1) (2,3,2,1) (2,3,2,2) (2,3,3,1) (2,3,3,2) (2,3,4,1)

(2,3,4,2) (2,4,1,1) (2,4,2,1) (2,4,2,2) (2,4,3,1) (2,4,3,2) (2,4,4,1)

(2,4,4,2)

Table 4.2: 2-admissible sequences up to u=3 with hu # 2.

In Table 4.3 we justify that the sequences indicated in bold in Table 4.2 are I-Gorenstein.

In fact, for each such sequence H we provide a polynomial F in the divided power ring kDP rX, Y s

so that the apolar algebra AF :“ krrx, yss{Annkrrx,ysspF q is an AG k-algebra (see [39, Appendix

A], [23, Appendix A2.4] for basic properties of divided power rings, and [24] for definition of

apolar algebra). Then I “ px, y2q is an ideal in AF such that GpIq has the Hilbert function H.

Moreover, in Table 4.3 we also describe the symmetric decomposition of the Hilbert function

of GpIq.

Table 4.3: 2-admissible I-Gorenstein sequences with a symmetric decomposition

I-Gorenstein Form symmetric I-Gorenstein Form symmetric

sequence HF F decomposition sequence HF F decomposition

p2, 1q X ` Y 2

HF 2,1

H(0) 1,1
H(1) 1

p2, 2q XY

HF 2,2

H(0) 2,2
H(1) 0

p2, 1, 1q X2 ` Y 2

HF 2,1,1

H(0) 1,1,1
H(1) 1, 0

p2, 2, 1q X2 ` Y 3

HF 2,2,1

H(0) 1,1,1
H(1) 1, 1
H(2) 0

p2, 2, 2q X2Y
HF 2,2,2

H(0) 2,2,2
p2, 3, 1q XY 2

HF 2,3,1

H(0) 1,2,1
H(1) 1, 1
H(2) 0
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I-Gorenstein Form symmetric I-Gorenstein Form symmetric

sequence HF F decomposition sequence HF F decomposition

p2, 3, 2q X2Y ` Y 4 HF 2,3,2

H(0) 2,3,2
p2, 4, 2q XY 3 HF 2,4,2

H(0) 2,4,2

p2, 1, 1, 1q X3 ` Y 2

HF 2,1,1,1

H(0) 1,1,1,1
H(3) 1, 0

p2, 2, 1, 1q X3 ` Y 3

HF 2,2,1,1

H(0) 1,1,1,1
H(2) 1, 1

p2, 2, 2, 1q X ` Y 6

HF 2,2,2,1

H(0) 1,1,1,1
H(1) 1,1, 1

p2, 2, 2, 2q X3Y
HF 2,2,2,2

H(0) 2,2,2,2

p2, 3, 1, 1q X3 ` Y 4

HF 2,3,1,1

H(0) 1,1,1,1
H(1) 0,1,0,0
H(2) 1, 1

p2, 3, 2, 1q X2 ` Y 6

HF 2,3,2,1

H(0) 1,1,1,1
H(1) 1,2, 1

p2, 3, 2, 2q X2 ` Y 7

HF 2,3,2,2

H(0) 2,2,2,2
H(1) 0,1, 0

p2, 3, 3, 1q X2Y 2

HF 2,3,3,1

H(0) 1,2,2,1
H(1) 1,1, 1

p2, 3, 3, 2q X3 ` Y 7 HF 2,3,3,2

H(0) 2,3,3,2
p2, 4, 2, 1q X2Y ` Y 6

HF 2,4,2,1

H(0) 1,1,1,1
H(1) 1,3, 1

p2, 4, 2, 2q X2Y ` Y 7

HF 2,4,2,2

H(0) 2,2,2,2
H(1) 0,2, 0

p2, 4, 3, 1q XY 4

HF 2,4,3,1

H(0) 1,2,2,1
H(1) 1,2, 1

p2, 4, 3, 2q Y 7 ` X2Y 2

HF 2,4,3,2

H(0) 2,3,3,2
H(1) 0,1, 0

p2, 4, 4, 2q XY 5 HF 2,4,4,2

H(0) 2,4,4,2

Next we prove that each of the sequences that are not bold in the Table 4.2 are not I-

Gorenstein sequences. Since εpA{Iq “ 2, by Lemma 4.4.1 we assume I “ px, y2q.

(2,4,1): Suppose (2,4,1) is an I-Gorenstein sequence. Then the possible symmetric decomposi-
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tions are

H 2, 4, 1

H(0) 1, 3, 1

H(1) 1, 1

H(2) 0

H 2, 4, 1

H(0) 1, 4, 1

H(1) 0, 0

H(2) 1

Since Hp0q0 “ 1 in both the symmetric decompositions, by definition of Qp0q0 we obtain p0 :

I2q “ m. Hence mI $ p0 : Iq which gives that xy, y3 P p0 : Iq. Therefore ε
`
A{I2 ` I X p0 : Iq

˘
#

4. Since by Equation (4.2.5) we have Qp0q1 “
I

I2 ` I X p0 : Iq
, we obtain

Hp0q1 “ εpA{I
2

` I X p0 : Iqq ´ εpA{Iq # 4 ´ 2 “ 2.

This is a contradiction in both the symmetric decompositions. Hence p2, 4, 1q is not an I-

Gorenstein sequence.

(2,2,3,1): If H “ p2, 2, 3, 1q is an I-Gorenstein sequence, then εpA{Iq “ 2, εpA{I2q “ 4,

εpA{I3q “ 7, and the only possible symmetric decomposition of H is

H 2, 2, 3, 1

H(0) 1, 2, 2, 1

H(1) 1, 0, 1

H(2) 0, 0

H(3) 0

Since Qp0q0 “ A{p0 : I3q and Hp0q0 “ 1, we get p0 : I3q “ m. Hence mI $ p0 : I2q. Therefore

we obtain

xy, y3 P I X p0 : I2q. (4.4.6)

By Equation (4.2.5) we have

Qp1q0 “
I0 X p0 : I3q

I X p0 : I3q ` I0 X p0 : I2q
“

p0 : I3q

I ` p0 : I2q
.

Since ε
`
A{p0 : I3q

˘
“ 1 and Hp1q0 “ 1, we get εpA{I`p0 : I2qq “ 2. Further, I $ I`p0 : I2q

and εpA{Iq “ 2 implies that I ` p0 : I2q “ I , which gives p0 : I2q $ I.
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Again by Equation (4.2.5) we have

Qp0q1 “
I X p0 : I3q

I2 X p0 : I3q ` I X p0 : I2q

“
I

p0 : I2q
psince p0 : I2q $ Iq.

Since Hp0q1 “ 2 and εpA{Iq “ 2, we get ε
`
A{p0 : I2q

˘
“ 4. Since I2 $ p0 : I2q and

εpA{I2q “ 4, we obtain

I2 “ p0 : I2q. (4.4.7)

Hence by Equation (4.4.6), we get

xy, y3 P I2.

Note that I2 “ px2, xy2, y4q`J in krrx, yss{J . Since ε pkrrx, yss{Jq “ 8, we get ε pkrrx, yss{J˚
q “

8 where J˚ denotes the ideal of initial forms of J in krrx, yss. Since xy P I2 “ px2, xy2, y4q ` J

we obtain

xy ´ c1x
2

P J˚ (4.4.8)

for some c1 P k. Similarly, y3 P I2, implies that

y3 ´ pd1x ` d2yqx2
` d3xy

2
P J˚ (4.4.9)

for some d1, d2, d3 P k. Since x4
P J, by Equations (4.4.8) and (4.4.9) we obtain that the set

t1, x, y, x2, y2, x3
u spans the k-vector space krrx, yss{J˚. Hence ε pkrrx, yss{J˚

q # 6 which is a

contradiction.

(2,2,3,2): Since p2, 2, 3, 2q does not admit a symmetric decomposition, it is not an I-Gorenstein

sequence.

(2,3,4,1): If H “ p2, 3, 4, 1q is an I-Gorenstein sequence, then the possible symmetric decom-

position of H is

H 2, 3, 4, 1

H(0) 1, 3, 3, 1

H(1) 1, 0, 1

Since Qp0q0 “
A

p0 : I3q
and Hp0q0 “ 1, we get p0 : I3q “ m “ px, yq. Hence mI $ p0 : I2q.

Therefore, xy, y3 P I X p0 : I2q. This gives that εpA{I2 ` I X p0 : I2qq # 4.
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Again, by Equation (4.2.5),

Qp0q1 “
I X p0 : I3q

I2 X p0 : I3q ` I X p0 : I2q
“

I

I2 ` I X p0 : I2q
.

Since εpA{Iq “ 2, and εpA{I2`IXp0 : I2qq # 4, we obtain Hp0q1 # 2. This is a contradiction.

(2,3,4,2): Since p2, 3, 4, 2q does not admit a symmetric decomposition, it is not an I-Gorenstein

sequence.

(2,4,1,1): Suppose H “ p2, 4, 1, 1q is an I-Gorenstein sequence. Then the possible symmetric

decomposition of H is

H 2, 4, 1, 1

H(0) 1, 1, 1, 1

H(1) 0, "1, 0

H(2) -, -, 0

H(3) - 0

Here we conclude Hp1q1 # 1 by Proposition 4.4.2. This shows that Hp2q1 ! 2 which implies

that Hp2q0 ! 2, a contradiction.

(2,4,4,1): If H “ p2, 4, 4, 1q is an I-Gorenstein sequence, then the possible symmetric decom-

positions of H are

H 2, 4, 4, 1

H(0) 1, 3, 3, 1

H(1) 1, 1, 1

H(2) 0, 0

H(3) 0

H 2, 4, 4, 1

H(0) 1, 4, 4, 1

H(1) 0, 0

H(2) 0, 0

H(3) 1

Since Hp0q1 “ 1 in both cases, by using the arguments similar to the case p2, 4, 1q we get a

contradiction.
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Chapter 5

Gorensteinness of associated graded rings

of filtrations

This chapter focuses on applications of the Hilbert function in the singularity theory. Let pA,mq

be a Noetherian local ring of dimension d with an infinite residue field. Recall that an F1-good

filtration, F “ tFnunPZ is a descending chain A “ F0 ( F1 ( ¨ ¨ ¨ of ideals satisfying FiFj $

Fi`j for all i, j P Z, Fn “ A for all n # 0, and Fn`1 “ F1Fn for all n " 0. In addition, if F1 is

an m-primary ideal, then F is called a Hilbert filtration [4]. We write GpFq “

à

n#0

Fn{Fn`1 for

the associated graded ring of F . In this chapter, we study the Gorenstein property of GpFq with

particular attention to the filtration tInunPZ where J denotes the integral closure of J . Let F be

a Hilbert filtration. It is well known that the Hilbert function of F , HFpnq “ εpA{Fnq where

ε denotes the length, coincides with a polynomial of degree d for large n [53]. We denote this

polynomial by PFpnq and write it as

PFpnq “ e0pFq

ˆ
n ` d ´ 1

d

˙
´ e1pFq

ˆ
n ` d ´ 2

d ´ 1

˙
` ¨ ¨ ¨ ` p´1q

dedpFq. (5.0.1)

Here eipFq are integers called the Hilbert coefficients of F . Recall that Q is said to be a

reduction of F if Q $ F1 and Fn`1 “ QFn for n " 0. A reduction Q of I is said to be a

minimal reduction of F , if Q is a reduction of F and is minimal with respect to the inclusion.

The reduction number of F with respect to a minimal reduction Q of F ,

rQpFq “ mintr | Fn`1 “ QFn for all n ! ru,

and the reduction number of F is

rpFq “ mintrQpFq | Q is a minimal reduction of Fu.
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It is easy to observe that if I is an m-primary ideal in A, then F “ tInunPZ is a Hilbert

filtration. In this case we write GpIq for GpFq, eipIq for eipFq, rQpIq for rQpFq and rpIq for

rpFq.

There is another interesting example of a filtration that appears in the study of resolution

of singularities, namely F “ tInunPZ.

In [60] Rees showed that if A is an analytically unramified local ring and I is an m-primary

ideal in A, then F “ tInunPZ is a Hilbert filtration. In this case we write GpIq for GpFq. We

denote eipIq for eipFq, rQpIq for rQpFq, and rpIq for rpFq and call them as the normal Hilbert

coefficients, normal reduction number with respect to a minimal reduction Q of tInunPZ and

normal reduction number, respectively.

It has been observed that GpIq and GpIq are rarely Cohen-Macaulay even if A is Cohen-

Macaulay. A lot of attention in the literature is devoted to obtain criteria for GpFq to be Cohen-

Macaulay in terms of Hilbert coefficients and/or reduction number with particular attention to

the filtration tInunPZ and tInunPZ. For instance, it is well-known that if rpFq # 1 in a Cohen-

Macaulay local ring, then GpFq is Cohen-Macaulay [53]. Also, it is known that if e1pFq “ 0

in a Cohen-Macaulay local ring, then GpFq is Cohen-Macaulay [53]. For these reasons, a huge

amount of research is devoted to obtain a sharp bound on the Hilbert coefficients and reduction

number, and studying the behaviour of GpFq when these bounds are extremal. This was also

a theme studied by several mathematicians, for example, Huneke, Goto, Lipman, Sally among

others.

In [29] Heinzer, Kim, and Ulrich established a criterion for Gorensteinness of GpIq when

A is an Artinian Gorenstein local ring. This has been extended for Hilbert filtrations in [30].

They proved that GpFq is Gorenstein if and only if the h-vector of GpFq is symmetric. In this

chapter we extend this result for any d-dimensional Gorenstein local ring (Theorem 5.1.1). We

use this result to characterize the Gorensteinness of GpFq in terms of the Hilbert coefficients.

A first result in this direction is obtained in Section 5.1 when rpFq # 2 (Theorem 5.1.6).

We make an additional assumption when rpFq “ 2, namely, there exists a minimal reduction

Q of F such that rQpFq “ 2 and F2 X Q “ QF1. This condition ensures that GpFq is Cohen-

Macaulay (Lemma 5.1.3), and helps to compute the Hilbert series of GpFq. Notice that this

condition is not restrictive. For instance, the filtrations F “ tInunPZ and F “ tmn
unPZ satisfy

this criterion. As a consequence of our result, we obtain a criterion for Gorensteinness of GpIq

(Corollary 5.1.7). This recovers and extends a recent result by Okuma, Watanabe, and Yoshida

82



in [58].

In Section 5.2, we next investigate the case rpFq & 2. A difficulty in this case is the

computation of the Hilbert series of GpFq. In order to compute this, we introduce the notion of

relative reduction number nrpFq and maximal relative reduction number for Hilbert filtration

F . This is inspired by the definition of relative reduction number for normal filtrations defined

in [57] in dimension two.

The relative reduction number of F with respect to a minimal reduction Q of F is defined

as

nrQpFq “ mintr P Z` | Fr`1 “ QFru.

The relative reduction number of F is defined as

nrpFq “ mintnrQpFq | Q is a minimal reduction of Fu.

Observe that nrpFq # rpFq and the inequality can be strict in general (see [55, Example 2.8]).

If F “ tInunPZ, then nrQpFq “ rQpFq for any minimal reduction Q of I and hence nrpFq “

rpFq. For F “ tInunPZ, we denote nrQpFq by nrQpIq and nrpFq by nrpIq and the latter

is called the relative normal reduction number. Note that nrpIq does not refer to the relative

reduction number of the filtration F “ tInunPZ.

We derive an upper bound (see Theorem 5.2.2) for nrpFq in a d-dimensional Cohen-

Macaulay local ring when depthGpFq ! d ´ 1. We prove that

nrpFq # e1pFq ´ e0pFq ` εpA{F1q ` 1.

In [55] the above inequality was proved for F “ tInunPZ in a two-dimensional normal

excellent local domain. We also examine the conditions under which nrpFq achieves the upper

bound, which serves as a crucial technical assumption for the computation of the Hilbert series

of GpFq. We say F has maximal relative reduction number if nrpFq “ e1pFq ´ e0pFq `

εpA{F1q ` 1.

We conclude with some interesting examples of semigroup rings in dimension one in

Section 5.3 and use our criteria to detect Gorensteinness of Gpmq.

5.1 Gorensteinness of GpFq in small reduction numbers

In this section, we discuss the Gorenstein property of GpFq of a Hilbert filtration F in the case

of rpFq # 2.
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In [30] Heinzer, Kim and Ulrich gave criteria for GpFq to be Gorenstein for a Hilbert

filtration F in an Artinian Gorenstein local ring. In the following theorem, we extend this result

for any d-dimensional Gorenstein local ring. This plays a very important role in determining

the Gorenstein property of the associated graded ring in terms of the Hilbert coefficients of F .

Theorem 5.1.1. Let pA,mq be a d-dimensional Gorenstein local ring, F “ tFnunPZ a Hilbert

filtration. Suppose GpFq is Cohen-Macaulay. Let

HSGpFqpzq “
h0 ` h1t ` ¨ ¨ ¨ ` hsts

p1 ´ tqd
phs ‰ 0q

be the Hilbert series of GpFq. Then GpFq is Gorenstein if and only if hs´i “ hi for all

i “ 0, 1, . . . , s.

Proof. Let Q be a minimal reduction of F . By [35, Theorem 8.6.3] there exists a generat-

ing set x1, . . . , xd of Q such that x1, . . . , xd is a superficial sequence. Since GpFq is Cohen-

Macaulay, x˚
1 , . . . x

˚
d is a GpFq-regular sequence by [33, Lemma 2.1] where x˚

i “ xi ` F2

for i “ 1, 2, . . . , d. Therefore GpFq{px˚
1 , . . . , x

˚
dq – GpF{Qq. Since x˚

1 , . . . , x
˚
d is a regular

sequence in GpFq,

HSGpFq{px˚
1 ,...,x

˚
d qptq “ h0 ` h1t ` ¨ ¨ ¨ ` hst

s.

Hence

HSGpF{Qqptq “ h0 ` h1t ` ¨ ¨ ¨ ` hst
s.

Therefore by [30, Theorem 4.2] GpF{Qq is Gorenstein if and only if hs´i “ hi for i “

0, 1, . . . , s. Now the result follows because x˚
1 , . . . , x

˚
d is a regular sequence in GpFq and

GpFq{px˚
1 , . . . , x

˚
dq – GpF{Qq.

In general for an arbitrary filtration F , we have nrQpFq # rQpFq, and hence nrpFq #

rpFq. In [55, Example 2.8] the authors gave an example for which the inequality is strict for the

filtration F “ tInunPZ. In the following proposition we show that if GpFq is Cohen-Macaulay,

then nrpFq “ rpFq for any Hilbert filtration F .

Proposition 5.1.2. Let pA,mq be a Cohen-Macaulay local ring of dimension d. Let F “

tFnunPZ be a Hilbert filtration. If GpFq is Cohen-Macaulay, then nrQpFq “ rQpFq for any

minimal reduction Q of F . In particular, nrpFq “ rpFq.

Proof. We always have nrQpFq # rQpFq. By [35, Theorem 8.6.3] choose Q a minimal re-

duction of F1 such that µpQq “ d. Since GpFq is Cohen-Macaulay, by [33, Proposition
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3.5] Q X Fn “ QFn´1 for all n ! 1. Let m “ nrQpFq. Then Fm`1 “ QFm. Hence

Fm`2 $ Fm`1 $ Q. Therefore

Fm`2 “ Fm`2 X Q “ QFm`1.

Continuing this successively we get Fk`1 “ QFk for all k ! m. This implies that rQpFq #

m “ nrQpFq. Thus rQpFq “ nrQpFq.

Our goal is to use Theorem 5.1.1 to obtain criteria for GpFq to be Gorenstein in terms of

the Hilbert coefficients. For this, first of all we should know whether GpFq is Cohen-Macaulay.

There is a lot of research in the literature on obtain criteria for GpFq to be Cohen-Macaulay

in terms of numerical invariants such as Hilbert coefficients and reduction number. Below we

present a well-known criteria for GpFq to be Cohen-Macaulay in terms of reduction number.

We remark that the condition in pbq is not restrictive. For instance, the filtrations F “ tInunPZ

and F “ tmn
unPZ satisfy this criterion.

Lemma 5.1.3. Let pA,mq be a d-dimensional Cohen-Macaulay local ring and F “ tFnunPZ a

Hilbert filtration. Then GpFq is Cohen-Macaulay in each of the following cases:

a) rpFq “ 1;

b) there exists a minimal reduction Q of F such that rQpFq “ 2 and F2 X Q “ QF1.

Proof. The proof follows by [33, Proposition 3.5].

Now in order to provide conditions for GpFq to be Gorenstein, we need to compute the

Hilbert series of GpFq. The computation of the Hilbert series of GpFq is not an easy task in

general. In the following proposition we compute the Hilbert series of GpFq in the case F

satisfies the conditions paq, pbq of Lemma 5.1.3, and under certain additional assumptions when

rpFq ! 3. For this, we recall the following definition: for a Hilbert filtration F the postulation

number of F is given by

npFq “ suptn P Z|HFpnq ‰ PFpnqu.

If F “ tInunPZ, then npFq is denoted by npIq. We also recall the result [53, Corollary 3.8]

that will be used frequently in the remainder of the chapter. Let pA,mq be a d-dimensional

Cohen-Macaulay local ring with infinite residue field and F “ tFnunZ a Hilbert filtration of

ideals where F1 is an m-primary ideal. Suppose depthGpFq ! d ´ 1. Then

rpFq “ npFq ` d. (5.1.1)
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We can use the following lemma in order to reduce several problems to the case of dimen-

sion one. Recall that if f : Z Ñ N is a numerical function, then ”pfq : Z Ñ Z is a numerical

function defined by ”pfqpnq “ fpnq ´ fpn ´ 1q.

Lemma 5.1.4 ( [33], Lemma 2.1). Let pA,mq be a Cohen-Macaulay local ring of dimension

d ! 1 and F “ tFnunPZ a Hilbert filtration. Let k be an integer with 1 # k # d and let

x1, x2, . . . , xd P F1 be a sequence such that

(i) Q “ px1, x2, . . . , xdq is a minimal reduction of F .

(ii) x “ x1, . . . , xk is a superficial sequence in F1.

If depthGpFq ! k, then

(a) x˚
1 , . . . , x

˚
k forms a GpFq-regular sequence.

(b) If we put F “ F{pxq “ tFn ` pxq{pxqunPZ, then

PFpnq “ ”
k
pPFpnqq “

d´kÿ

i“0

eipFqp´1q
i

ˆ
n ` d ´ k ´ 1 ´ i

d ´ k ´ i

˙
.

In particular, eipFq “ eipFq for each i “ 0, 1, . . . , d ´ k.

Proposition 5.1.5. Let pA,mq be a Cohen-Macaulay local ring of dimension d ! 1 and F “

tFnunPZ a Hilbert filtration. Put ϖ “ εpA{F1q, ei “ eipFq for i ! 0.

(a) If rpFq “ 1, then e1 “ e0 ´ ϖ, ei “ 0 for all i ! 2 and

HSGpFqptq “
ϖ ` pe0 ´ ϖqt

p1 ´ tqd
“

pe0 ´ e1q ` e1t

p1 ´ tqd
.

(b) Suppose there exists a minimal reduction Q of F such that rQpFq “ 2 and F2XQ “ QF1.

Then ei “ 0 for i ! 3 and

HSGpFqptq “
ϖ ` p2e0 ´ e1 ´ 2ϖqt ` pϖ ´ e0 ` e1qt2

p1 ´ tqd
.

Also, if d ! 2, then e2 “ ϖ ´ e0 ` e1 and

HSGpFqptq “
pe0 ´ e1 ` e2q ` pe1 ´ 2e2qt ` e2t2

p1 ´ tqd
.
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Proof. First, we prove (a) and (b) together for d “ 1. (a) By Lemma 5.1.3 GpFq is Cohen-

Macaulay. Hence using Equation (5.1.1) we get npFq “ 1 ´ 1 “ 0. Hence for all n ! 1,

HFpnq “ PFpnq “ e0n ´ e1. Taking n “ 1, we obtain ϖ “ εpA{F1q “ e0 ´ e1. Also,

εpFn{Fn`1q “ εpA{Fn`1q ´ εpA{Fnq “ PFpn ` 1q ´ PFpnq “ e0 for all n ! 1. Therefore

HSGpFqptq “

ÿ

nPZ
εpFn{Fn`1qtn “ ϖ `

ÿ

n#1

e0t
n

“
ϖ ` pe0 ´ ϖqt

p1 ´ tq
.

This implies ei “ 0, for all i ! 2.

(b) By Lemma 5.1.3 GpFq is Cohen-Macaulay. Hence using Equation (5.1.1) npFq “ 2 ´ 1 “

1. In particular, PFpnq “ HFpnq for all n ! 2. Taking n “ 2, we obtain εpA{F2q “ 2e0 ´ e1.

Also, εpFn{Fn`1q “ PFpn ` 1q ´ PFpnq “ e0 for all n ! 2. Thus the Hilbert series of GpFq

is given by

HSGpFqptq “

ÿ

nPZ
εpFn{Fn`1qt

n

“ εpA{F1q ` pεpA{F2q ´ εpA{F1qqt `

ÿ

n#2

εpFn{Fn`1qt
n

“ ϖ ` p2e0 ´ e1 ´ ϖqt `

ÿ

n#2

e0t
n

“
ϖ ` p2e0 ´ e1 ´ 2ϖqt ` pϖ ´ e0 ` e1qt2

1 ´ t
.

Next suppose that d ! 2. By Lemma 5.1.3 GpFq is Cohen-Macaulay. Then one can take

a sequence x1, x2, . . . , xd which satisfies the condition of Lemma 5.1.4 for k “ d ´ 1. If we

put A “ A{pxq, then A is a one-dimensional Cohen-Macaulay local ring and F is a Hilbert

filtration. Also, εpA{F1q “ ϖ, eipFq “ ei for i “ 0, 1, and rpFq “ rpFq. Indeed, the last

assertion follows from the following fact:

Fn`1

xdFn

“
Fn`1 ` xA

QFn ` xA
–

Fn`1

pQFn ` xAq X Fn`1
“

Fn`1

QFn ` xFn
“

Fn`1

QFn
. (5.1.2)

Therefore one can reduce the proof to the case of dimension one.

Moreover, if d ! 2, then since npFq “ 2 ´ d # 0, we have HFp1q “ PFp1q and thus

ϖ “ e0 ´ e1 ` e2. Also, eipFq “ 0 for i ! 3.

Using Proposition 5.1.5 we provide criteria for GpFq to be Gorenstein in terms of the

Hilbert coefficients.

Theorem 5.1.6. Let pA,mq be a Gorenstein local ring of dimension d ! 1. Let F “ tFnunPZ

be a Hilbert filtration.
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(a) Let rpFq “ 1. Then GpFq is Gorenstein if and only if e0pFq “ 2e1pFq.

(b) Suppose there exists a minimal reduction Q of F such that rQpFq “ 2 and F2XQ “ QF1.

Then GpFq is Gorenstein if and only if e0pFq “ e1pFq.

Proof. Put ϖ “ εpA{F1q and ei “ eipFq for all i ! 0. In both the cases, by Lemma 5.1.3 GpFq

is Cohen-Macaulay.

(a) By Proposition 5.1.5, we have

HSGpFqptq “
pe0 ´ e1q ` e1t

p1 ´ tqd
.

Also, Proposition 5.1.5 we have ϖ “ εpA{F1q “ e0 ´ e1. Moreover, e0 “ εpA{Qq. Hence

e1 “ εpF1{Qq ‰ 0 as rpFq “ 1. Therefore e1 ‰ 0. Using Theorem 5.1.1, we obtain GpFq is

Gorenstein if and only if e0 “ 2e1.

(b) By Proposition 5.1.5, we have

HSGpFqptq “
ϖ ` p2e0 ´ e1 ´ 2ϖqt ` pϖ ´ e0 ` e1qt2

p1 ´ tqd
.

By Theorem 5.1.1, we obtain GpFq is Gorenstein if and only if e0 “ e1.

Now we recover the result in [58, Theorem 2.1]. Moreover, we extend it for any d-

dimensional analytically unramified Gorenstein local ring.

Corollary 5.1.7. Let pA,mq be a d-dimensional analytically unramified Gorenstein local ring

of dimension d ! 1, and I an m-primary ideal in A.

(a) If rpIq “ 1, then GpIq is Gorenstein if and only if e0pIq “ 2e1pIq.

(b) If rpIq “ 2, then GpIq is Gorenstein if and only if e0pIq “ e1pIq.

Proof. (a) If rpIq “ 1, then the result follows by Theorem 5.1.6.

(b) Let rpIq “ 2. By [42, Theorem 1], we obtain Q X I2 “ QI. Hence by Theorem 5.1.6, the

result follows.

5.2 A Bound on relative reduction number

In this section we obtain an upper bound for the relative reduction number nrpFq of F when

the depth of GpFq is almost maximal.
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In general, the reduction number rQpFq of F and the relative reduction number nrQpFq

of F are dependent on the minimal reduction Q. It is well-known that if depthGpFq ! d ´ 1,

then rQpFq is independent of the minimal reduction Q. In the following proposition we show

that nrQpFq is also independent of Q if depthGpFq ! d ´ 1.

Proposition 5.2.1. Let pA,mq be a d-dimensional Cohen-Macaulay local ring, and F “

tFnunPZ a Hilbert filtration. If depthGpFq ! d´1, then nrQpFq is independent of any minimal

reduction Q.

Proof. Using [53, Theorem 3.6] for all n P Z, we have

”
d
pPFpnq ´ HFpnqq “ εpFn`d{QFn`d´1q.

Since the expression on the left-hand side is independent of Q, we get εpFn`d{QFn`d´1q is

independent of Q. Hence it is easy to verify that nrQpFq is independent of Q.

If pA,mq is an analytically unramified Cohen-Macaulay local ring of dimension two and

F “ tInunPZ, then depthGpFq ! 1 by [53, Proposition 3.25]. Hence by Proposition 5.2.1

nrQpIq is independent of Q and thus nrpIq “ nrQpIq. This is a reason that the authors use the

notation nrpIq (without suffix) for the relative normal reduction number in [55].

In the next theorem we extend a result by Okuma, Rossi, Watanabe, and Yoshida. In [55,

Theorem 2.7] they showed that if pA,mq is an excellent two-dimensional normal local domain

containing an algebraically closed field A{m, then for an m-primary ideal I

nrpIq # e1pIq ´ e0pIq ` εpA{Iq ` 1.

They also provided a criterion for the equality to hold. In the following theorem we prove

an analogue bound for any Hilbert filtration in a d-dimensional Cohen-Macaulay local ring,

provided GpFq has almost maximal depth.

Theorem 5.2.2. Let pA,mq be a d-dimensional Cohen-Macaulay local ring, and F “ tFnunPZ

a Hilbert filtration. Suppose depthGpFq ! d ´ 1. Then

(a) nrpFq # e1pFq ´ e0pFq ` εpA{F1q ` 1.

(b) The equality holds in (1) if and only if nrpFq “ rpFq and εpFn{QFn´1q “ 1 for all

2 # n # nrpFq for any minimal reduction Q of F .
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When this is the case, eipFq “

ˆ
nrpFq

i

˙
for 2 # i # d.

A Hilbert filtration F is said to have a maximal relative reduction number (or, nrpFq is

maximal) if nrpFq “ e1pFq ´ e0pFq ` εpA{F1q ` 1.

Proof. (a) Using [33, Proposition 4.6], for any minimal reduction Q of F we have,

e1pFq “

rpFqÿ

n#1

εpFn{QFn´1q

“ εpF1{Qq `

rpFqÿ

n#2

εpFn{QFn´1q

“ e0pFq ´ εpA{F1q `

rpFqÿ

n#2

εpFn{QFn´1q (as e0pFq “ εpA{Qqq. (5.2.1)

We observe that εpFn{QFn´1q ! 1 for 2 # n # nrpFq. Therefore by (5.2.1)

nrpFq ´ 1 #

rpFqÿ

n#2

εpFn{QFn´1q “ e1pFq ´ e0pFq ` εpA{F1q, (5.2.2)

and hence nrpFq # e1pFq ´ e0pFq ` εpA{F1q ` 1.

(b) Suppose nrpFq “ e1pFq ´ e0pFq ` εpA{F1q ` 1. Then by (5.2.2) εpFn{QFn´1q “ 0

for n ! nrQpFq ` 1 and εpFn{QFn´1q “ 1 for 2 # n # nrpFq. Therefore nrpFq “ rQpFq,

which yields nrpFq “ rpFq as rQpFq is independent of Q. The converse is also clear.

Again using [33, Proposition 4.6] we have, for i ! 2,

eipFq “

nrpFqÿ

n#i

εpFn{QFn´1q

ˆ
n ´ 1

i ´ 1

˙
“

nrpFqÿ

n#i

ˆ
n ´ 1

i ´ 1

˙
“

ˆ
nrpFq

i

˙
.

Using Theorem 5.2.2 for the filtration F “ tInunPZ in dimension two, we recover and

extend the result [55, Theorem 2.7] by Okuma, Rossi, Watanabe and Yoshida.

Corollary 5.2.3 ( [55], Theorem 2.7). Let pA,mq be a two-dimensional Cohen-Macaulay an-

alytically unramified local ring, and I an m-primary ideal. Let Q a minimal reduction of I .

Then

nrpIq # e1pIq ´ e0pIq ` εpA{Iq ` 1.

Moreover, the equality holds if and only if εpIn{QIn´1q “ 1 for all 2 # n # nrpIq. In this case,

nrpIq “ rpIq. Also, e2pIq “

ˆ
nrpIq

2

˙
.
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Proof. Since depthGpIq ! 1 by [53, Proposition 3.25], the result follows from Theorem 5.2.2.

Remark 5.2.4. If rpFq “ 1, then nrpFq “ rpFq. Moreover, by Proposition 5.1.5 we have

εpA{F1q “ e0 ´ e1. Hence nrpFq is maximal.

Suppose d ! 2 and there exists a minimal reduction Q of F such that rQpFq “ 2 and

F2XQ “ QF1. Then by Proposition 5.1.5, we obtain nrpFq is maximal if and only if e2pFq “ 1.

Now we compute the Hilbert series of GpFq when nrpFq is maximal.

Theorem 5.2.5. Let pA,mq be a Cohen-Macaulay local ring of dimension d ! 1, and F “

tFnunPZ a Hilbert filtration. Suppose depthGpFq ! d´ 1, and nrpFq “ r ! 2 is maximal. Put

ϖ “ εpA{F1q and e0 “ e0pFq. Then

HSGpFqptq “
ϖ ` pe0 ´ ϖ ´ 1qt ` tr

p1 ´ tqd
.

Proof. First suppose d “ 1. Let Q “ pxq a minimal reduction of F . By Theorem 5.2.2 we have

rpFq “ nrpFq and εpFn{QFn´1q “ 1 for all 2 # n # rpFq. Observe that for 1 # n # r ´ 1,

ε pFn{Fn`1q “ εpA{Fn`1q ´ εpA{Fnq

“ ε pA{xFnq ´ ε pFn`1{xFnq ´ ε pA{Fnq

“ ε pA{xAq ` ε pA{Fnq ´ ε pFn`1{xFnq ´ ε pA{Fnq

“ e0 ´ 1.

For n ! r,

εpFn{Fn`1q “ εpA{Fn`1q ´ εpA{Fnq

“ pn ` 1qe0 ´ e1 ´ pne0 ´ e1q “ e0.

Therefore

HSGpFqptq “

8ÿ

n#0

εpFn{Fn`1qt
n

“ ϖ `

r´1ÿ

n“1

pe0 ´ 1qtn `

ÿ

n#r

e0t
n

“ ϖ ` pe0 ´ 1q
tp1 ´ tr´1

q

1 ´ t
`

e0tr

1 ´ t
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“
ϖ ` pe0 ´ ϖ ´ 1qt ` tr

1 ´ t
.

Next suppose d ! 2. We take a sequence x1, x2, . . . , xd in F1 which satisfies the condition

of Lemma 5.1.4. Put Q “ px1, x2, . . . , xdqA, x “ x1, . . . , xd´1, A “ A{pxqA, and F “ F{pxq.

Then by Proposition 5.1.2 nrpFq is also maximal. Hence it follows from the argument as above

that

HSGpF qptq “
ϖ ` pe0 ´ ϖ ´ 1qt ` tr

1 ´ t

and thus

HSGpFqptq “
HSGpF qptq

p1 ´ tqd´1
“

ϖ ` pe0 ´ ϖ ´ 1qt ` tr

p1 ´ tqd
.

As a consequence, we provide criteria for GpFq to be Gorenstein in terms of the Hilbert

coefficients in the case where nrpFq is maximal.

Theorem 5.2.6. Let pA,mq be a Gorenstein local ring of dimension d ! 1, and F “ tFnunPZ

a Hilbert filtration. Suppose that nrpFq “ r ! 2 is maximal and GpFq is Cohen-Macaulay.

Then

(a) When r “ 2, GpFq is Gorenstein if and only if F1 “ m.

(b) When r ! 3, GpFq is Gorenstein if and only if F1 “ m and e0pmq “ 2.

Proof. (a) By Theorem 5.2.5, we have

HSGpFqptq “
ϖ ` pe0 ´ ϖ ´ 1qt ` t2

p1 ´ tqd
.

Thus, by Theorem 5.1.1, GpFq is Gorenstein if and only if ϖ “ 1, that is, F1 “ m.

(b) By Theorem 5.2.5, we have

HSGpFqptq “
ϖ ` pe0 ´ ϖ ´ 1qt ` tr

p1 ´ tqd
.

Thus, by Theorem 5.1.1, GpFq is Gorenstein if and only if ϖ “ 1 and e0 ´ ϖ ´ 1 “ 0, that is,

F1 “ m and e0pmq “ 2.

Applying Theorem 5.2.6 for the filtration tInunPZ we get the following result.

Corollary 5.2.7. Let pA,mq be a analytically unramified Gorenstein local ring of dimension

d ! 1, and I an m-primary ideal in A. Suppose that r “ r̄pIq “ nrpIq is maximal and GpIq is

Cohen-Macaulay.
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(a) When r̄pIq “ 2, GpIq is Gorenstein if and only if I “ m.

(b) When r̄pIq ! 3, GpIq is Gorenstein if and only if I “ m and e0pmq “ 2.

Proof. Follows from Theorem 5.2.6.

5.3 Examples in semigroups

Note that if pA,mq is a positive dimensional Cohen-Macaulay local ring and I is an m-primary

ideal, then depthGpIq ! 1 by [53, Proposition 3.25]. In particular, if dimA “ 1, then GpIq is

Cohen-Macaulay.

Next, we apply our results to one-dimensional semigroup rings .

Definition 5.3.1. Let m1 " m2 " ¨ ¨ ¨ " mn be positive integers with gcdpm1,m2, . . . ,mnq “

1, and S be the semigroup generated by m1,m2, . . . ,mn. Then the Fröbenius number F pSq of

S is defined as the smallest integer k such that n P S for all n & k.

A semigroup S is symmetric if F pSq is odd and for every a P Z, either a P S or F pSq´a P

S.

Lemma 5.3.2. Let A “ K!tm1 , tm2 , . . . , tmn" be a semigroup ring of the semigroup generated

by m1 " m2 " ¨ ¨ ¨ " mn with gcdpm1,m2, . . . ,mnq “ 1. Then

rpmq “

R
F pSq

m1

V
.

Proof. We note that Q “ ptm1q is a minimal reduction of m “ ptm1 , tm2 , . . . , tmnq, the maximal

ideal of A. By [30, Example 7.3] we have mi “ tω P A | ordpωq ! m1iu where ordpωq is

the degree of the initial form of ω. Indeed, the natural inclusion map A Ñ K!t" is an integral

extension. We have I “ IK!t" X A for any ideal I in A. Since K!t" is a PID, ptm1qK!t" is

integrally closed. As Q “ ptm1q is a minimal reduction of m, Qi “ mi for all i. Let k be the

smallest integer such that m1k & F pSq.

Consider mk “ ptm1k, tm1k`1, ¨ ¨ ¨ q. Hence

Qmk “ ptm1pk`1q, tm1pk`1q`1 . . .q “ mk`1.

Therefore rpmq # k.

By the definition of k we have m1pk ´ 1q # F pSq. Hence F pSq ` m1 ! m1k. Therefore

tF pSq`m1 P mk. Suppose tF pSq`m1 P Qmk´1. Then tF pSq`m1 “ tm1b where b P A. Since
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tm1 is a regular element in k!t", we obtain tF pSq
“ b P A. This is a contradiction. Hence

tF pSq`m1 P mkzQmk´1. Therefore rpmq “ k.

Example 5.3.3. Let A “ K!t3, t4" be a semigroup ring generated by t3 and t4. The Fröbenius

number F pSq of the semigroup S “ N3 ` N4 is 5. Since S is symmetric, A is Gorenstein with

e0pmq “ 3. Also, mi “ tω P A | ordpωq ! 3iu. Note that Q “ pt3q is a minimal reduction

of m. Hence by Lemma 5.3.2, rpmq “ 2. Using Equation (5.1.1), npmq “ 2 ´ 1 “ 1. Hence

Pmpnq “ Hmpnq for all n ! 2. Therefore ē1pmq “ 2e0pmq ´ εpA{m2q “ 2 ¨ 3 ´ 3 “ 3. Since

e0pmq “ ē1pmq, by Corollary 5.1.7, Gpmq is Gorenstein.

Example 5.3.4. Let A “ K!t2, tm" be a semigroup ring generated by t2 and tm, where m is an

odd integer ! 3. The Fröbenius number F pSq of the semigroup S “ N2 ` Nm is m ´ 2. Since

S is symmetric, A is Gorenstein. Also, mi “ tω P A | ordpωq ! 2iu. Note that Q “ pt2q is a

minimal reduction of m. Hence by Lemma 5.3.2, rpmq “ pm´1q{2. ThereforePmpnq “ Hmpnq

for all n ! pm ´ 1q{2. Also, since e0pmq “ 2, we have

ē1pmq “ e0pmqppm ´ 1q{2q ´ εpA{mpm´1q{2q “ pm ´ 1q ´ pm ´ 1q{2 “ pm ´ 1q{2.

Hence rpmq “ e1pmq´e0pmq`εpA{mq`1 and thus nrpmq is maximal. Therefore, by Corollary

5.2.7, Gpmq is Gorenstein.

Example 5.3.5. Let A “ K!t4, t5, t6" be a semigroup ring generated by 4, 5 and 6. The Fröbe-

nius number of the semigroup F pSq “ 7. Since S is symmetric, A is Gorenstein. By Lemma

5.3.2 we get rpmq “ 2. Using similar arguments as above we obtain e0pmq “ 4 and ē1pmq “ 4.

Hence, by Corollary 5.1.7, Gpmq is Gorenstein.

The following example is from [30, Example 7.3]. They prove that Gpmq is not Goren-

stein. We also prove the same by using our techniques.

Example 5.3.6. Let A “ K!t4, t6, t7" be a semigroup ring generated by 4, 6 and 7. The Fröbe-

nius number of the semigroup F pSq “ 9 and the semigroup is symmetric. Hence A is a

one-dimensional Gorenstein local ring. Let m “ pt4, t6, t7q. Then mi “ tω P A | ordpωq ! 4iu,

and Q “ pt4q is a minimal reduction of m with reduction number rpmq “ 3 by Lemma 5.3.2.

By Equation (5.1.1), npmq “ 3 ´ 1 “ 2. Hence Pmpnq “ Hmpnq for all n ! 3. In particular,

ē1pmq “ 3e0pmq´εpA{m3q “ 3¨4´7 “ 5. Then since nrpmq “ 3 “ e1pmq´e0pmq`εpA{mq`1

is maximal, but e0pmq “ 4, by Theorem 5.2.6 Gpmq is not Gorenstein.
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5.4 Gorensteinness of Gpmq in Zariski hypersurface rings

We consider the following setup for the rest of the section. Let K be an algebraically closed

field, and let m ! 1, 2 # a # b be integers, and put S “ Krrx, y1, . . . , ymss be a formal power

series ring with pm ` 1q-variables over K. Then S is a complete regular local ring with the

unique maximal ideal mS “ px, y1, . . . , ymq. Put y “ y1, . . . , ym. Let g, f be polynomials such

that

g “ gpyq P pyq
b
zpyq

b`1,

f “ fpx, yq “ xa
´ gpyq.

Then a hypersurface A “ S{pfq is called “Zariski-type hypersurface” if a ‰ 0 in K. Let

Q “ pyqA. Note that Q is a minimal reduction of m “ mSA. Indeed, ma
“ Qma´1. In this

section, we compute r̄pmq and prove the Cohen-Macaulayness of Gpmq. In order to do that, we

generalize several results for Brieskorn hypersurfaces in [57, Section 3] to that of Zariski-type

hypersurfaces. We fix the following notation for the rest of the paper:

d “ gcdpa, bq, a1
“

a

d
, b1

“
b

d
and nk “ tkb

a
u for k “ 1, 2, . . . , a ´ 1.

For all n ! 1, we define the following two ideals:

Jn :“ Qn
` xQn´n1 ` x2Qn´n2 ` ¨ ¨ ¨ ` xa´1Qn´na´1 ,

In :“
`
xkyi11 ¨ ¨ ¨ yimm

ˇ̌
kb1

` pi1 ` ¨ ¨ ¨ ` imqa1
! n, k, i1, . . . , im P Z#0

˘
A.

Proposition 5.4.1. Jn “ Ina1 for every n ! 1.

Proof. First we prove Jn % Ina1 . It is enough to show xkQn´nk % Ina1 for every k “

1, 2, . . . , a ´ 1. For each k with 1 # k # a ´ 1, if i1 ` ¨ ¨ ¨ ` im ! n ´ nk, then

kb1
` pi1 ` ¨ ¨ ¨ ` imqa1

! kb1
` pn ´ nkqa1

! kb1
`

`
n ´

kb1

a1
˘
a1

“ na1,

as required. Next we prove the converse. If xkyi11 ¨ ¨ ¨ yimm P Ina1 , then kb1
`pi1`¨ ¨ ¨`imqa1

! na1.

Thus

nk “ tkb
1

a1 u ! n ´ pi1 ` ¨ ¨ ¨ ` imq, that is, i1 ` ¨ ¨ ¨ ` im ! n ´ nk.

Hence xkyi11 ¨ ¨ ¨ yimm P xkQn´nk . This yields Ina1 % Jn.

Proposition 5.4.2. Under the notation above,
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(a) For every k, n ! 1, xk
P Qn if and only if n # nk.

(b) Qn
% Jn % Qn, that is, Jn “ Qn for each n ! 1.

Proof. (a) We first show that if n # nk then xk
P Qn. By definition of nk, we get

pxk
q
a

“ xka
P pQb

q
k

“ Qkb
% Qank “ pQnkq

a.

Hence xk
P Qnk % Qn.

Suppose xk
P Qn. We will show n # nk. By assumption, there exists a nonzero divisor

c P A such that cpxk
q
ε

% Qnε for sufficiently large ε. By Artin-Rees’ lemma, we can take an

integer ε0 ! 1 such that if ε " 0, then Qε
X cA “ cpQε

: cq % cQε´ε0 . Thus Qε
: c % Qε´ε0

because c is a nonzero divisor.

Now suppose that n ! nk ` 1. By the choice of nk, we have

kb

a
`

1

a
# nk ` 1 # n.

Then kb ` 1 # apnk ` 1q # an. If ε ! ε0 ` 1, then

gkε “ xakε
P Qanε

: c % Qanε´ε0 % Qpkb`1qε´ε0 % Qkbε`1.

Moreover, since g P Qb
zQb`1, if necessary, by replacing y “ y1, y2, . . . , ym with the other

minimal generators of Q, we may assume that g ” yb1 pmod py2, . . . , ymqAq. Hence ybkε1 P

pykbε`1
1 , y2, . . . , ymq. This contradicts the fact that y1, y2, . . . , ym forms a regular sequence on

A.

(b) It is enough to show xkyi11 ¨ ¨ ¨ yimm P Qn if and only if i1 ` ¨ ¨ ¨ ` im ! n ´ nk. Since

GpQq – R1pQq{t´1
R1pQq and R1pQq is normal, we have depthGpQq ! 1. Hence we obtain

Qn : yj “ Qn´1 for every n, j. So one can easily see that

xkyi11 ¨ ¨ ¨ yimm P Qn +ñ xk
P Qn´pi1`¨¨¨`imq.

By (a), the last condition means that i1 ` ¨ ¨ ¨ ` im ! n ´ nk. Hence we get the required

inclusions.

Set I “ tInunPZ, which is a filtration of ideals in A introduced above and, In “ A for

every integer n # 0. We put

R
1
pIq “

à

nPZ
In t

n
% Art, t´1

s, GpIq “

à

n#0

In{In`1 – R
1
pIq{t´1

R
1
pIq.

In the following, we set ytk “ y1t
k, . . . , ymt

k and Y “ Y1, . . . , Ym.
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Lemma 5.4.3. Write g “ gb ` gb`1 ` ¨ ¨ ¨ ` gc, where gi denotes a homogeneous polynomial of

degree i “ b, b`1, . . . , c. Then R
1
pIq – Arxtb

1
, yta

1
, t´1

s and GpIq – KrX, Y s{pXa
´gbpY qq.

Proof. We have

R
1
pIq –

à

nPZ
In t

n

–

ÿ

k,i1,...,imPZ!0

Kxkyi11 ¨ ¨ ¨ yimm tkb
1`pi1`¨¨¨`imqa1

`

ÿ

n#0

A t´n

“

ÿ

k,i1,...,imPZ!0

Kpxtb
1
q
k
py1t

a1
q
i1 ¨ ¨ ¨ pymt

a1
q
im `

ÿ

n#0

A t´n

“ Arxtb
1
, y1t

a1
, . . . , ymt

a1
, t´1

s.

Put X “ xtb
1
, Yi “ yit

a1
for i “ 1, 2, . . . ,m and U “ t´1. Then

Xa
“ xatab

1
“ xata

1b

“ gbpy1, . . . , ymqta
1b

` gb`1py1, . . . , ymqta
1b

` ¨ ¨ ¨ ` gcpy1, . . . , ymqta
1b

“ gbpY1, Y2, . . . , Ymq ` gb`1pY1, Y2, . . . , Ymqt´a1
` ¨ ¨ ¨ ` gcpY1, Y2, . . . , Ymqt´pc´bqa1

“ gbpY1, Y2, . . . , Ymq ` gb`1pY1, Y2, . . . , YmqUa1
` ¨ ¨ ¨ ` gcpY1, Y2, . . . , YmqU pc´bqa1

.

Hence

GpIq – R
1
pIq{t´1

R
1
pIq

– krX, Y1, Y2, . . . , Yms{pXa
´ gbpY qq.

The normality of A is needed in the following proposition.

Proposition 5.4.4. Suppose that A is a Zariski-type hypersurface. Under the notation as above,

(a) GpIq is reduced.

(b) In “ In for every n ! 1.

(c) Jn “ Jn for every n ! 1.

Proof. (a) By Lemma 5.4.3, since GpIq – KrX, Y s{pXa
´gbpY qq is a hypersurface, it satisfies

the Serre condition pS1q.

Put f “ Xa
´ gbpY q. Then

ht
ˆ

Bf

BX
,

Bf

BY1
, . . . ,

Bf

BYm
, f

˙
! htpX, gbpYqq ! 1.
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Hence GpIq satisfies pR0q and it is reduced.

(b) It follows from [52, Lemma 3.1].

(c) Since Jn “ Inω1 for every n ! 1 by Proposition 5.4.1, Jn is also integrally closed by (b).

The following theorem generalizes [57, Theorem 3.1].

Theorem 5.4.5. Under the notation as above,

(a) mn “ Qn “ Qn
` xQn´n1 ` x2Qn´n2 ` ¨ ¨ ¨ ` xa´1Qn´na´1 .

(b) r̄Qpmq “ nrQpmq “ na´1 “ tpa ´ 1qb

a
u.

(c) Gpmq is Cohen-Macaulay.

Proof. (a) It follows from Proposition 5.4.2(b) and Proposition 5.4.4(c).

(b) It immediately follows from (a).

(c) By Proposition 5.4.4, GpIq is a hypersurface. Therefore it is Cohen-Macaulay. Hence R1
pIq

is Cohen-Macaulay.

On the other hand, R1pmq “ R
1
ptJnuq “ R

1
ptIna1uq by Propositions 5.4.1, 5.4.2(b) and

5.4.4(c). Then R1pmq is also Cohen-Macaulay since R1pmq is isomorphic to the a1th Veronese

subring of R1
pIq. Therefore Gpmq is Cohen-Macaulay.

Next, we give a criterion for Gpmq to be Gorenstein in the case A is a Zariski-type hy-

persurface. First, we need the following criterion from [56]. We put Ln “ Q ` mn and

εn “ εpA{Lnq for every n ! 1.

Lemma 5.4.6 ( [56], Proposition 2.5). Put r “ rQpmq. Then the following conditions are

equivalent:

(a) Gpmq is Gorenstein.

(b) Q : Ln “ Lr`1´n for every n “ 1, 2, . . . , r.

(c) εn ` εr`1´n “ a for every n “ 1, 2, . . . , rr
2

s.

As an application of Proposition 5.4.4, we obtain the following proposition.
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Proposition 5.4.7. Under the same notation as above, we have

εn “ mintk P Z` |n # nku.

Proof. Suppose n & nk´1 and n # nk. Then

Ln “ Q ` mn

“ Q ` pQn
` xQn´n1 ` ¨ ¨ ¨ ` xk´1Qn´nk´1 ` xkQn´nk ` ¨ ¨ ¨ q

“ Q ` pxk
q.

Hence εn “ εpKrxs{pxk
qq “ k.

The following theorem is the main result in this section. Recall d “ gcdpa, bq.

Theorem 5.4.8. Gpmq is Gorenstein if and only if b ” 0, d pmod aq. Moreover,

(a) If b ” 0 pmod aq, then Gpmq is a reduced, hypersurface.

(b) If b ” d pmod aq and d “ 1, then Gpmq is a non-reduced, hypersurface.

(c) If b ” d pmod aq and d & 1, then Gpmq is a complete intersection but not a hypersurface.

In what follows, we prove the above theorem in several steps. By Theorem 5.4.5, we have

mntn “ pQn
` xQn´n1 ` ¨ ¨ ¨ ` xa´1Qn´na´1qtn

“ pQtqn ` pxtn1qpQtqn´n1 ` ¨ ¨ ¨ ` pxa´1tna´1qpQT q
n´na´1 .

Thus

R1pmq “ Krxt, yt, txktnku1!k!a´1, t
´1

s.

Using this fact, we first consider the case where a divides b.

Proposition 5.4.9. If a divides b, then Gpmq is a reduced hypersurface, and thus Gorenstein. In

fact,

Gpmq – KrX, Y s{pXa
´ gbpY qq.

Proof. As b “ b1a for some integer b1
! 1, we have nk “ tkb1u “ kb1 for every k “ 1, 2, . . . , a´

1. Hence one can easily see that

R1pmq “ Krxt, yt, txktnku1!k!a´1, t
´1

s
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“ Krxtn1 , yt, t´1
s

– KrX, Y , U s{pXa
´ gbpY q ´ ¨ ¨ ¨ ´ gcpY qU c´b

q,

where X “ xtn1 , Yi “ yit pi “ 1, 2, . . . ,mq, and U “ t´1.

Moreover, the claims on Gpmq immediately follow from the fact that

Gpmq – R1pmq{t´1
R1pmq.

Secondly, we consider the case of d “ 1 and b ” 1 pmod aq.

Proposition 5.4.10. If d “ 1 and b “ n1a ` 1, then Gpmq is a non-reduced hypersurface, and

thus Gorenstein. In fact,

Gpmq – KrX, Y s{pXa
q – Gpmq.

Proof. For every k with 1 # k # a ´ 1, we have

nk “ tkb
a

u “ tkpn1a ` 1q

a
u “ kn1 ` tk

a
u “ kn1.

Hence

R1pmq “ Krxt, yt, txktnku1!k!a´1, t
´1

s

“ Krxt, yt, xtn1 , t´1
s

– KrX, Y , U s{pXa
´ gbpY qU ´ ¨ ¨ ¨ ´ gcpY qU c´b`1

q.

Indeed, put X “ xtn1 , Yi “ yit for i “ 1, 2, . . . ,m and U “ t´1. Then xt “ pxtn1qpt´1
q
n1´1

and

Xa
“ pxtn1q

a
“ pgb ` gb`1 ` ¨ ¨ ¨ ` gcqt

an1

“ pgb ` gb`1 ` ¨ ¨ ¨ ` gcqt
b´1

“ pgbt
b
qU ` gb`1t

b`1U2
` ¨ ¨ ¨ ` gct

cU c´b`1

“ gbpY qU ` ¨ ¨ ¨ ` gcpY qU c´b`1.

The other assertion follows from this.

Thirdly, we consider the case 1 " d " a, b ” d pmod aq, that is, b1
” 1 pmod a1

q.
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Proposition 5.4.11. If 1 " d " a and b1
“ n1a

1
` 1, then Gpmq is a complete intersection, and

thus Gorenstein. In fact,

Gpmq – KrX, Y , Zs{pXa1
, Zd

´ gbpY qq.

Proof. Note that b1
” 1 pmod a1

q. One can easily see that nk “ kn1 for 1 # k # a1
´ 1, and

na1 “ b1. For any integer p p1 # p # d ´ 1q, if pa1
` 1 # k # pa1

` a1
´ 1, then

nk “ tkpn1a1
` 1q

a1 u “ kn1 ` t k
a1 u “ kn1 ` p “ pb1

` pk ´ pa1
qn1.

Hence pk, nkq “ ppa1, b1
q ` pk ´ pa1

qp1, n1q. Similarly, if k “ pa1
p2 # p # d ´ 1q, then

pk, nkq “ ppa1, b1
q. Therefore

R1pmq “ Krxt, y1t, . . . , ymt, xt
n1 , xa1

tb
1
, t´1

s

– KrX, Y , Z, U s{pXa1
´ ZU,Zd

´ gbpY q ´ ¨ ¨ ¨ ´ gcpY qU c´b
q,

where X “ xtn1 , Yi “ yit, Z “ xa1
tb

1
, and U “ t´1. Indeed,

Xa1
“ xa1

tn1a1
“ pxa1

tb
1
qpt´1

q
b1´n1a1

“ pxa1
tb

1
qpt´1

q “ ZU.

and

Zd
“ pxa1

tb
1
q
d

“ xatb

“ gbpy1, . . . , ymqtb ` ¨ ¨ ¨ ` gcpy1, . . . , ymqtc ¨ tb´c

“ gbpY q ` ¨ ¨ ¨ ` gcpY qU c´b.

The other assertion follows from this.

In the rest of this section, we consider the case of 1 " d " a and b1
” ↽ pmod a1

q for

some ↽ p2 # ↽ # a1
´ 1q. Note that

r̄pmq “ na´1 “ tpa ´ 1qb1

a1 u “ pa ´ 1qn1 ` d↽ ´ 1.

In order to prove Theorem 5.4.8, it suffices to prove the following proposition.

Proposition 5.4.12. In the above notation, if we put k1 “ ra
1

↽
s and t1 “ pk1 ´ 1qn1 ` 1, then

εt1 ` εr`1´t1 “ a ` 1p‰ aq.

In particular, Gpmq is not Gorenstein.
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Proof. We first prove the following claim.

Claim 1. tk↽
a1 u “ 0, rk↽

a1 s “ 1 for each k p1 # k # k1 ´ 1q.

By definition, k # k1 ´ 1 "
a1

↽
. Thus 0 "

k↽

a1 " 1. Hence tk↽
a1 u “ 0 and rk↽

a1 s “ 1.

Claim 2. tk1↽
a1 u “ 1, rk1↽

a1 s “ 2.

By definition, k1 ´ 1 "
a1

↽
# k1. Since pa1, ↽q “ 1,

a1

↽
is not an integer. Hence

a1

↽
" k1,

that is,
k1↽

a1 & 1. If
k1↽

a1 ! 2, then one has

2a1

↽
´ 1 # k1 ´ 1 "

a1

↽
.

This yields a1
" ↽, which is a contradiction. Hence 1 "

k1↽

a1 " 2. The claim follows from here.

Claim 3. nk “ kn1 for every k p1 # k # k1 ´ 1q and nk1 “ k1n1 ` 1.

Indeed, for every k p1 # k # k1 ´ 1q, Claim 1 implies

nk “ tkb
1

a1 u “ tkpn1a1
` ↽q

a1 u “ kn1 ` tk↽
a1 u “ kn1.

On the other hand, Claim 2 implies

nk1 “ tk1b
1

a1 u “ tk1pn1a1
` ↽q

a1 u “ k1n1 ` tk1↽
a1 u “ k1n1 ` 1.

Claim 4. na´k “ pa´kqn1`d↽´1 for each k p1 # k # k1´1q and na´k1 “ pa´k1qn1`d↽´2.

For every k p1 # k # k1 ´ 1q, Claim 1 implies

na´k “ “ tpa ´ kqpn1a1 ` εq
a1 u “ pa ´ kqn1 ` d↽ ´ rk↽

a1 s “ pa ´ kqn1 ` d↽ ´ 1.

On the other hand, Claim 2 implies

na´k1 “ “ tpa ´ k1qpn1a1 ` εq
a1 u “ pa ´ k1qn1 ` d↽ ´ rk1↽

a1 s “ pa ´ k1qn1 ` d↽ ´ 2.

Claim 5. εt1 ` εr`1´t1 “ a ` 1.

By Claim 3, nk1´1 ` 1 “ t1 # nk1 . Hence εt1 “ k1 by Proposition 5.4.7. By Claim 4, we

have

na´k1 ` 1 “ pa ´ k1qn1 ` d↽ ´ 1 “ r ` 1 ´ t1

na´k1`1 “ pa ´ k1 ` 1qn1 ` d↽ ´ 1 & r ` 1 ´ t1.

Hence εr`1´t1 “ a ´ k1 ` 1 and thus εt1 ` εr`1´t1 “ pa ´ k1 ` 1q ` k1 “ a ` 1.
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Using Theorem 5.4.8, we can determine all Zariski-type hypersurfaces having maximal

relative normal reduction number.

Proposition 5.4.13. Let A “ S{pxa
´ gpyqq be a Zariski-type hypersurface with b “ ordpyqpgq.

Then

(a) rpmq “ 1 if and only if pa, bq “ p2, 2q, p2, 3q.

(b) rpmq “ 2 if and only if pa, bq “ p2, 4q, p2, 5q, p3, 3q, p3, 4q.

(c) nrpmq is maximal if and only if pa, bq “ p2, nq, p3, 3q, p3, 4q, p3, 5q, where n ! 2 is any

integer.

Proof. Note that rpmq “ tpa ´ 1qb

a
u ! a ´ 1 by Theorem 5.4.8.

(a) rpmq “ 1 implies a “ 2 by the above remark. Thus one can easily see that rpmq “ 1 if

pa, bq “ p2, 2q, p2, 3q.

(b) rpmq “ 2 implies a “ 2, 3 by the above remark. When a “ 2, rpmq “ t b
2

u “ 2 if and only

if b “ 4, 5. When a “ 3, rpmq “ t2b
3

u “ 2 if and only if b “ 3, 4.

(c) Suppose r “ nrpmq is maximal. We may assume r ! 2. By Theorem 5.2.2, we have

εpmn{Qmn´1q “ 1 for all n “ 2, . . . , r. On the other hand, using Theorem 5.4.8, we can show

that εpmn{Qmn´1qq “ maxta ´ ran
b

s, 0u for all n ! 2. Thus

a ´ 1 “ r2a
b

s # r3a
b

s # ¨ ¨ ¨ # rra
b

s # a ´ 1.

This means r2a
b

s “ a ´ 1. Then a ´ 1 “ r2a
b

s # 2 yields a # 3. By a similar argument as in

the proof of pbq, we obtain the required result. It is not so difficult to chech that the converse is

also true.

The following example gives a Zariski-type hypersurface such that nrpmq is maximal but

Gpmq is not Gorenstein.

Example 5.4.14. Let m ! 1 be an integer, and let A “ Crx, y1, . . . , yms{px3
` y51 ` ¨ ¨ ¨ ` y5mq.

Put m “ px, y1, . . . , ymq. Then

(a) Am is a rational singularity if and only if m ! 4.

(b) m2 “ m2, m3 “ m3
` px2

q, and m4 “ py1, y2, . . . , ymqm3.
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(c) R1pmq “ Krxt, y1t, y2t, . . . , ymt, x
2t3, t´1

s.

(d) Gpmq is a Cohen-Macaulay ring of e0pGq “ 3 and CM type 2.

If we put X “ xt, Yi “ yit pi “ 1, 2, . . . ,mq and Z “ x2t3, and U “ t´1, then

R1pmq – KrX, Y , Z, U s{pX2
´ ZU,XZ ` Y 5U,Z2

` XY 5
q.

In particular,

Gpmq – R1pmq{t´1
R1pmq – KrX, Y , Zs{pX2, XZ, Z2

` XY 5
q,

where Y 5
“ Y 5

1 ` ¨ ¨ ¨ ` Y 5
m.

Example 5.4.15. Let A “ K!ta, tb" be a semigroup ring generated by the positive integers

a # b such that gcdpa, bq “ 1. We know that A – k!x, y"{pxa
´ ybq is a hypersurface. By

Theorem 5.4.5 rQpmq “ tpa ´ 1qb

a
u. By Theorem 5.4.8, Gpmq is Gorenstein if and only if b ” 1

pmod aq.

The examples 5.3.3 and 5.3.4 can also be verified using Theorem 5.4.8.
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Chapter 6

Summary and Conclusion

In a nutshell, Chapters 2 and 3 are focused mainly on Waring decomposition of forms. We

described the structure of minimal apolar sets of reducible forms px2
1 ` ¨ ¨ ¨ `x2

mqpy21 ` ¨ ¨ ¨ ` y2nq

for m “ 1, 2. For m,n ! 3, only a bound on the Waring rank is known. Even in a specific case

where m “ n “ 3, the Waring rank is unknown. It would be nice to explore more on the rank

and understand the structure of minimal apolar sets for m ! 3.

Further, we think that our techniques in Chapter 2 may be useful in understanding the

structure of minimal apolar sets of degree 4 forms if the rank is known in general. Although

this thesis does not state results for forms not of the type px2
1 ` ¨ ¨ ¨ ` x2

mqpy21 ` ¨ ¨ ¨ ` y2nq, it is

an interesting direction to explore.

In Chapter 3, we computed the Waring rank of quasi-monomial complete intersection.

This is a special case of Question C. In general, it is not so clear when is a homogeneous ideal

of the form pXa0
0 ` G0, X

a1
1 ` G1, . . . , X

an
n ` Gnq where degGi “ ai and degXi

Gi " ai for

0 # i # n is a complete intersection. Further, it would be nice to characterize the homogeneous

polynomials whose annihilator is a quasi-monomial complete intersection. By the results of

[21, 67] we know which binomials are subsets of such class of forms.

We note that, in general computing the Waring rank of F such that its annihilator ideal

FK is a complete intersection remains open. Moreover, the computation of the Waring rank of

binomials whose annihilator is not a complete intersection, even in three variables, has not yet

been solved.

In addition, we have not explored other notions of rank. For instance, the border rank

and the cactus rank of forms that we have worked on in both chapters. It would be worth

understanding if there is any gap between the Waring rank and border rank of such forms.
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Chapter 4 opens a whole new direction for characterizing I-Gorenstein sequences. We

have conjectures 4.3.3 and 4.3.6 on uniqueness of symmetric decomposition. Our investigation

of small socle degree cases support conjectures, but this is far from having a complete solution.

In Chapter 5 our computation of the Hilbert series uses the hypothesis of depthGpFq !

d ´ 1 where d is the dimension of the ring. We do not have any efficient tools to tackle the

problem if we drop the condition on the depth in general. Moreover, it would be nice to have a

characterization for Gorensteinness if we assume depthGpFq “ d´1 in Theorem 5.2.6 instead

of assuming GpFq is Cohen-Macaulay.
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Appendix A

Apolarity Theory

A.1 Apolarity action

Let S “ Crx0, . . . , xns be the standard graded polynomial ring and let T “ CrX0, . . . , Xns be

the ring of differential operators on S. The apolarity action of T on S is defined on monomials

by

Xa0
0 ¨ ¨ ¨Xan

n ˝ pxb0
0 ¨ ¨ ¨ xbn

n q “
B
a0

Bxa0
0

¨ ¨ ¨
B
an

Bxan
n

pxb0
0 ¨ ¨ ¨ xbn

n q,

and then linearly extended on S.

Definition A.1. With respect to the action defined above, given a polynomial F P S, we define

an ideal

FK
“ tg P T | g ˝ F “ 0u $ T.

Proposition A.2 ( [39], Lemma 1.15). Let L P S1 be a linear form given by L “

nÿ

i“0

aixi, and

g P Tϑ be such that ↽ # d. Then

g ˝ Ld
“

d!

pd ´ ↽q!
gpa0, a1, . . . , anqLd´ϑ.

Proof. To prove this result, it is enough to assume g is a monomial. First we prove for g “ X0.
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Consider

X0 ˝ F “ X0 ˝ Ld

“ X0 ˝
˜

nÿ

i“0

aixi

¸d

“ X0 ˝
˜
a0x0 ` p

nÿ

i“1

aixiq
¸d

“ X0 ˝
˜

pa0x0qd `
ˆ
d

1

˙
pa0x0qd´1p

nÿ

i“1

aixiq ` ¨ ¨ ¨ ` p
nÿ

i“1

aixiqd
¸

“ d a0 pa0x0qd´1 ` a0pd ´ 1q
ˆ
d

1

˙
pa0x0qd´2p

nÿ

i“1

aixiq ` ¨ ¨ ¨ ` a0

ˆ
d

d ´ 1

˙
p

nÿ

i“1

aixiqd´1

“ d a0pa0x0qd´1 ` d a0

ˆ
d ´ 1

1

˙
pa0x0qd´2p

nÿ

i“1

aixiq ` ¨ ¨ ¨

` d a0

ˆ
d ´ 1

1

˙
pa0x0qp

nÿ

i“1

aixiqd´2 ` d a0p
nÿ

i“1

aixiqd´1

“ d!

pd ´ 1q! a0 L
d´1.

Let b0 ! 1, by induction on b0, we obtain that

Xb0
0 ˝ Ld

“
d!

pd ´ b0q!
ab00 Ld´b0 . (A.1.1)

Let g “ Xb0
0 Xb1

1 ¨ ¨ ¨Xbn
n be such that

nÿ

i“0

bi “ ↽ # d. Consider

pXb0
0 Xb1

1 ¨ ¨ ¨Xbn
n q ˝ F “ pXb0

0 Xb1
1 ¨ ¨ ¨Xbn

n q ˝ Ld

“ pXb0
0 Xb1

1 ¨ ¨ ¨Xbn´1
n´1 X

bn
n q ˝ Ld

“ pXb0
0 Xb1

1 ¨ ¨ ¨Xbn´1
n´1 q ˝ pXbn

n ˝ Ldq

“ pXb0
0 Xb1

1 ¨ ¨ ¨Xbn´1
n´1 q ˝

ˆ
d!

pd ´ bnq! a
bn
n Ld´bn

˙
pby Equation (A.1.1)q

“ d!

pd ´ bnq!
pd ´ bnq!

pd ´ bn ´ bn´1q! ¨ ¨ ¨

pd ´ bn ´ ¨ ¨ ¨ ´ b1q!
pd ´ bn ´ ¨ ¨ ¨ ´ b1 ´ b0q!pa

b0
0 ¨ ¨ ¨ abnn qLpd´bn´¨¨¨´b1´b0q

“ d!

pd ´ εq! pab00 ¨ ¨ ¨ abnn qLd´ϑ.

Therefore, we have proved the result.

The following is a standard property of a non-zerodivisor in the quotient ring of an ideal

of points, included here for the sake of completeness.
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Lemma A.3. Let X “ tP1, . . . , Plu be a set of l points in Pn. Then g is a non-zerodivisor in

T {IpXq if and only if gpPiq ‰ 0 for all 1 # i # l.

Proof. Let g be a non-zerodivisor in T {IpXq. This implies g R IpXq. Suppose there exists Pm

such that gpPmq “ 0 for some 1 # m # l. Let Pi denote the prime ideal corresponding to the

point Pi for 1 # i # l. By rearranging if required, assume that gpPiq ‰ 0 for 1 # i # e and

gpPiq “ 0 for e`1 # i # l. Since Pi - Pj for any i, j, we can choose h P P1 X ¨ ¨ ¨ XPezPe`1.

Then g ‰ 0 and h ‰ 0 in T {IpXq, and gh “ 0 in T {IpXq. This is a contradiction to our

assumption that g is a non-zerodivisor.

Conversely, assume gpPiq ‰ 0 for all 1 # i # l. Let h P T {IpXq such that gh P IpXq.

This implies, for all 1 # i # l,

ghpPiq “ 0

gpPiqhpPiq “ 0

hpPiq “ 0 pbecause gpPiq ‰ 0 for 1 # i # lq

Hence h P IpXq. Therefore g is a non-zerodivisor. Hence proved.
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Appendix B

Gröbner basis computation

In this chapter, we present some computations in detail that we need in Chapter 3. Firstly, we

recall some useful results in the theory of Gröbner bases and elimination theory. We use these

results to compute the Gröbner bases of some ideals.

Let T “ CrX0, . . . , Xns be the standard graded polynomial ring with the lex ordering, i.e.,

for ω, ϑ P Zn#0, ω &lex ϑ if the left most non-zero entry of the vector difference ω ´ ϑ P Z is

positive.

Theorem B.1 ( [20], Theorem 4.3.11). Let I, J be ideals in T . If t is a new variable and

tI ` p1 ´ tqJ is considered as an ideal in T rts, then

I X J “ ptI ` p1 ´ tqJq X T.

Note that, if we compute a Gröbner basis GB of the ideal tI ` p1´ tqJ using the lex ordering in

which t is greater than Xi for all i, then the terms in GB not involving t are a Gröbner basis of

I X J. The following theorem shows that we can use this information to compute a colon ideal.

Theorem B.2 ( [20], Theorem 4.4.14). Let I % T be an ideal and g P T . If th1, h2, . . . , hpu is

a generating set of I X pgq, then th1{g, h2{g, . . . , hp{gu is a generating set of I : pgq.

Next, we compute FK
: pXiq, 1 # i # n, and FK

: phq when Xa0
0 ` G “ hmg for some

forms h, g P T with deg h & 0 and m ! 2.

Let T rts “ Crt,X0, X1, . . . , Xns be the standard graded polynomial ring with the lex

ordering t & X0 & ¨ ¨ ¨ & Xn.

Proposition B.3. Let I “ pXa0
0 ` G, Xa1

1 , Xa2
2 , . . . , Xan

n q % T be an ideal.
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1. If J “ pXiq % T for some 1 # i # n, then

I X J “ pXipX
a0
0 ` Gq, XiX

a1
1 , XiX

a2
2 , . . . , Xai

i , . . . XiX
an
n q.

2. Suppose Xa0
0 ` G “ hmg for some forms h, g P T with deg h “ k & 0 and m ! 2. If

J “ phq, then

I X J “ phmg, hXa1
1 , hXa2

2 , . . . , hXan
n q.

Proof. We start by proving (1). We show that a Gröbner basis of tI ` p1 ´ tqJ % T rts is,

GB “ ttXa0
0 `tG, tXa1

1 , tXa2
2 , tXa3

3 , . . . , tXan
n , pt´1qXi, XipXa0

0 `Gq, XiX
a1
1 , XiX

a2
2 , . . . , Xai

i , . . . XiX
an
n u.

Thus the conclusion follows by Theorem B.1.

To show that GB is a Gröbner basis, we show that Spfi, fjq “ 0 pmodGBq for all distinct

fi, fj P GB. Note that if fi, fj are monomials, then Spfi, fjq “ 0. Also, if the leading terms

of fi, fj are coprime, then Spfi, fjq “ 0 pmodGBq. We compute Spfi, fjq for the remaining

pairs. We have

SptXa0
0 ` tG, tXi ´ Xiq “

tXa0
0 Xi

tXa0
0

ptXa0
0 ` tGq ´

tXa0
0 Xi

tXi
ptXi ´ Xiq

“ tXiG ` XiX
a0
0

“ XipX
a0
0 ` Gq ´ GXip1 ´ tq “ 0pmodGBq.

SpXipX
a0
0 ` Gq, tXi ´ Xiq “

tXiX
a0
0

XiX
a0
0

pXiX
a0
0 ` XiGq ´

tXiX
a0
0

tXi
ptXi ´ Xiq

“ tXiG ` Xa0
0 Xi

“ tXiG ´ XiG ` XiG ` XiX
a0
0

“ pt ´ 1qXiG ` XipX
a0
0 ` Gq “ 0pmodGBq.

SptX
aj
j , tXi ´ Xiq “

tX
aj
j Xi

tX
aj
j

ptX
aj
j q ´

tX
aj
j Xi

tXi
ptXi ´ Xiq

“ X
aj
j Xi “ 0pmodGBq for all 1 # j # n, i ‰ j.

SpXipX
a0
0 ` Gq, XiX

aj
j q “

XiX
a0
0 X

aj
j

XiX
a0
0

pXiX
a0
0 ` XiGq ´

XiX
a0
0 X

aj
j

XiX
aj
j

pXiX
aj
j q

“ XiX
aj
j G “ 0pmodGBq for all 1 # j # n, i ‰ j.

Hence (1) proved.
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To prove (2) we perform similar computations as above and prove that

GB1 “ tthmg, tXa1
1 , tXa2

2 , . . . , tXan
n , pt ´ 1qh, hmg, hXa1

1 , hXa2
2 , . . . , hXan

n u

is a Gröbner basis of tI ` p1 ´ tqJ % T rts. Then the conclusion follows by Theorem B.1.

To prove that GB1 is a Gröbner basis, it is enough to compute the S-polynomials and their

remainder modulo GB1. Consider

Spthmg, tX
aj
j q “

tXa0
0 X

aj
j

tXa0
0

pthmgq ´
tXa0

0 X
aj
j

tX
aj
j

ptX
aj
j q

“ tX
aj
j hmg ´ tXa0

0 X
aj
j

“ tX
aj
j phmg ´ Xa0

0 q “ 0pmodGB1q.

Spthmg, th ´ hq “
tXa0

0

tXa0
0

pthmgq ´
tXa0

0

tXk
0

pth ´ hq

“ thmg ´ thXa0´k
0 ` hXa0´k

0

“ thphm´1g ´ Xa0´k
0 q ` hXa0´k

0

“ thphm´1g ´ Xa0´k
0 q ´ hphm´1g ´ Xa0´k

0 q ` hphm´1g ´ Xa0´k
0 q ` hXa0´k

0

“ pt ´ 1qhphm´1g ´ Xa0´k
0 q ` hmg “ 0pmodGB1q.

Spthmg, hmgq “
tXa0

0

tXa0
0

pthmgq ´
tXa0

0

Xa0
0

phmgq “ 0.

Spthmg, hX
aj
j q “

tXa0
0 X

aj
j

tXa0
0

pthmgq ´
tXa0

0 X
aj
j

Xk
0X

aj
j

phX
aj
j q

“ tX
aj
j hmg ´ thXa0´k

0 X
aj
j

“ tX
aj
j phmg ´ hXa0´k

0 q “ 0pmodGB1q.

SptX
aj
j , th ´ hq “

tX
aj
j Xk

0

tX
aj
j

ptX
aj
j q ´

tX
aj
j Xk

0

tXk
0

pth ´ hq

“ tX
aj
j Xk

0 ´ tX
aj
j h ` hX

aj
j

“ tX
aj
j pXk

0 ´ hq ` hX
aj
j “ 0pmodGB1q.

SptX
aj
j , hX

aj
j q “

tX
aj
j Xk

0

tX
aj
j

ptX
aj
j q ´

tX
aj
j Xk

0

Xk
0X

aj
j

phX
aj
j q

“ tX
aj
j pXk

0 ´ hq “ 0pmodGB1q.
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Spth ´ h, hX
aj
j q “

tXk
0X

aj
j

tXk
0

pth ´ hq ´
tXk

0X
aj
j

Xk
0X

aj
j

phX
aj
j q

“ ´hX
aj
j “ 0pmodGB1q.

Spth ´ h, hmgq “
tXa0

0

tXk
0

pth ´ hq ´
tXa0

0

Xa0
0

phmgq

“ tXa0´k
0 h ´ Xa0´k

0 h ´ thmg

“ thpXa0´k
0 ´ hm´1gq ´ hXa0´k

0

“ thpXa0´k
0 ´ hm´1gq ´ hpXa0´k

0 ´ hm´1gq ` hpXa0´k
0 ´ hm´1gq ´ hXa0´k

0

“ pt ´ 1qhpXa0´k
0 ´ hm´1gq ´ hmg “ 0pmodGB1q.

Sphmg, hX
aj
j q “

Xa0
0 X

aj
j

Xa0
0

phmgq ´
Xa0

0 X
aj
j

Xk
0X

aj
j

phX
aj
j q

“ X
aj
j hmg ´ Xa0´k

0 hX
aj
j

“ hX
aj
j phm´1g ´ Xa0´k

0 q “ 0pmodGB1q.

Sphmg, hX
aj
j q “

Xa0
0 X

aj
j

Xa0
0

phmgq ´
Xa0

0 X
aj
j

Xk
0X

aj
j

phX
aj
j q

“ X
aj
j hmg ´ Xa0´k

0 hX
aj
j

“ hX
aj
j phm´1g ´ Xa0´k

0 q “ 0pmodGB1q for j “ 1, . . . , n.

Hence the proof is complete.

We compute some colon ideals required for the Waring rank computation.

Lemma B.4. Let FK
“ pP “

vÿ

i“0

X ib0
0 Xpv´iqb0

1 , Q “

v´1ÿ

i“0

Xa0`1´pv´1´iqb0
0 Xa1`1´ib0

1 , Xa2
2 , . . . , Xan

n q

where v is the least integer such that a0 ` 1 # vb0 and a1 ` 1 # vb0.

1. If I “ pX2q, then FK
: I “ pP,Q, Xa2´1

2 , Xa3
3 , . . . , Xan

n q.

2. If I “ pX1q, then FK
: I “ pP, Q{X1, X

a2
2 , . . . , Xan

n q.

3. If I “ pX0, X1q, then FK
: I “ pP,Q, Xa2

2 , . . . , Xan
n q.

Proof. To prove part (1) we note that by performing computations similar to Proposition B.3,
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we obtain a Gröbner basis of the ideal tFK
` p1 ´ tqI % T rts given by

GB1 “ ttP, tQ, tXa2
2 , . . . , tXan

n , pt´1qX2, tX
a1`1`b0
1 , X2P, X2Q, Xa2

2 , X2X
a3
3 , . . . , X2X

an
n u.

By Theorem B.2 we obtain the result (1).

We now prove (2). We show that a Gröbner basis of the ideal tFK
` p1 ´ tqI % T rts is

GB2 “ ttP, tQ, tXa2
2 , . . . , tXan

n , pt ´ 1qX1, X
a1`1`b0
1 , X1P, Q, X1X

a2
2 , . . . , X1X

an
n u.

To show that GB2 is a Gröbner basis, we show that Spfi, fjq “ 0 pmodGB2q for all distinct

fi, fj P GB2. Note that if fi, fj are monomials, then Spfi, fjq “ 0. Also, if the leading terms

of fi, fj are coprime, then Spfi, fjq “ 0 pmodGB2q. We compute Spfi, fjq for the remaining

pairs. We have

SptP, tQq “ Xa1`1´pv´1qb0
1 tP ´ Xvb0´pa0`1q

0 tQ

“ tXa1`1`b0
1

“ pt ´ 1qXa1`b0`1
1 ` Xa1`1`b0

1 “ 0 mod GB2.

SptP, tX
aj
j q “ X

aj
j tP ´ Xvb0

0 tX
aj
j

“ tX
aj
j p

v´1ÿ

i“0

X ib0
0 Xpv´iqb0

1 q “ 0 mod GB2.

SptP, pt ´ 1qX1q “ X1tP ´ Xvb0
0 pt ´ 1qX1

“ pt ´ 1qX1p

v´1ÿ

i“0

X ib0
0 Xpv´iqb0

1 q ` X1P “ 0 mod GB2.

SptQ, tX
aj
j q “ X

aj
j tQ ´ Xa0`1

0 Xa1`1´pv´1qb0
1 tX

aj
j

“ tX
aj
j p

v´2ÿ

i“0

Xa0`1´pv´1´iqb0
0 Xa1`1´ib0

1 q “ 0 mod GB2.

SptQ, pt ´ 1qX1q “ tQ ´ Xa0`1
0 pt ´ 1qXa1`1´pv´1qb0

1

“ pt ´ 1qX1p

v´2ÿ

i“0

Xa0`1´pv´1´iqb0
0 Xa1`1´b0´1

1 q ` Q “ 0 mod GB2.

SptQ,Qq “ tQ ´ tQ “ 0 mod GB2.

SptQ,X1X
aj
j q “ X

aj
j tQ ´ tXa0`1

0 X
aj
j Xa1`1´pv´1qb0

1

“ tX
aj
j pQ ´ Xa0`1

0 Xa1`1´pv´1qb0
1 q “ 0 mod GB2.

SptQ,Xa1`1`b0
1 q “ Xvb0

1 tQ ´ tXa0`1
0 Xa1`1`b0

1
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“ Xa1`1`b0
1 p

v´2ÿ

i“0

Xa0`1´pv´1´iqb0
0 Xpv´1´iqb0

1 q “ 0 mod GB2.

SptX
aj
j , pt ´ 1qX1q “ X1tX

aj
j ´ X

aj
j pt ´ 1qX1

“ X1X
aj
j “ 0 mod GB2.

Sppt ´ 1qX1, X
a1`1`b0
1 q “ Xa1`b0

1 pt ´ 1qX1 ´ tXa1`1`b0
1

“ ´Xa1`1`b0
1 “ 0 mod GB2.

SpX1P,Qq “ Xa1`1´pv´1qb0
1 P ´ Xvb0´pa0`1q

0 Q

“ Xa1`1`b0
1 “ 0 mod GB2.

SpX1P,X1X
aj
j q “ X

aj
j X1P ´ Xvb0

0 X1X
aj
j

“ X1X
aj
j

v´1ÿ

i“0

X ib0
0 Xpv´iqb0

1 “ 0 mod GB2.

SpQ,X1X
aj
j q “ X

aj
j Q ´ Xa0`1

0 Xa1`1´ib0
1

“ X1X
aj
j

v´2ÿ

i“0

Xa0`1´pv´1´iqb0
0 Xa1´ib0

1 “ 0 mod GB2.

Therefore

FK
X I “ pXa1`1`b0

1 , X1P, Q, X1X
a2
2 , . . . , X1X

an
n q.

By Theorem B.2 we obtain

FK
: I “ pXa1`b0

1 , P, Q{X1, X
a2
2 , . . . , Xan

n q.

Since

Xa1`b0
1 “ Xa1`b0´vb0

1 P ´ Xvb0´pa0`1q
0 Q{X1

we get

FK
: I “ pP, Q{X1, X

a2
2 , . . . , Xan

n q.

To prove part (3) we first obtain FK
: pX0q. By performing computations similar to the Case

(2) above, we obtain that a Gröbner basis of the ideal tFK
` p1 ´ tqpX0q % T rts is

GB2 “ttP, tQ, tXa2
2 , . . . , tXan

n , pt ´ 1qX0, tX
vb0
1 `

vÿ

i“1

X ib0
0 Xpv´iqb0

1 , X0X
a1`1`b0
1 , Xa0`b0`1

0

X0P, Q, X0X
a2
2 , X0X

a3
3 , . . . , X0X

an
n u.

By Theorem B.2 we obtain

FK
: pX0q “ pXa1`1`b0

1 , Xa0`b0
0 , P, Q{X0, X

a2
2 , Xa3

3 , . . . , Xan
n q
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Moreover,

Xa1`1`b0
1 “ Xa1`1`b0´vb0

1 P ´ Xvb0´a0
0 Q{X0,

Xa0`b0
0 “ Xa0`b0´vb0

0 P ´ Xvb0´pa1`1q
1 Q{X0.

Hence

FK
: pX0q “ pP, Q{X0, X

a2
2 , . . . , Xan

n q.

Therefore we have

FK
: pX0, X1q “

`
FK

: pX0q
˘ $ `

FK
: pX1q

˘

“ pP,Q,Xa2
2 , . . . , Xan

n q.

Hence the proof is complete.
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Appendix C

Artinian Gorenstein algebras and bilinear

map

In this chapter, we recall some properties of AG k-algebras and bilinear maps. Some of these

properties are well-known, but we have added details of some results for the sake of complete-

ness.

C.1 AG k-algebras

Let pR,Mq be a local ring over a field k – R{M. In this subsection we recall that there is a one-

many correspondence between AG quotients of R and k-linear maps from R Ñ k satisfying

certain conditions. This map induces a non-degenerate bilinear map from A ˆ A Ñ k.

Proposition C.1. Let pR,Mq be a local ring over a field k. There is a one-many correspon-

dence between the following sets:

$
’’’&

’’’%

AG quotients A of R

of socle degree s

,
///.

///-
.Ñ

$
’’’&

’’’%

k-linear map ⇁ : R Ñ k such that

⇁ |Ms`1“ 0,⇁ |Ms‰ 0.

,
///.

///-

Here A “ R{J with J “ th P R | ⇁pRhq “ 0u.

Proof. Refer to [38, Lemma 1.1].
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C.2 Properties of bilinear maps

Let k be a field and V,W be finite-dimensional k-vector spaces. Recall that a map ⇁ : V ˆW Ñ

k is said to be bilinear if it satisfies the following properties: for any x, y P V, z, w P W and

ω P k,

(i) ⇁pωpx ` yq, zq “ ω⇁px, zq ` ω⇁py, zq;

(ii) ⇁px,ωpz ` wqq “ ω⇁px, zq ` ω⇁px, wq.

Let ⇁ : V ˆ W Ñ k be a bilinear map. For a subset S of V, we define a subset SK of W

as

SK
:“ tw P W | ⇁pv, wq “ 0 for every v P Su.

Similarly, if T is a subset of W, then a subset AnnV pT q of V is

AnnV pT q :“ tv P V | ⇁pv, tq “ 0 for all t P T u.

Note that both AnnV pT q and SK are subspaces of V and W, respectively. For subsets S,O

of V recall that

S ` O :“ tx ` y : x P S and y P Ou.

Proposition C.1. Let ⇁ : V ˆ W Ñ k be a bilinear map and S,O $ V, and T, U $ W are

subsets. Then

(i) If T $ U , then AnnV pUq $ AnnV pT q.

(ii) If S $ O, then OK
$ SK.

(iii) AnnV pT ` Uq “ AnnV pT q X AnnV pUq.

(iv) pS ` Oq
K

“ SK
X OK.

Proof. Easy to check.

Throughout, for any k-vector space V , we set Vq
:“ HompV, kq. For a subset S of V, let

p0: VqSq :“ tf P Vq
: fptq “ 0 for all t P Su.

Note that p0: VqSq is a subspace of Vq. We denote the k-vector space dimension of V by dimV.
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Proposition C.2. Let V,W be finite dimensional vector spaces of the same dimension, and

S $ V, T $ W are subspaces. Let ⇁ : V ˆ W Ñ k be a bilinear map.

(i) If the k-linear map ⇁1
: V Ñ HompW, kq induced by ⇁ is injective, then

p0: WqT q – AnnV pT q.

Moreover, dimAnnV pT q “ dimW ´ dimT.

(ii) If the k-linear map ⇁2
: W Ñ HompV, kq induced by ⇁ is injective, then

p0: VqSq – SK.

Moreover, dimSK
“ dimV ´ dimS.

(iii) If ⇁ is non-degenerate, then

AnnV pSK
q “ S, pAnnV T q

K
“ T.

(iv) Assume ⇁ is non-degenerate. Let S,O be subspaces of V and T, U be subspaces of W .

Then

pS X Oq
K

“ SK
` OK, AnnV pT X Uq “ AnnV pT q ` AnnV pUq.

Proof. (i) Since dimV “ dimW , dimV “ dimWq. Therefore, if

⇁1
: V Ñ HompW, kq “ Wq

induced by ⇁ is injective, then ⇁1 is surjective as well. Hence ⇁1 is an isomorphism.

Let ψ be the restriction map of φ1 to AnnV pT q, that is ψ : AnnV pT q Ñ Wq is defined as

ψpvq “ φ1
pvq. Note that for v P AnnV pT q,

φ1
pvqptq “ φpv, tq “ 0 for all t P T.

Hence ψpvq “ φ1
pvq P p0: WqT q. Therefore impψq $ p0: WqT q. Clearly, as φ1 is injective, ψ is

injective. Also, for any f P p0: WqT q, surjectivity of φ1 implies that there exists v P V such that

φ1
pvq “ f. Then v P AnnV pT q because

φpv, tq “ φ1
pvqptq “ fptq “ 0 for all t P T.

Thus ψpvq “ φ1
pvq “ f. Hence impψq “ p0: WqT q. Thus we get AnnV pT q – p0: WqT q.
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In order to compute the dimension of AnnV pT q, first observe that p0: WqT q » pW {T q
q. Hence

dimAnnV pT q “ dimp0: WqT q “ dimpW {T q
q

“ dimW {T “ dimW ´ dimT.

(ii) Proof is similar to (i).

(iii) We have

dimAnnV pSK
q “ dimW ´ dimSK (from (i))

“ dimW ´ pdimV ´ dimSq (from (ii))

“ dimS (since dimW “ dimV ).

Since S $ AnnV pSK
q, we obtain that AnnV pSK

q “ S.

Similarly, pAnnV T q
K

“ T is proved.

(iv) We have

AnnV pSK
` OK

q “ AnnV pSK
q X AnnV pOK

q pby Proposition C.1 piiiqq

“ S X O pby part (iii)q.

Therefore we obtain

pS X Oq
K

“ pAnnV pSK
` OK

qq
K

“ SK
` OK

pby part (iii)q.

Similarly, AnnV pT X Uq “ AnnV pT q ` AnnV pUq is proved.
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