Hilbert functions in Waring decomposition and
singularity theory

A thesis submitted in partial fulfillment of

the requirements for the degree of
Doctor of Philosophy
by

Meghana Bhat
(Roll No. MA21DPF01)

Under the guidance of
Prof. Shreedevi K. Masuti

*%
//-

umfammﬁgaﬂ?‘:n
239.30.830. F0zZ3

ar. ut. §. €TIdTsS
IIT DHARWAD

}/f-

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY DHARWAD
June, 2026



To my parents and family



Abstract

This thesis focuses on the study of the Hilbert functions and its applications to Waring decom-
position of homogeneous polynomials (forms) and singularity theory. Chapters [2] and [3| are
devoted to the study of Waring decomposition and computation of rank of special binomials
and more forms. In Chapters 4| and |5| we give applications of Hilbert functions in singularity
theory. We characterize Gorensteinness of associated graded rings using Hilbert functions.

Chapter [2| is motivated by the question of understanding the minimal apolar sets of ho-
mogeneous polynomials that arise in the Waring decomposition. In particular, we study forms
of the type F' = (z] + -~ + 22 )(yi + -+ + y2). Form = 1,m = 2, and for any n, using
projections we describe: the forbidden locus, the structure, and the Hilbert function of all min-
imal apolar sets. In particular, we show that every minimal apolar ideal has the same Hilbert
function. Moreover, we obtain that all defining ideals have the same canonical form up to the
orthogonal action. For m,n > 3, we provide new lower and upper bounds for the Waring rank.

In Chapter [3| our goal is to understand the Waring rank of certain families of forms. First,
we give a formula for the Waring rank of forms whose annihilator ideal is of the type (X;° +
G, X{', X5, ..., X;") where G is a homogeneous form of degree ay with degy, G < ay.
We call such ideals quasi-monomial complete intersections. As an application, we compute the
Waring rank of all binomials whose annihilator ideal is a complete intersection.

In Chapter 4] we present our study on symmetric decomposition of the Hilbert function of
an ideal in an Artinian Gorenstein (AG) local k-algebra A. This is motivated from the work
of A. Iarrobino on the symmetric decomposition of the Hilbert function of A. This became
a very powerful tool for classifying the Hilbert functions of AG k-algebras. We introduce the
symmetric decomposition of the Hilbert function of any ideal / in A. Using this we characterize
Gorensteinness of G(I). Our hope is that this result will be useful in classifying the possible
Hilbert function of an ideal in an AG k-algebra. We illustrate this by giving a complete list of

2-admissible sequences of length at most 3 and with hy = 2 that are realizable by an ideal in an
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AG k-algebra.

Chapter [5]is devoted to understand Gorensteinness of associated graded rings of a filtration
F in a Gorenstein local ring. We give a criterion for Gorensteinness of the associated graded
ring of F in terms of the Hilbert coefficients of F in some cases. Further, we present ring-
theoretic properties of the normal tangent cone of the maximal ideal of A = S/(f) where
S = K|x,y,...,yn] is a formal power series ring over an algebraically closed field K, and

b+1’ and

f =z% — g(yla s 7ym), where g is a pOlynomial with g€ (yla s 7ym)b\(y17 s 7ym)
a, b, m are integers. We show that the normal tangent cone G (m) is Cohen-Macaulay if a < b

and a # 0 in K. Moreover, we give a criterion of the Gorensteinness of G(m).
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Notation

k a field.

Rk F' Waring rank of F'.

Wr Waring locus of F.

Fr Forbidden locus of F'.

I(X) defining ideal of the variety X < P".

HF (X, 1) Hilbert function of 7'/1(X) at i.

Ft annihilator ideal/perp ideal.

Sing(V) Singular locus of the variety V.

%4 Hom, (V, k).

G(I) associated graded ring of an ideal  — A.
F Hilbert filtration.

G(F) associated graded ring of a filtration F.
HSqr)(2) Hilbert series of G(F) in the variable z.
rq(F) reduction number of F with respect to ().
r(F) reduction number of F.

nrq(F) relative reduction number of F with respect to Q.
nr(F) relative reduction number of F.
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“Mathematics is the music of reason”

- J. J. Sylvester

“Symmetry, as wide or as narrow as you may define its meaning, is one idea by which man
through the ages has tried to comprehend and create order, beauty and perfection.”

- Hermann Weyl






Chapter 1

Introduction

The theme of this thesis is Hilbert functions. We focus on its applications to Waring decompo-
sition and singularity theory.

Commutative algebra is a tool for studying polynomials and the algebraic structures de-
rived from them. One of the foundational developments comes from the work on polynomials,
invariants, and syzygies by Hilbert in 1890. In [32]] Hilbert introduced what is now called the
Hilbert function, an invariant that measures the size of the graded pieces of a graded algebra.
Although defined in elementary linear-algebraic terms, the Hilbert function encodes deep ge-
ometric and algebraic information. In the projective setting, it determines important discrete
invariants of a projective variety, including its dimension, arithmetic genus to mention a few.
More generally, Hilbert function has become a fundamental tool in commutative algebra and al-
gebraic geometry, with applications in areas ranging from the study of syzygies and resolutions
to tensor decomposition, singularity theory, and combinatorics.

Let T = k[Xo, X1,...,X,] be a standard graded polynomial ring over a field &, and let
I < T be a homogeneous ideal. Then R = T'/I is a standard graded k-algebra. The Hilbert
function of R is defined by

HF(R, ) = dimy R; = dim,(T/1);, fori > 0.

Thus, HF (R, i) records the dimension of the degree i component of R. Equivalently, it measures
the number of linearly independent forms of degree © modulo the relations imposed by the ideal
I. For basic properties of HF (R, i), we refer to [7].

One of the reasons Hilbert functions are so useful is that they compress subtle algebraic

information into a numerical profile. In the Artinian case, the Hilbert function is a finite se-
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quence, and its shape is constrained by strong algebraic conditions. For Artinian Gorenstein
algebras, for example, the Hilbert function often reflects duality and symmetry phenomena.

Hilbert functions also arise naturally in singularity theory. If one studies the local ring of
a singular point on a variety, then the Hilbert function of the local ring and of its associated
graded ring captures important information about the singular points. In particular, the Hilbert -
Samuel function and the corresponding Hilbert—Samuel polynomial encode the multiplicity of
the singularity, one of its most fundamental numerical invariants. The associated graded ring
with respect to the maximal ideal encodes the tangent cone of the singularity, and its Hilbert
function provides numerical information about the local structure of the singular point through
the dimensions of the quotients m’/m’*'. In the study of Artinian Gorenstein local algebras,
Hilbert functions place strong constraints on the possible local algebra structures and therefore
on the singularities they represent. Thus, in both projective and local settings, Hilbert functions
provide a unifying numerical invariant through which one can approach questions of geometry,
algebra, and singularities.

In this thesis, we present two problems of different flavors: Waring decomposition and
problems in singularity theory: symmetric decomposition of the Hilbert function of an ideal
and Gorensteinness of associated graded rings in terms of Hilbert coefficients, where the under-
standing of Hilbert functions plays a great role.

The first part of the thesis concerns the Waring rank problem for forms, where Hilbert
functions of apolar algebras and characterization of Hilbert functions of ideals defining distinct
points in projective space is very useful.

Let S = C|x, ..., x,] be the standard graded polynomial ring over C, and let F' € S be a
homogeneous polynomial of degree d, also known as a degree d form. It is well known that [39]]

there exist L1, ..., L, € Sy such that

F:i%w,
i=1

for some o; € C, 1 < ¢ < r. Such a decomposition of F' is called a Waring decomposition or
sum of powers decomposition. The least integer r such that there exists a Waring decomposition

of F' with exactly » summand is called the Waring rank of F, denoted by
Question A. Given F' € S;, compute the Waring rank and a Waring decomposition of F'.

This simple looking problem is extremely difficult to solve. Formal hardness is proved

in [68]]. It is a special case of tensor decomposition, since homogeneous polynomials may be
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identified with symmetric tensors and Waring decompositions correspond to decompositions
into symmetric rank-one tensors. Because of this, the problem is relevant not only in com-
mutative algebra and algebraic geometry, but also in areas such as algebraic statistics, signal
processing [44]], quantum information theory [3,/10], and complexity theory [45-47].

One of the landmark results in the Waring rank problems is due to J. Alexander and A.
Hirschowitz, where they determined the rank of a generic form [1]. However, despite our
understanding of the generic case, computing the Waring rank of a specific polynomial remains
a challenging open problem; no efficient algorithm is currently known.

Significant progress has been made for specific families of polynomials. For example, the
Waring rank of binary forms was classically known due to Sylvester. In [69,(70] an algorithm
to compute the Waring rank of binary forms is presented. Similarly, the Waring rank of a
quadratic form in any number of variables is classically known, as it coincides with the rank of
the associated symmetric matrix.

In more recent years, the rank has been determined for several other families: The War-
ing rank of monomials is obtained in [[11,/13]. The Waring rank of binary binomials, and of
elementary symmetric polynomials are computed in [8] and [48]], respectively. The study of
reducible forms has also been a subject of long-standing interest due to their importance in
analysis. While the rank of a quadratic form itself is elementary, the ranks of its powers are
far more intricate and have been studied extensively in [25,/61]]. The Waring rank of reducible
cubic forms was specifically investigated in [[16]. More recently, the rank of broader classes of
reducible forms has been explored in [18].

Given a linear form L appearing in a Waring decomposition of F', one naturally associates
it with a point of P". With this connection, Apolarity Lemma provides a beautiful link
between Waring decompositions and projective geometry. Nevertheless, the structure of the
point configurations arising from minimal decompositions is still far from being understood.
Even when the numerical value of the rank is known, the corresponding minimal apolar sets
often remain geometrically mysterious. Understanding these sets more deeply may lead to new
insight into the Waring rank.

This motivates the following question:

Question B. Given F' € S, describe algebraic and geometric properties of the minimal apolar

sets of F.

For instance, in [[11], the authors proved that every minimal apolar scheme to a monomial
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is a complete intersection. A systematic investigation of the structure of minimal apolar sets was
initiated in [[14]], where they introduced the concept of Waring loci of F' - a set of all linear forms
that appear in some minimal Waring decomposition of F', and forbidden loci - a complement of
the set Waring loci in IP". In this thesis, we continue this line of inquiry by focusing on products
of two quadratic forms.

Our main results of Chapter 2] are summarized below:

Theorem L. A. Let F = 2*(y} + - - - +y2) withn > 2. If X is a set of Rk F' = 3n distinct points
apolar to F', then the following facts hold:

i) The forbidden locus of F is

Fr=V(YZ+ - +Y2),

ii) If Y is the projection of X from V(Y1,...,Y,) on V(X), then Y is a set of n distinct

points in linear general position, that is

and HF (Y, i) = n fori > 3.

iii) LetY = {Q1,...,Qn}. If \; = {Q;, P), where {Q;, P) denotes the linear span of Q; and

P=[1:0:0:---:0], then X n A; is a set of three distinct points for 1 < i < n.

iv) The Hilbert function of X is

and HF (X, 1) = 3n for i > 3.
v) Up to change of coordinates, the ideal of X is

[(X) = ({YiYj haicjon, X*+ ) Li(Y? = Y7)

=2

for linear forms L; € C[X,Yy,...,Y,],2<i<n.
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Qo - V(X)

Figure 1.1: A minimal apolar set of ' = 2°(y7 + --- + y2): red dots represent apolar points

contained in n-lines with 3 points on each line.

Our proof techniques make use of the Hilbert function of the annihilator ideal F'* and the
Apolarity Lemma 2.1.11 Note that for F' = 2°(y? + - - - + y2), the Waring rank was known [12,
Proposition 4.4]. In the case where ' = (22 + 23)(y? + - - - +%2), we also calculate the Waring

rank. The second main result in Chapter [2is the following:

Theorem L. B. Let F' = (23 + 23)(yi + -+ + y2) and n > 2, then Rk F' = 4n. If X is a set of

4n distinct points apolar to F', then the following facts hold:

i) The forbidden locus of F' is given by

Fr=V(X2 4+ XHUOVY2+ - +Y?).

ii) If' Y is the projection of X from V (Y1, ..., Y,) on V (X1, Xy), then Y is a set of n distinct

points in linear general position, that is

and HF (Y, i) = n fori = 3.

iii) Let Y = {Q1,...,Qn}and let ¢ =V (Y1,...,Y,). If Ay = {{,Q;), where {{,Q;) denotes
the linear span of { and Q);, then X n A; is a set of four distinct points for 1 < i < n

contained in two lines passing through @);.
iv) Up to change of coordinates, the ideal of X is

[(X) = ({YiY]hi<icjcn, Q1, Qo)
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where Q) = X} +2 (Y2 —Y?), Qy = X3 —i—Zﬁi(Yf —Y7?) for some «;, B; € C\{0},
i=2 =2
2<1< nandZai # 0, ZBZ # 0.
i=2 i=2

v) If W is the projection of X from V (X1, X3) on V(Y1,...,Y,), then W is a set of 2k

points with k < n.

VY1, Ys, ..., Ys)

NQ,
V(Xl,XQ)

Figure 1.2: A minimal apolar set of F' = (23 +23)(y% + - - - +y2): black dots represent minimal

apolar points contained in n-planes with 4 points on each plane.

Further, we obtain new bounds on the Waring rank of the product of Fermat squares.

Theorem I. C. Letn = m = 3. Ifwelet F = (2% + - 4+ 22)(y2 + - - - + y?2), then

m

n(m +2) < Rk F' < 2mn.

In Chapter [3|our focus is on computing the Waring rank of special forms whose annihila-
tor ideal is a quasi-monomial complete intersection. One of the simplest forms after monomials
is binomials. In [9], the Waring rank of binary binomials is computed. Recently, the War-
ing decomposition of special binomials in [[17] is studied motivated by their connections with
complexity theory. Our goal is to compute the Waring rank of binomials inspired by recent
works [2,[21,67], where the authors characterized binomials F' such that the corresponding ap-
olar algebra T'/F'* is a complete intersection, where " = C[Xy,..., X,] and F" is a set of
all partial derivatives that kill F'. In fact, they showed that the annihilator ideal F* of such a
binomial F' is a quasi-monomial complete intersection in “most” of the cases, that is, an ideal
of the form

Fr= (X + G, XM, X592, .., Xo)
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where G is a homogeneous form in 7" of degree ag with degy G’ < ao. Motivated by this, more

generally, we ask:

Question C. Compute the Waring rank of a form F € S; whose annihilator ideal F+ < T is
a complete intersection of the form (X§° + Go, X{* + G1,..., X + G,,) where deg G; = a;

and degy, G; < a; for 0 < i < n.

We answer Question [C|when G; = --- = G, = 0. Our proof techniques are motivated by
the computation of the Waring rank of monomials. For the case of quasi-monomials, we first
employ e-compatibility to establish a definitive lower bound on the rank. We then prove this
bound is sharp by constructing a set of distinct points within F= whose cardinality matches this
bound. By the Apolarity lemma, we achieve the rank in this case. Our result is summarized

below:

Theorem IL. A. Let F € T be such that F+ = (X{° + G, X, X2, ..., X™) where G is a
form of degree ag with degx, G < agand a; < az < -+ < a,. Then

r n

aol_[ a; if&l < ag or
Jj=2

a; > ag and (X§° + G) does not have a multiple factor.
Rk F' =

H a; if ay > ag and (X§° + G) has a multiple factor.

Using a description of the generators of binary binomial F* given by Shibata [67, Theorem 1.3],
we reprove the Waring rank of binary binomials proved by Brustenga i Moncusi, and Masuti

in [8, Theorem 3.1].

Theorem IL. B. Let F = z3°x" (22 — 2°) be such that by, ag, a, € Nwithby = 1,0 < ag < a;.

Let v =min{i | ag + 1 < iby}, w = min{i | a; + 1 < iby}. Then we have the following:

v<w a1+ 1<ag+byg+1landa; +1—vby = 2 Rk F=ag+by+1

Otherwise RkF =a; +1.

v=w |vbyp=ay+a+2—(v—1)bg, a1 +1—(v—1)bp <1 | Rk F=ay+a1+2—(v—1)by

Otherwise Rk F' = vbg.




We now present our results on the Waring rank of binomials whose annihilator ideal is
a complete intersection. We note that by the results of [2,21,67] such F* in most cases is
a quasi-monomial complete intersection. But to apply the result of quasi-monomial complete
intersection in the case of the Waring rank of binomials, we need to know whether a certain
generator of the annihilator ideal is square-free, which in general is not an easy task. In the rest
of the cases, we use a different method to compute the rank.

Note that if F is a binary binomial, then F'* is a complete intersection, since Artinian
Gorenstein ideals in codimension two are complete intersections. We first present the case

when F' = F| F, and F) is a binary binomial and F5 is a monomial.

Theorem IL C. Let F = F\F, where Fy = 20029 (230 — 2%), and Fy = 252 - - - 2% such that

ag < ay, and as < -+ < ay. Let A = min{ay + 1, a0 + by + 1}, and
v=min{i | ag + 1 <iby}, w =min{i|a; + 1 <iby}.

If v < w, then

1 n
%H(alﬂ—l) fAx<a +1lor(ag+1<Xtanda; +1—vby <1)

1

-
Il

Rk F =

(ag+bo+1)| [(a; +1)  otherwise.

—

)

Il
N

If v = w, then we have the following cases:

( n

deg P deg () (H(ai + 1)) if one of the following holds:

i=3
(1) ag + 1 < min{deg P, deg Q}

(77) deg P < as +1 < deg@
Rk F = <

(1ii) deg @ < ag + 1 < deg P and Q is square-free

Rk Fy <H(ai + 1)) otherwise,

=2
v v—1
where F+ = [ P = 2 XébOXl(”—i)bO7 Q= 2 Xgo+1—(v—1—i)b0Xil1+1—z’b0 .
i=0 i=0
The next case we consider ' = F) F5 such that ] is a binomial in at least three variables

such that " is a complete intersection and F} is a monomial.
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Theorem II. D. Let F' = xgox‘fl cextn(al — 2% gt Write F = F\F, where Fy =
280z -k (2l — 2% 2% a binomial with b; # 0 for 1 < i < k, byyy = -+ = b, = 0,

. . . . . a
F IL is a quasi-monomial complete intersection and Fy = x, ' - - - a3

forsome 1 < k < n, and
appl < - < ap.

If2 <k <n, then

( k n
(ai+b;+1) [] (@+1) if\<ag+1
i=1 i=k+1
Rk F' = < ) .
H(ai + b, + 1) H (a; + 1) otherwise
i=1 i=k+1

where A\ = min({a; + b; + 1 | 1 <i < k} u {ags1 + 1}).

Note that using the characterization of [21,|67], the above two theorems exhaust all the
binomials whose annihilator ideal is a complete intersection.

In Chapter 4| we prove symmetric decomposition of Hilbert function of an ideal in an
Artinian Gorenstein (AG) local ring. Let (R, M) be a local ring over a field £ where k = R/ M
and J an ideal in R such that A = R/J is an AG k-algebra. One of the most important
numerical invariants associated with an AG k-algebra is its Hilbert function. Classifying the
Hilbert function of AG k-algebras is a widely open problem in commutative algebra. They
have been characterized in certain cases, see [|6,(37,!43,49./54]. In this section, our results are
in the direction of understanding the structure of the Hilbert function of /, namely, the Hilbert
function of its associated graded ring G(I) = ®, 01" /I"*" for any ideal I in A. The associated
graded ring G(/) plays an important role in algebraic geometry, in particular in the resolution
of singularities. There has been a lot of research in the literature on studying the properties of
G(I) in terms of the properties of I and a local ring A of any dimension (not just AG k-algebra),
see [19,127,34,59,/62-64,71].

For a standard graded Sp-algebra where Sy is an Artinian ring, S = €|—> S; the Hilbert
function HF : Z — Z is defined as HF (S); = (s, (.S;) where (s, (.S;) denotefszghe length of S;
as Sp-module. It is well known that the Hilbert function of a graded AG k-algebra is symmetric.
This is no longer true with the Hilbert function of a local AG k-algebra. However, A. larrobino

in [38]] developed a beautiful theory that shows the Hilbert function of an AG k-algebra admits

a symmetric decomposition, namely,

=2H(a)



where H (a) is symmetric about (j —a)/2. Here j is the socle degree of A, that is the, maximum
integer such that m’ # 0. This became a very powerful tool in classifying the Hilbert functions
of local AG k-algebras (see, for example [54]). Recently, there has been intense research on
this symmetric decomposition, for instance in [41]], the authors have studied the possible vectors
H(a) in a symmetric decomposition of the Hilbert function of AG k-algebra, and in [40], the
authors have studied its interaction with Jordan type. Very recently, M. Wojtala has extended
the symmetric decomposition theory to self-dual modules in [72].

We introduce a symmetric decomposition of the Hilbert function of an arbitrary ideal in

an AG local k-algebra. We prove that:

Theorem III. A. Let (A, m) be an AG k-algebra, and I an ideal in A such that I* # 0 and

I"*Y = 0. Then the Hilbert function of I has a decomposition
HF(G(1)); = ), H(a)s,
a=0
where H(a) is symmetric about (u — a)/2.

As a consequence, we recover a result by W. Heinzer, M.-K. Kim, and B. Ulrich in [31]],
which asserts that G(I) is Gorenstein if and only if the Hilbert function of G(I) is symmetric.

Our hope is that Theorem will be useful in classifying the Hilbert function of an
ideal in an AG k-algebra. One of the difficulties in understanding the structure of the Hilbert
function of G(I) is that, in this case G(I)y = A/I, which is not a field unless / = m. In [5] C.
Blancafort and S. Nollet characterized the Hilbert functions of standard graded algebras of the
form Ry[x1,...,xp|/I where Ry is an Artinian ring. They call such a sequence a b-admissible
sequence. This result generalizes a result of Macaulay which characterizes the Hilbert functions

of standard graded algebras over a field [50]. We ask:

Question D. Which b-admissible sequences occur as the Hilbert function of G(I) for some

ideal I in an AG k-algebra A?

We call a sequence that occurs as the Hilbert function of G(I) for some ideal I in an AG
k-algebra A as an [-Gorenstein sequence. Note that a Gorenstein sequence refers to a sequence
that occurs as the Hilbert function of some AG k-algebra. To the best of our knowledge, this
is the first time realizable Gorenstein sequences are studied in this generality. As with the case
of Gorenstein sequences, the classification of b-admissible sequences that are /-Gorenstein is a

difficult problem. We are far from having a complete solution. However, we want to investigate
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the problem in certain cases. For instance, the structure of the Hilbert function of AG k-algebra
of codimension two is well known [49,51]. Inspired by this, we investigate the structure of the

Hilbert function of an ideal in a codimension two AG k-algebra.

In Chapter [5| we study the Gorenstein property of associated graded rings arising from
filtrations of m-primary ideals. These graded rings encode asymptotic information about the
filtration and have been studied extensively as a bridge between local algebra and the geometry
of singularities. In particular, their homological properties, especially the Cohen—Macaulayness

and Gorensteinness, often provide information of the underlying local ring and its ideals.

In Chapter |5 our study shows that the Gorensteinness of an associated graded ring can
often be detected through Hilbert coefficients The Hilbert function of a filtration agrees
for large values with a polynomial, and the coefficients of this polynomial carry important
numerical information about the filtration. These coefficients have long been used to study
depth, multiplicity, and reduction numbers. We show that they also provide effective criteria for

determining when the associated graded ring is Gorenstein.

Our motivation comes in part from two important classes of filtrations: the ordinary /-adic
filtration {I"},cz and the integral closure filtration of ideals. The latter is particularly signifi-
cant in the study of singularities, where integral closure and normalization play a fundamental
role. Even when the local ring is Cohen—Macaulay or Gorenstein, the corresponding associ-
ated graded rings are often far from well-behaved. For instance, it has been observed that G(I)
and G(I) are rarely Cohen-Macaulay even if A is Cohen-Macaulay. A lot of attention in the
literature is devoted to obtain criteria for G(F) to be Cohen-Macaulay in terms of Hilbert coef-
ficients and/or reduction number, with particular attention to the filtration {/"},,cz and {I"},.cz.
For instance, it is well-known that if 7(F) < 1 in a Cohen-Macaulay local ring, then G(F) is
Cohen-Macaulay [53]. Also, it is known that if e;(F) = 0 in a Cohen-Macaulay local ring,
then G(F) is Cohen-Macaulay [53]]. For these reasons, a lot of research is devoted to obtain
a sharp bound on the Hilbert coefficients and reduction number, and studying the behavior of

G(F) when these bounds are extremal.

A key ingredient in our approach is the relation between Gorensteinness and the Hilbert
series of the associated graded ring. We prove that for Hilbert filtrations over a Gorenstein local
ring, once the associated graded ring is Cohen—Macaulay, its Gorensteinness is equivalent to
the symmetry of the numerator of its Hilbert series. This reduces the problem to a numerical

one and allows us to express Gorensteinness in terms of Hilbert coefficients. We then study
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this problem in situations where the reduction number is small, and more generally when a
suitable relative reduction number is extremal. In these cases, the Hilbert series can be computed
explicitly, which leads to concrete numerical criteria for Gorensteinness. In particular, we obtain
characterizations in terms of the first few Hilbert coefficients when the reduction number is at
most two, and more generally in cases where the relative reduction number attains its maximal
possible value.

Our main results on understanding Gorensteinness of associated graded rings are summa-
rized below: The following result establishes a criterion for Gorensteinness in terms of Hilbert

coefficients in a d-dimensional Gorenstein local ring.

Theorem IV. A. Let (A, m) be a d-dimensional Gorenstein local ring, F = {F, }nez a Hilbert
filtration. Suppose G(F) is Cohen-Macaulay. Let

ho + hat + - - - + hyt®
(L—t)

HS(r)(2) = (he # 0)

be the Hilbert series of G(F). Then G(F) is Gorenstein if and only if hs_; = h; for all
i=0,1,...,s

We use this result to characterize the Gorensteinness of G(F) in terms of the Hilbert
coefficients.

A first result in this direction is obtained when r(F) < 2.

Theorem IV. B. Let (A, m) be a Gorenstein local ring of dimension d > 1. Let F = {F,} ez

be a Hilbert filtration.
(@) Let r(F) = 1. Then G(F) is Gorenstein if and only if eq(F) = 2e1(F).

(b) Suppose there exists a minimal reduction Q) of F such that rqo(F) = 2 and FonQ = QF).
Then G(F) is Gorenstein if and only if eo(F) = e1(F).

We make an additional assumption when r(F) = 2, namely: there exists a minimal re-
duction () of F such that r¢(F) = 2 and F, n ) = QF;. With these conditions we prove that
G(F) is Cohen-Macaulay, and compute the Hilbert series of G(F). Notice that this condition is
not restrictive. For instance, the filtrations 7 = {I"},cz and F = {m"},,cz satisfy this criterion.
Hence, as a consequence of our result, we obtain a criterion for Gorensteinness of G(I). This

recovers and extends a recent result by Okuma, Watanabe, and Yoshida in [58]].
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In order to compute the Hilbert series of G(F), we introduce the notion of relative re-
duction number for Hilbert filtration F. This is inspired by the definition of relative reduction
number for normal filtrations defined in [57]] in dimension two.

We derive an upper bound for the relative reduction number of a filtration nr(F) when the
depth of G(F) is almost maximal.

We also examine the conditions under which nr(F) achieves that upper bound, which
serves as a crucial technical assumption for the computation of the Hilbert series of G(F).
If the upper bound is achieved, then we say the filtration F has maximal relative reduction
number. In this case, we are able to compute the Hilbert series of G/(F) and obtain a criterion

for G(F) to be Gorenstein when 7(F) > 2. Our main result is summarised below:

Theorem IV. C. Let (A, m) be a Cohen-Macaulay local ring of dimension d > 1 and F =

{F,.}nez a Hilbert filtration. Suppose that r = nr(F) = 2 is maximal. Then

(a) The Hilbert series of G(F) is

HSgum (1) = 2 (6002 - ?)d_ DEEY here X = ((A/F,).

(b) G(F) is Gorenstein if and only if G(F) is Cohen-Macaulay and F; = m (resp. F; = m
and eg(m) = 2) if r = 2 (resp. r = 3).

We include some interesting examples of semigroup rings in dimension one and use our
criteria to detect Gorensteinness of G(m).

In the last section of this chapter, we discuss the Gorensteinness of associated graded
rings of integral closure filtration of the maximal ideal in a Zariski-type hypersurface ring. Let
K be an algebraically closed field, and let m > 1, 2 < a < b be integers, and put S =
K[[z,91,...,ym]] be a formal power series ring with (m + 1)-variables over K. Put y =

Y1,---,Ym. Let g, f be polynomials such that

g = gly) e\,

=1

—~

r,y) = 2" — g(y).

Then a hypersurface A = S/(f) is called “Zariski-type hypersurface” if a # 0 in K. We give a

criterion for G'(m) to be Gorenstein in the case where A is a Zariski-type hypersurface.

Theorem IV. D. G(m) is Gorenstein if and only if b = 0,d (mod a) where d = ged(a, b).

Moreover,
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(a) Ifb=0 (mod a), then G(m) is a reduced, hypersurface.
(b) Ifb=d (mod a) and d = 1, then G(m) is a non-reduced, hypersurface.

(¢) Ifb = d (mod a) and d > 1, then G(m) is a complete intersection but not a hypersurface.
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Chapter 2

Waring decompositions of the product of

two quadrics: the small rank cases

In this chapter, we present our study on the Waring decomposition of the product of quadrics. In
Sections|2.2] and[2.3|we study the specific forms 22(y7 + - - - +42) and (2% +23) (y? + - - - +y2).
In particular, we study the structure, the defining ideal, and the Hilbert function of all minimal
apolar sets. As a result, we compute the forbidden locus of these forms. In the final Section
of this chapter, we present new lower and upper bounds for the Waring rank of forms of the

type (7 + -+ xn)(yi + -+ y2).

2.1 Basic results

In this section, we prove some technical lemmas on upper bounds for Hilbert function and

change of coordinates.

For the first result of this section, we set S = C|[xy, ..., x,] be the standard graded poly-
nomial ring and let T = C[Xj,..., X,,]| be the ring of differential operators on S. An im-
portant tool, which is useful in the study of Waring rank problems is the apolarity action. Let
T = C[ Xy, ..., X,] be a polynomial ring over C. The apolarity action of 7" on S is defined on

monomials by

a a.
bn ao an bo

) = G )
n

XgOXZnO(ISOI

and then extended linearly on S and 7. For more properties, refer Appendix
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Given a homogeneous form F' € S, using the apolarity action, we write annihilator ideal
of F'as

Ft={geT|goF =0}
!
Given a Waring decomposition F' = Z L‘j where L; = a;,0xg + a;1x1 + - - - + a;px, for all
i=1
1 <7 <[, we associate a set of / distinct points

X={[aw:a11: - :am], -, [ao:an: - :ay]} <P

The following lemma shows a beautiful connection between the set of points associated to

a Waring decomposition and apolarity theory.

Lemma 2.1.1 (Apolarity Lemma, [39]]). Let F' € S, be a homogeneous polynomial of degree d.

!
Then F' has a Waring decomposition F' = Z L¢ ifand only if I(X) F* where X is the set of

=1
distinct points corresponding to the linear forms L;.

It is known that T'//F* is an Artinian Gorenstein ring. Recall that X is said to be apolar to
F if I(X) < F*, and we call 1(X) an apolar ideal of F. If X is apolar to F, then by Apolarity
Lemmal[2.1.1) we obtain Rk F' <| X |, where | X | denotes the cardinality of X. Further, X is a
minimal apolar set of F'if |X| = Rk F.

Obtaining good bounds on the Waring rank is not an easy task. In [12], Carlini et. al.

introduced e-computability. This is very useful to obtain lower bound on the Waring rank.

Theorem 2.1.2 (Theorem 3.3 [12]). Let F' € Sy, and X € P" be an apolar set of F. Let I be an
ideal in T generated in degree e > 0, and t € I.. If t is a non-zerodivisor in T /(1(X): I), then

for s >> 0, we have
X| > é Z HE(T/(I(X): 1) + (t),i) = é Z HF(T/(F*: 1) + (1),4).

A homogeneous form F' € S, is said to be e-computable if there exists an ideal [ < T,

and t € I, # 0 such that

Rk(F) = é Z HF(T/(F*+: I+ (t)),4).

i=0
The study of Waring locus of a form was introduced by Carlini, Catalisano, Oneto in [15].

For F' € S, Waring locus of F'is given by
Wrp={PePl|PeX, IX)c F' |X|=RkF)}.
The locus of forbidden points of a form is defined as its complement, F'is Fp = P"\ Wg.
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Remark 2.1.3. If F'is e-computable by an ideal /, and t € I, # 0, then Theorem implies
that V(1) < Fr.

The following lemma is, at the best of our knowledge, a new bound on the Hilbert function

of a minimal apolar set to a given form.

Lemma 2.1.4. Let X be a minimal set of s points apolar to F' € Sy and let V < (T'/1(X)), be
a subspace. If g € (T/I(X)), where b= 0, is a nonzerodivisor and gV = (F*+/I(X)), then

HF(X,d —a—b) < s —dim¢ V.

Proof. Let X be a minimal set of s points apolar to £. For each P, = [a;0 : ... : a;»] € X we

can construct the linear form
L; =a;oro +ai1x1 + -+ ajnry €5

such that, by the2.1.1]
F=> L,
i=1

for some constants ¢; € C. Note that, since X is minimal, ¢; # 0, for all 7. Hence we can
assume thate; = 1for1 < i < s. LetdimV = [, and vy, vs,...,v; be a basis of V. Since
gV < F+/I(X), there exists f; € I(X) such that f; + gv; € F*-. Since f; € I(X) € F*, we get
gvjeFLforl <j<l

Hence for 1 < j < [, we have gv; o F' = 0. Thus, by Proposition we get the system of

equations
D gu(P)LE =0
i=1

for 1 < j < [, which in matrix form has the shape:

gui(P1) gva(Pr) -+ gu(Pr)
[L‘f—a—b Lt Lg—a—b] gm@) gw@) o w@) -0. @@Ly
gui(P) gui(P) - gu(Py) |
If we let {uq, ..., u.} be an ordered basis of T;_,_;, where ¢ = (n ;—ﬁ ;f ; b) , then we can

write Lf‘“_b as a linear combination of the chosen basis. Namely, there exists a ¢ x s matrix
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M with complex entries such that
D N /] A 02 (2.1.2)
Thus, we have that

rank(M) = dime(CL{ ™ + CLE™ " + ... + CLT*?), (2.1.3)

Substituting (2.1.2) in (2.1.1)), we obtain

[u1 Uy ... uc} M [gvj(Pi)] =0.

1<i<s, 1<j<!
Since uq, . .., u. is a basis of T;_,_;, we get
M| guy(P)| -0 2.1.4
9v;(F) 1<i<s, 1<l ( )
Moreover, we get that
[gvj(Pi)]1<i<5,1<j<l =GN

where G is the s x s diagonal matrix having on the diagonal g(P,), ..., g(Ps) and
N = [Uju)i)]lsis&lsjgl'

Note that, since g is a non-zerodivisor in (7'/1(X))s, we get g(F;) # 0forall 1 <7 < s. Indeed,

by relabelling, choose m such that g(P;) = 0for 1 <i < m, g(F;) # 0Oform + 1 < j < s.

Since P; & P, foralli = m+1,...,|X], we can choose h € Pp,i1 N -+ N Px|\(P1), where P;

denotes the ideal of the point P;. Note that I(X) = P, n --- n Pyx. Further, 0 # h € T/1(X),

and 0 = gh € T'/I(X). Since g is a nonzerodivisor in (7'/1(X))s, this is a contradiction. Hence

G is invertible. Consider the evaluation map
jZCU1+“'+CUl—>Cs

given by

f= (f(P),.... f(F)).
Since {vy,vq,...,v;} are linearly independent in 7/1(X), we obtain J is an injective map.
Therefore we have

rank J = rank(NV) = dimg (V) = 1. (2.1.5)

Thus, Equation (2.1.4) yields
MGN =0.
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Therefore, the column space of GN is contained in the null space of M. Thus,
rank(GN) < nullity (M),

where nullity (/) is the dimension of the kernel of M. Since G is invertible, GN and N have

the same column space. Thus
rank(N) = rank(GN) < nullity(M).
Thus, by the Rank-Nullity Theorem, we have
rank(M) = s — nullity (M)
and thus, rank(M) < s — rank(N). By Equation (2.1.3)), we have
rank(M) = dime (L9, LT*7") = HF(X,d — a — b)

where the last equality follows by [39] Lemma (ii) and the fact that the apolarity action gives a
perfect bilinear pairing from T, _,_, x Sy, — C. By Equation (2.1.5), we have rank(N) =
dimc V.

Hence the result is now proved. [

From now on, and throughout the chapter, we consider a specialised version of the rings S
and T in which we divide the variables into two sets. Namely, welet S = C[z1, ..., T, Y1, - -, Yn]
be a standard graded polynomial ring and let T = C[ X7, ..., X,,,Y7,...,Y,] the ring of dif-
ferential operators on S. Let m = (Xy,...,X,,,Y1,...,Y,) be the irrelevant maximal ideal

in T. An ideal I < T is said to be saturated if / = I where Iy = U(I : m'). Note that
i>i

saturated ideals in 7" are in one-to-one correspondence with the closed subschemes of P!
(see [28, Exercise 11.5.10]). Throughout this chapter, our interest is a finite set of distinct points
in projective space. The defining ideal of such points is a radical ideal, which is saturated. The
following lemma shows that after the projection, we have a nice description of the defining ideal

of the points obtained from the projection.

Lemma 2.1.5. Let X be a finite set of points in P~ = P(S,) . If we let Y be the projection
of XfromV (Yy,...,Y,)onV(Xy,..., X,,), then

I(Y) = (X1,..., Xn) + [(X) A C[Y3,...,Y,].
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Proof. Note that I(X) is a radical ideal being an ideal of points, and so is J = I(X) n
C[Y3,...,Y,] as the contraction of a radical ideal is radical. Now we show that (X, ..., X,,) +
J is aradical ideal. Observe that

ClXy, ..., X Y1,...,Y,] _ C[Y3,...,Y,]
(X1,.. ., Xp)+J J '

(2.1.6)

Since J is a radical ideal, C[Y7,...,Y},]/J is reduced. Hence, by Equation (2.1.6)), we have
(Xi,...,X,,)+ Jis aradical ideal. By the standard definition of projection, we have that /(Y)

is the saturation of (X7, ..., X,,)+ J. Since a radical ideal is saturated, the result is proved. [

The next lemma shows an interesting connection between apolar set of a polynomial and

its projection.

Lemma 2.1.6. Let ' = F1Fy # 0 be such that Fy € S; = Clxy,...,z,] and Fy € Sy =
Clyi,---,Yn), and X be apolar to F. If Y, is a projection of X from V(Xy,...,X,) to
V(Y1,...,Y,), then Yy is apolar to Fy. Similarly, If Yo is a projection of X from V (Y, ...,Y,)
to V(Xy,..., X)), then Yo is apolar to Fy.

Proof. By [22, Proposition 3.1] we have

Ft = (F)s, + (Fy)s

2

where (F;") s, denotes the annihilator of F; computed in S; for i = 1,2. Let Y, be a projection

of X from V(X7,..., X,,) to V(Yy,...,Y,). By Lemma]2.1.5we have
I(Yy) =1I(X) nC[Xy,...,Xpn] + (Y1,...,Y,).

If g e [(X) nC[Xy,...,X,,], then g o F' = 0. This implies F5(g o F}) = 0. Since Fy # 0, we
obtain g € Fj*. Moreover, (Y1,...,Y,) € Fi-. Hence I(Y,) c F;-. Therefore Y, is apolar to

F. Similarly, we obtain Y, is apolar to F5. ]

To study minimal apolar sets to a form /', we use the Apolarity Lemma. Thus, we need to

describe the annihilators of the forms of our interest. This is done in the following lemma.

Lemma 2.1.7. Let F = (2} + -+ 22)(yi + - -+ + y2), where m = 1,n > 2. Then

N (Xf’, {Y12 - }/;2}2<i<n7 {Yin}KKKn) ifm=1
F pr—

({X12 - X?}?Siéma {Xin}1<i<j<m> {}/12 - Y?}zsign, {Y;Y;'}lgi<j<n) lfm = 2.
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Proof. Let

(Xf, {Y12 - Yz‘2}2<z’<m {Yz‘yj}lsiq‘sﬂ) ifm=1
I =
({XIQ - Xi2}2<i<m7 {Xin}1<i<j<m7 {Yf - }/;'2}2<i<n7 {Y;}/j}lgi<j<n) ifm > 2
and T = C[ Xy, -, X,,, Y7, ,Y,]. Note that I < FL. Moreover, a standard computation
yields:

dol 1] 2 | s |a
HF(T/I,@')‘1‘n+m‘nm+2‘n+m‘1.

Note that 7'/ F* is an Artinian Gorenstein ring of socle degree 4. Thus, by symmetry, we have

that
HF(T/F*,0) = HF(T/F*,4) = 1 and HF(T/F*,1) = HF(T/F*,3) = n 4+ m.

Now we compute HF(7'/F* 2) by acting on all possible degree 2 forms on F. This can be
done since apolarity gives a perfect pairing (see [26]) between Sy and T5. For 1 < ¢ < m and

1 < j <n, wehave

XinOF:éLZEZ‘yj
X2oF =924+

2 2 2
YioF =1+ +a,.

Thus, HF(T/F*,2) = mn+2, and hence T'/I and T'/ '+ have the same Hilbert function. Since
I < F*, this implies I = F*. O

We will often use group actions to study apolar subsets. In particular, given the ring

Clz1, - Ty Y15+ -+ Yn]

we will consider the following action. We denote by O(n) the subgroup of the complex orthog-
onal group O(C, m + n) acting as the identity on the m variables z; and in the standard way on

the n variables y;. To a given linear form
L=axy+ - am®m +biys + -+ yyn
corresponds to a projective point
Lp=ay:...:am:b1:...:0,],
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and the action of g € O(n) on L corresponds to the action of g* on Lp. Indeed,

g(L) =[ay,...,am,b1,....b,] g~ [x,y]T = (gT-[al,...,am,bl,...,bn]T)T-[X,y]T.

Note that the coefficient of linear form L after the action of g becomes g” L. Hence, if X is
apolar to a form F and g € O(n), then ¢g” (X) is apolar to g(F).

In particular, we will use the following technical lemma to avoid zeroes in apolar subsets.

Lemma 2.1.8. Let F € Clxy, ..., Tm, Y1, - - -, Yn] be a form fixed by the action of O(n), and let
X be a set of r points apolar to F such that X n'V (Y1, ...,Y,) = . Then, there exists a set Y

of v points apolar to F such that, if

[a Ay, t by by €Y,
then b; # 0 for all j.
Proof. For P=[ay:...:a, :c1:...:¢,] € Xand g€ O(n) we set
g (P)=1la1:... Qp: b :...:by]

and we define

U(P,j) = {g€O(n) | b; = 0}.

Note that U (P, j) is defined by a linear equation in O(n). Since P ¢ V(Y1,...,Y,,) there exists
h € O(n) such that h”¢c; # 0. Hence, U(P, j) is a proper subvariety of O(n). If we let

v=\J v,

PeX,1<j<n

then U is a proper subvariety of O(n). Let g € O(n)\U and let
Y = ¢ (X).

Then by construction Y is a set of r points with the required property, and the proof is now

completed. [

We will often deal with a finite set of points in general linear position, that is, each of its

subsets has the maximal possible linear span. Thus we recall the following basic fact:

Remark 2.1.9. If Y = {P,..., P,} be a set of n points in general position in P!, then there

exist linearly independent linear forms L1, ..., L, such that
I(Y)=(L;L; |1 <i<j<n).
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Proof. First, we prove the existence of L;. Let P; = [a;1 : ... : aj], and v; = (a;, . .. i)t
be the column vector corresponding to P;. Let A; = (vy ... 0; ... vn)T be the matrix of size
(n — 1) x n corresponding to the points P, , .. ., ]52-, ..., P,. Since the points P, ..., P, are in

general position, by definition A has rank n — 1. Therefore, the homogeneous system
AX =0

has a nontrivial solution, say (1, ..., ®;,). Thendefine L; = ;1 Y7 + - - + o, Y,,. Hence L; €
I(P;) for all j # i. Note that L;(P;) # 0 since P, ..., P, are in general position. Moreover,
ht(Ly, ..., Li,... ,L,) = htI(FP;) and both are prime ideals. Hence (L1, ..., Li,... L) =
I(P;) for all 1 < i < n. Now we show that {L4, ..., L,} is linearly independent. Suppose

arly+---+a,L, =0.Thenforall: =1,...,n.

a; = (alLl + -+ CLnLn)(PZ) = 0.

Li(P;)

Hence L4, ..., L, are linearly independent. Moreover,

]

We conclude this section with a technical result that we will often use to make computa-
tions easier. Note that the following lemma implies the well-known structure of the orbits of

action of the complex orthogonal group.

Lemma 2.1.10. Let G = y; +--- + 42 and let E = {Q1, ..., Q,} = P""! be a minimal apolar
set of G. Let O be the n x n matrix whose i'™ column is given by a choice of coordinate of Q;.

There exists a choice of coordinates for each (Q; such that O is a complex orthogonal matrix.

Proof. Let Q; = [a;1 : ... a;p],1 <i < n. Since we are working over C, any minimal sum of

power decomposition of GG has the shape
G=> 1L (2.1.7)
i=1

where L; = anyy + - -+ + a;ny,. Note that the Apolarity Lemma also states that the converse

is true, that is, given the set of apolar points ();, after rescaling, we can build the forms L; in
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Equation (2.1.7). Since any quadratic form is completely determined by its associated symmet-

ric matrix, we can write (2.1.7)) in matrix form

In = Z [aijaili<;i<n (2.1.8)

i=1

~

where I,, is the n x n identity matrix and [a;;a;] is the matrix associated to L?. If we let

O = (a'ji)lgi,ana then (2.1.8) ylelds

1<j,l<n

00" =1,.

Hence, the result is proved.

2.2 The form z*(y; + - + 1)

In this section, we focus on the case F' = 2°(y; + - - + y2) with n > 2. Thus, we consider the
ring S = Clz,y1,...,y,] and T = C[ X, Y}, ..., Y,] the ring of differential operator on .S. We
recall that, by [12, Propostion 4.4], we know that Rk F' = 3n.

We will now proceed to investigate the structure of any minimal apolar sets of F'.

Proposition 2.2.1. Let F' = 2°(y? + - + y2) withn > 2 and let X be a set of Rk F = 3n

distinct points apolar to F'. Then the following holds:

i) If Y is the projection of X from V (Y1,...,Y,) on V(X), then Y is a set of n distinct

points in linear general position, that is

and HF (Y, i) = n for i = 3.

ii) Let Y = {Q1,...,Quand P =[1:0:...:0]. If \; = {Q;, P), where {Q;, P) denotes

the linear span of Q); and P, then X n A; is a set of three distinct points for 1 <1 < n.
Proof. We start by proving (i). By Lemma we have
F= = (X° AYYj asicjen) (Y7 = Vi <icn)- (2.2.1)

Let /(X) be an ideal of a minimal apolar set X. Since O(n) fixes F', by Lemma we may

assume thatfor P, € X, P, = [b; : a;1 : ... : a;,])issuchthata;; # Oforl < ¢ < n. By Lemma
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we obtain Y] is a non-zerodivisor in 7/1(X). Let V :

Y2, Y3, Yo)e < (T/I(X))s.

Since 1(X) < F*, we have that I(X); = 0. Thus dimV = n — 1, and Y}V < (F*/I(X)).

Hence, by Lemma[2.1.4] we obtain that

HF(X,2)<3n—(n—1)=2n+1, (2.2.2)
and that

dim 1(X), = (” ; 2) —(2n+1) = <Z) (2.2.3)

Note that, by Equation (2.2.1), F* does not involve the variable X in any degree 2 terms. Thus
we get

I(X)2 = (I(X) nC[Y1,..., Ya))o. (2.2.4)
Therefore by Equation (2.2.3)) we obtain

dim(I(X) A C[Yy,...,Y,])s = (”)

Let Y be the projection of X from the point P = [1: 0
Lemma we have

(2.2.5)
.+ 0] on the hyperplane V' (X). By

[(Y) = (X) + I(X) A C[Ys,.

LY
Since I(X); = 0, we get I(Y); = (X); and thus

HF(Y,1) = n.

Since 1(Y)s = (X)s + ({(X) n C[Y4, ..., Y,])2, Equation [2.2.5yields

HF(Y,2) < (" ; 2) = ((n 1)+ (g)) —n. (2.2.6)

Since HF(Y, 1) = n and /(YY) is an ideal of reduced points we obtain HF(Y, 2) = n. Hence we
get the Hilbert function of Y as

ofufz)-
(2.2.7)
HF(Y,@)‘l‘n‘n‘ n
Therefore Y is a set of n points in a general position. This concludes the proof of (i).
We now prove (ii). Let Y = {Q1,

.., Qn}. We have
X e | Qi P).
i=1
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LetH; = (P,Q1,..., Qi .., Q.. be the hyperplane generated by the linear span of P and the
points Q1,...,Q;,...,Qn. Note that, since (FH), =0, Q; ¢ Hy. Let I(H;) = L;. If we let
L= Z «;;Y; for some «;; € C, then

j=1
Ft. I(H;) ZFLiLz‘ = ((OéﬂYl-i-""i‘Oéz'nYn)oF)l
= (2% (any1 + - + Q)"

where the second equality holds by [[12, Lemma 3.2]. Note that
IXnN)SIX): [(H;) € FH I(H) = G

where G = 2x2(04i1y1 + -+ + aypyn). After a change of variables, GG is a monomial and,

by [13} Proposition 3.1], we have that Rk G = 3. Therefore each of the n lines A; contains at

least 3 points of X. Note that P is the only point in the intersection of any two lines. Moreover,

Fis e-computable by I = (Y3,...,Y,)andt =Y +---+Y,, (see [12, Proposition 4.4]). Hence

by Remark we obtain P € Fp. Thus we have at least 3n points in the union of n lines.

Hence, since | X |= 3n, each line contains exactly 3 points. This concludes the proof of (ii).
The proof of is now completed.

]

We can now characterize the points that appear in a minimal apolar set to F'. Recall that

for I' € Sy, the Waring locus of F' is defined as
Wr={PePl|PeX, I(X)c F' |X|=RkF}.
The locus of forbidden points of a form is defined as its complement, that is Fr = P"\ Wpg.
Theorem 2.2.2. If F' = 2*(y> + - - - + y2), then the forbidden locus of F is given by
Fr=VYZ+ - +Y2.

Proof. Let () € Wr be a point of the Waring locus of F', that is there exists a minimal apolar
set X to F, such that () € X. Let Y be the projection of X from V(Y3,...,Y,)={P =[1:0:
...: 0]} on V(X). By Proposition we know that Y is a set n-points in general position.
Thus, by Lemma|2.1.7|Y is a minimal apolar set of G = yi + - - - + 2. By [15, Proposition 3.1]
we have Fg = V(Y7 + -+ Y2, thus Q ¢ V(Y + --- + Y,?). Hence we proved that

Fr2V(Y72+ - +Y2).
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We will now show that equality holds, that is, we prove thatif Q ¢ V(Y + - -- +Y?), then

@ € Wr. We split the proof in two cases depending on the first coordinate of () to be zero or not.

e Case(i): LetQ =[0:c;: - :a,]¢ V(Y + - +Y?). Hence Za? # 0. Consider

i=1

Q =[ar::a,] eP" ! Since Z o? # 0 by [15, Proposition 3.1] we have Q' € Wg.
i=1
Thus, there exists a minimal apolar set D := {Q| = Q',Q5,...,Q/} of G = y* +-- -+

containing (Q'. By Lemma [2.1.10| we obtain the orthogonal matrix N. Consider

I(X) = {YiVih<icjen, X2 + X(YP 4+ + Y2 + (—n+ 1Y)

an ideal of 3n points apolar to F. Note that P' = [0 : 1 : 0 : --- : 0] € X. Further the
1 0

action of the matrix g = € O(n + 1) fixes F. Since the action of A takes P’ to
0 N

@ we get the new apolar set X’ = ¢” (X) of I containing (. Hence Q € Wr.

s Case(ii): Let Q =[1:a;: - :a,] ¢ V(Y2 + - +Y?). In this case, we consider the

ideal of 3n points apolar to F' given by

[(X') = ({(Yi¥ heicjen X2+ (= DY)V 4+ + Y7, + (-0 + 1Y),

i—1
Moreover, the point P” = [1:1:0:---: 0] € X'. We construct a matrix A similarly to

case (i) where the action of A fixes I and A takes P” to Q.

The proof is now completed.

O

We now focus on algebraic properties of minimal apolar sets to /': we begin by describing

their Hilbert functions.

Proposition 2.2.3. If ' = 2°(y] + --- + y2), n = 2, and X is a set of 3n points apolar to F,
then the Hilbert function of X is
ol v |2 fs 4l
HF(X, 1) ‘ 1‘n+1‘2n+1‘3n‘3n‘3n.

Proof. Since I(X) < F* and (F*); = 0, we obtain HF(X, 1) = n + 1. Now, we claim that
HF(X,2) = 2n + 1.
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Proof of the claim. Note that by Equation we have HF (X, 2) < 2n + 1. By contradiction,
we assume that HF (X, 2) < 2n and we use the notation of the proof of Proposition From

+2
the assumption we get dim 7(X), > <n 5 ) —2n. Since Fj" does not involve any forms in the

2
This implies HF (Y, 2) < n — 1, a contradiction to Equation [2.2.7]

We now prove by contradiction that HF (X, 3) = 3n. Since X is a set of 3n points, we
have that HF (X, 3) < 3n. Thus, we assume by contradiction that HF(X,3) < 3n — 1. Let
W = I(X)3. Then

dim W = dim I(X); > (" ; 3) —3n+1. (2.2.8)

By Proposition ii) we know that X is supported on £ where L is the union of n lines
passing through the point P = [1: 0 : ... : 0] and each line in £ contains exactly 3 points of

X. Let W’ < W such that every element of W’ passes through the point P. Hence
dim W' > dim W — 1. (2.2.9)

Note that W' < T3 and that each of its elements vanishes on 4 points of each line of £. Thus W’
2

vanishes on L. Let W" < W’ be the set of all elements passing through (n ;)_ ) — n general

points of the hyperplane V' (X). Note that

2
dimW” = dim W' — (n;— ) +n > (Z) +1 (2.2.10)

where the last inequality follows from Equations (2.2.8) and (2.2.9)). Since £ n V(X)) consists

of n points, each element of /" has X as a factor. Thus, we obtain

W' =(XQ1,...XQ;)
where j > (Z) + 1 and the forms (); are linearly independent degree two forms. Since
V(X) P L, we have

V(Q1,Q2,...,Qj) D L
for some j > (Z) + 1. Thus, @1, ...,Q; € I(L£). Note that L is the non-degenerate union of
n lines through P, thus

I(L)=(LiL;:1<i<j<n),

where the linear forms L; do not involve X. In particular, the ideal of £ is generated by <Z)
degree two forms. Thus a contradiction, since the forms (); are linearly independent. Hence

HF (X, 3) = 3n. Since X is a set of 3n reduced points, the proof is completed. [
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We now complete the algebraic description of minimal apolar sets to /' by describing their

defining ideals.

Proposition 2.2.4. Let F' = 2*(y? 4+ --- + y?) with n > 2. If X is a minimal apolar set of F,
then there exists o € O(n) such that the ideal of I(c(X)) is given by

I(o(X)) = ({Yi¥] h<i<j<n, X3+ZL - Y7)

for some linear form L; in C[X,Y1,.... Y, ]| for 1 <i < mn.

Proof. By Proposition 2.2.3] we have HF(X, 3) = 3n. Keeping the same notation as in Propo-
sition|2.2.3] we have HF (X, 2) = 2n + 1 and Y is an ideal of n points in general position apolar

to G = y? + --- + 3. Hence by Lemmal2.1.10, we can assume Y = {ej, es, ..., e,}. Hence
I(Y) = (VY [1<i<j<n)SI(X)nC[Vi,...,Y,].

Therefore

IX)y = (VY | 1<i<j<n).

Further, by Proposition we have X < L. Hence I(X) o I(L£). Note that HF(L,3) =

3
(n ; ) — (3n+ 1). Hence, there exists exactly one degree 3 generator in /(X). Since /(X) <

F*, a degree 3 generator has to be of the form X3 + Z Li(Y? — Y?) for some L, < T,

=2
2 <1 < n. We write
ﬂ}/luy%"'? YTHQ X3+ZL/ YQ)) J7
i=1 =2

where .J is generated in degree at least four in /(X). By Proposition 2.2.1| we have 3 points on
. - ClX,Y1,...,Y,
each line V (Y1, ..., Y;,...,Y,) forall 1 < ¢ < n. Consider Q € RE LARAR ]
B _ (Yia"'aY;)"';Yn>
that Q = X° + (aX + kY;)Y;? with (a, k) # 0, and Q does not have a multiple factor. Indeed,

. Note

if ) has a multiple factor, then there exists a degree 2 form in (Q) + J. Since (Q) + J is an
ideal of 3 points, this is a contradiction. Hence () does not have a multiple factor. Therefore,
(Q) is an ideal of 3 points. Thus V(Q) = V((Q) + J). Therefore (Q) = J. Hence I(X) has

generators in degree at most 3. [

Theorem is now proved by Propositions [2.2.1] 2.2.3] 2.2.4] and Theorem [2.2.2]
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2.3 The form (2 + 23)(y + - - + y°)

2
1+

We note that up to a change of coordinates, the forms (2% + z3)(y? + - + %2) and 2,25 (y
R yi) can be identified. Hence, throughout this section, we assume the form to be F' =
T179(y; + -+ + y2) with n > 2. By Proposition M we obtain Rk F' = 4n.. We study the
structure of minimal apolar sets of F', we obtain the forbidden locus of /', and we also describe
their ideals and Hilbert functions.

We begin by studying the projection of any minimal apolar set from V' (Y;,...,Y,). A

summary of the below result can be visualized in Figure

Proposition 2.3.1. Let F' = z,25(y} + - - + y2) and let X be a minimal apolar set of points to
F. Then Rk F' = 4n and the following facts hold:

i) If Y is the projection of X from V (Y1,...,Y,) on V(X1, X5), then Y is a set of n distinct

points in linear general position, that is

and HF (Y, i) = n fori = 3.

ii) LetY = {Q1,...,Qn} and let { =V (Y1,...,Y,). If we consider the plane \; = {{,Q;),
where {{,Q;) denotes the linear span of { and Q);, then X n A; is a set of four distinct

points for 1 < i < n contained in two lines passing through Q);.

Proof. Proposition immediately yields that Rk /' = 4n. We now prove (i). By Lemma
we have
F = (X7, X5, {YiY }asicjen), (Y7 — Y} a<icn))- (2.3.1)

Let X be a minimal apolar set of F. Since O(n) fixes F' by Lemma we can assume that
for P, = [w; : v; @ aj1 @ ... ¢ ain] € X, a;1 # 0. Therefore by Lemma we obtain
g =Y € (T/I(X)); is a non-zerodivisor in T'/I(X). Let V = (Y5, Y5, ..., Y c < (T/1(X));.
Note that gV < (F*/I(X)), and dimV = n — 1. By Lemma[2.1.4, we get

HF(X,2) <4n—(n—1)=3n+1.
Thus,

dim I(X), > (” ; 3) 3 1. 23.2)
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Let Y be the projection of X on V (X7, X5) from the line V (Y7, ...,Y,). Therefore by Lemma
[2.1.5] we have

Since I(X) ¢ F*, I(X); = 0. Hence 1(Y); = (X;, X»);. Therefore
HF(Y,1) = n. (2.3.4)

We have [(Y)y = (X1, X2)2 + (I(X) n C[Y1,...,Y,])2. We now use Grassmann formula to
estimate

dim I(X), n C[Y3,...,Y,].

By Equation (2.3.1) we note that dim(F"*); = (”

2)+(n—1)+2and

dim(FY)y A C[Y4,...,Y,] = (Z) +(n—1).

Thus, we get that

2
(2.3.5)

HF(Y, 2) < (”; 1> - (Z) —n. (2.3.6)

Since /(Y) is an ideal of points and HF(Y, 1) = n, we obtain

dim I(X)y n C[Y3,...,Y,] = dim I(X)y + dim(F*)y n C[Y3,...,Y,] — dim(F'), > <n>’

and also

HF(Y,2) = n.
Hence the Hilbert function of Y is given by
JLIRNENS
HF(Y,@)‘l‘n‘n‘ n

Therefore, Y is a set of n points in a general position.

We can now proceed with the proof of (ii). Let Y = {Q1, ..., Q,}. From part (i), we have

the following:
Xc U< 67 Qz>7
i=1

where (£, ();) is the plane that passes through / and Q;. Let P, = [1:0:---:0], P, =[0:1:
0:---:0,and H; = (P, P5,Qn,..., Qi ..., Q) for 1 < i < n. Since H,; is a hyperplane,

we let H; = V(L;), where L; is a linear form not involving X; and X5. We claim that Q; ¢ H,.
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Proof of the claim. We prove the claim by contradiction. If Q); € H;, then X < H,. This implies
that I(H;) < I(X) < F*. This yields L; € F*, a contradiction. O

Let L; = 2 «;;Y;, and consider the points of X not on H; = V/(L;), that is, the points
j=1

X n A;. We have

FrHoI(H) =Fr(anYi+ -+ @) = (@aYa + -+ ap Vo) o F)*
= (2 2a(@inys + -+ Qinya))t

where the second equality holds by [12, Lemma 3.2]. After a change of coordinates G = x5 L;

is a monomial and [ 13} Proposition 3.1] yields Rk G = 4. Note that
IXnA) =I(X): [(H;) € FH: I(H) = G-

Therefore, each of the n planes A; = (¢, Q);) contains at least 4 points of X. Note that F' is
e-computable with I = (Y7,...,Y,)andt =Y; + --- + Y, and moreover V'(Y;,...,Y,,) is the
only line in the intersection of any two planes and that, by Remark V(Yi,...,Y,) € Fr.
Hence we obtain at least 4n points in the union of the n planes. Since | X |= 4n, each plane A;
contains exactly 4 points.
To complete the proof of this proposition we need to show that each of these 4 points lie
exactly on 2 lines passing through ();. This is done in Remark [2.3.4]
]

Remark 2.3.2. In the proof of Proposition [2.3.1] we proved that Equation (2.3.6)) is an equality.
Hence, equality holds in Equations (2.3.5]) and (2.3.2)). Thus we proved that HF (X, 2) = 3n+1.

We now determine the ideal of minimal apolar sets to F'.

Proposition 2.3.3. Let F' = z125(y] + - -+ + y2) withn = 2. If X is a minimal apolar set of I,
then there exists o € O(n) such that ideal I(o(X)) is given by

I(0(X)) = ({Yi¥jheicjen, X7+ ) (Y2 =V7), X3+ (Y7 = ¥7))
=2

1=2

where o, B; # OandZ&i # 0, Zﬁi # 0.
i=2 i=2

Proof. Let Y be the projection of X on V' (X3, X») from the line V'(Y3,...,Y,,). By the proof of
Theorem (i) we have Y = {Q1, ..., @, } is a set of n points in general position. Moreover,
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by Lemma2.1.6|we have Y is apolar to G’ = (y 4 - - - +%2). Hence by Lemma|2.1.10| we obtain
an orthogonal matrix O which acts on S and fixes F, and takes Y to {e1, ..., e, }. Hence we may
assume [(Y) 2 (V;Y; | 1 <i < j <n).Hence (Y;Y; | 1 <i < j<n)< I(X),. By Remark

2.3.2)we have dim I(X), = (Z) + 2. Hence there exist quadratic forms Q;, Qs € I(X), such

that
I(X)2 = ({}/i}/}}1<i<j§n7 Ql7 QQ)

Since Q;, Qs € F*, and dim I(Y)y = (Z) , @1, O, has at least one of the coefficient of X127 X22

non-zero. Thus we may assume

XQ—I-ZOQ , Qo = X2+26’ )

We claim that o; # 0, 5; # 0 for 2 <z’<nand2ai,2ﬁi # 0.
=2 =2

Proof of the claim. By contradiction assume «; = 0 for some ¢ and consider the plane defined
by P; = (Y1,...,Y;,...,Y,). Note that, by Proposition (i), I(X) = T/P; is an ideal of 4

points. Moreover, if o; = 0, then X; € I(X). Hence, the Hilbert function of HF (7'/1(X), 2) <

2. This is a contradiction. Similar arguments can be repeated to complete the proof. U

Hence, we write

ﬂ }/17Y27"'7 Yn7Q17Q2)

where J is generated in degree at least three in /(X).

Consider
(C[leXZy }/17 LR 7Yn]

(Yia"'ay;v"'ayn)
and note that Q; = X7 — k1Y%, @y = X5 — kyY;? with k1, ky # 0. In particular, (Q;, Qy) is
an ideal of four points. By Proposition[2.3.1] we now show that (Q;, Q,) + J is the ideal of the

Q_bQ_Q €

=~ C[Xla X27 }/;]7

same four points. Thus, (Q;, Q,) 2 J and hence
(1/17}/27"'7172'7"'7YH7QDQ2) =
for all 7. The proof is now completed. ]

Remark 2.3.4. We can now complete the proof of Proposition part (ii) final part of show-
ing that 4 points on X N A; lie exactly on 2 lines passing through (); with exactly two points on

each line. Note that, in the proof of Proposition we have only used the fact that X n A; is
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a set of 4 points from Proposition (i1). In particular, we want to show that the four points
in each of the planes A; lie on a pair of lines passing through the point ();. After a change of
coordinates, we may assume (; to be the coordinate point e;, and we may assume the ideal of

the four points to be

(}/17}/27"'7}%'7"'7}/;”@1)QQ)-

Since this ideal contains a degree two polynomial without Y}, this is enough to conclude.
We now determine the Hilbert function of any minimal apolar set to F'.

Proposition 2.3.5. If F = x,25(y} + y5 + - -+ + y2), then the Hilbert function of any minimal
apolar set X is

o 1| o |34l

HF(X, 1) ‘ 1 ‘n+2 ‘ 3n+1 ‘ 4n‘4n ‘ 4n

(2.3.7)

Proof. By Proposition after a change of coordinates, we have I(X) = ({YiYhi<i<j<n, @1, Q2)
where Q; = X7 + 2 (Y2 —Y?), and Qy = X2 + ZBZ (Y2 —Y?) . We consider the lex-
icographic ordermg X1 >Xo>Y > --->Y,on (C[Xl,Xg,Yl, ..., Y,] and we compute a
Grobner basis G of I(X). In particular, we will show that G = ({Y;Y] }1<i<j<n, @1, Q2) is such
a basis and this is enough to prove the result. Hence G is a Grobner basis of 1(X). Therefore

the initial ideal of /(X)) is given by
in> (1(X)) = ({¥i¥ hzicjen, X7, X3).

Moreover, HF (T'/1(X)) = HF(T'/in. I (X)) and HF(7'/in.. I (X)) is as in Equation [2.3.7]
To prove that GG is Grobner basis we prove that each S-polynomials is zero mod G'. Let

fi; = Y;Y; and note that the S-polynomial of two monomials is automatically zero. Thus, we

only need to consider the following two cases. For any 1 < 7,7 < n with ¢ # j, we have
VY X} Y;Y; X2
S(fi; Y;Y; e
(f 3]0 Ql) YY ( ) X12 Ql
= YiY; ) an(Y? - V7))
k=2
=0 mod G.
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Similarly, S(f; j,Q2) = 0 mod G. Moreover,

X2X2 X2Xx2
S _ 1422 . 122
(Q1,Q2) X 1 X2 Q2
= X3 (D (Y7 = Y7) = XP (Y, Bi(YY = Y7)
i=2 i=2
= X500 a(YE = Y7) = XP(Q, Bi(YE = V7)) + XiX3 — X7 X5
i=2 i=2
= X7Q1 - X7Qs
=0 modG.
The proof is now completed. [

We can now characterize which points appear in any minimal apolar sets to F'.
Theorem 2.3.6. If [ = x125(y] + y5 + - - + 42), then the forbidden locus of F

Fr=V(X1 X)) UV (Y + - +Y?).

Proof. By Proposition [2.3.3| we have I(X) = ({YiY;} i<icj<n, X7 + Zai(Yf —Y?), X3 +

=2

Z B;(Y? — Y;?)) up to a change of coordinates. First we show that RHS < LHS.
=

Let P € Wy and assume that P € V(X;X5). We will prove that this a contradiction. If
Xi(P) = 0 or X5(P) = 0, then, by the shape of the ideal, we get that P = [0 : 0 : --- : 0].
ThUS, V(XlXQ) - fF

Now, let Q = [a : b : ¢y : -+ : ¢,] € Wy and assume by contradiction that ) €

V Z Y? |. Let X be a minimal apolar set containing (). Following Proposition [2.3.1{ we
i=1

consider Y the projection of X from V(Y3,...,Y,) to V(Xi, X5). Since | Y |= n, we obtain
Y is a minimal apolar set of G = y} + --- + 32 by Lemma M Note that, by Remark
the image of () under the projection exists and itis [0 : 0 : ¢; : -+ : ¢,] € We.
This is a contradiction by Proposition [15, Proposition 3.1] since Fg = V(i Y;?). Hence,
V(Y24 +Y?) S Fr. -

Now we prove that equality holds. Let Q = [a : b : ¢; : ¢ : -+ : ¢,] such that

ab # 0 and 2 c? # 0. We want to show that Q € Wy. Let Q' be the projection of @ from
i—1
V(Y1,...,Y,) to V(Xq, Xs) givenby Q' = [c1 : ¢o : -+ : ¢,]. By Proposition [15, Proposition

3.1] we get Q" € Wg where G = (y? + --- + y). Hence there exists Pj,..., P! such that
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Y = {Q', P, ... P} is a minimal apolar set of G. By Lemma [2.1.10| we obtain an orthogonal

matrix N with the normalized coordinates of ()’ in the first column. Therefore the matrix

a 0 O
M=10 b 0
0 0 N

fixes F'. Consider the minimal apolar set of F' given by the following ideal:
I(X) = ({YiVjheicjen, XT = Y7 = =Yy + (n = 1Y X7 — X3).

The action of M takes X into another minimal apolar set of F'. Note that the point [1,1,1,0,...,0] €

X is mapped to () by this action. Hence, () € Wg.

We now consider the projections of minimal apolar sets to F" on the line V' (X7, X5).

Proposition 2.3.7. If W is the projection of X from V (X1, X5) on V(Y1,...,Y,), then W is a

set of 2k points with k < n.

Proof. By Lemma [2.1.5] we have I(W) = (Y3,...,Y,) + I(X) n C[X, X3]. To prove that

the maximal number of points is 2n, it is enough to prove that (1(X)s, N C[ X1, X5]) # 0. By
Proposition we have

I(X) = ({YiYheicjen, Xi + > an(Y2 = V2), X3 + ) ani(V = V7))

=2 =2 (2.3.8)

= ﬂ(}/la <. 7}%’7 <. 7YTL7X% - kli}/;27X22 - in}/?)

=1

where kj; = aj; forl < j < 2and2 < i < n, and k;; = Zaﬁ for 1 < j < 2. Hence
i=2

ﬁ(inX 2 — k1;X35) € I(X). Thus the first part of the proof is completed.

- Now we prove that only an even number of points can occur in W. Note that formula
gives a primary decomposition of /(X). In particular, to understand the projection W, we
need to study the common roots of the polynomials X; — k1; X3 for 1 < i < n. Any pair of

these polynomials either has two common roots or no common root at all. Hence, the result

follows. L
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Theorem L. BJis now proved by using Propositions[2.3.1] [2.3.3] [2.3.5] Theorem[2.3.6] and
Proposition[2.3.7]

The previous Proposition shows that the projection W, unlikely the projection Y, is

not completely determined. In the remark that follows we give more details on W.

Remark 2.3.8. Keeping the same notation as in Proposition [2.3.1] we note the following:

(i) If we choose a; = ap; for all 2 < i < n, then X7 — X35 € I(X). Thus, W contains

exactly 2 points.

Qi

o 4 o o ,
#iforany2<z, nz;éjsuchthatM;é 1Zf0rany2<z<n,

Qg Qg; Zk 9 Ok Qg
we obtain exactly 2n points in W. For example, choose a1; =7 —1for2 <i:<n—-1

(i) If

b

a1, = e and ay; = 1forall 2 < i < n.

(111) For n = 3 we can not get exactly 4 points in W. Indeed, note that if a2 # a3 implies
2 3

OéQ—i‘CYg#O!Q and Qo + O3 a3
B2+ B3 P B2+ B3 P
This implies W has exactly 6 points. Further, if @2 _ %, then we obtain exactly 2 points
2 3
in W.
. Q; . 3
(iv) For n > 4, we can choose F such that W has 4 points. i.e. choose 5_ # 5 and
i 2
a3
=2 — ZLforalli > 4 with o = BG; = 0.
ﬁ3 ﬁz ; Z

Example 2.3.9. Let F = (22 +22)(y? + y2 + y3). By Remark[2.3.8) we have that the projection
of any minimal apolar set X from V (X1, X5) to V (Y1, Y2, Ys) is either a set of 2 points or a
set of 6 points, while the projection of X from V (Y7, Y3, Y3) to V (X3, X;) is always a set of 3
points. Hence, by Theorem we obtain that any minimal apolar set X to F' has one of the
following shapes described in Figure and Figure Red dots denote the points in X in
both pictures.
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V(}/MY2’)/3) ‘Pl P2 V(Y17Y27}/3) P1 PQ P3 P4 P5 Pﬁ

Q1 Q Q2
V(XlaXQ) : Q3 V(Xl,XQ) @ Qs

Figure 2.2: Minimal apolar set whose projec-

tion from V' (X, X») to V (Y1, Ys,Y3) having 6

Figure 2.1: Minimal apolar set whose projec-

tion from V' (X, X5) to V (Y1, Ys, Y3) having

. oints.
2 points. P

2.4 Theforms (2% + 25+ -+ 22 )(yi +vy5 + - +y°)

In this section, we provide a new lower and an upper bound for the rank of the forms (7 + 23 +
)W Y+ )

Proposition 2.4.1. Letn > 2. Ifwelet F = (z] + 25 + 23)(y; + -+ 42), then Rk F < 6n.

Proof. Consider the ideal

I(X) = ({YiV heicjen, X1 X2, X1 X3, X5 — X5, X7 = X3+ Y7 + - Y2 — (n—1)Y2).

Using a description of F'* given in Lemmal2.1.7} it is clear that 1(X) ¢ F*. Moreover

I(X) = (ﬂ(Yl, Y Y X X2 - X2 X2 k:ﬁf))

i=1

N (ﬁ(yl, o Y Y X, X, X2 4 kiYi2)>

=1
where k; = 1for1 <¢ <n—1and k, =n — 1. Thus, X is an ideal of 6n points apolar to F'.

Hence, by the Apolarity Lemma the result is proved. [
Proposition 2.4.2. Letm,n > 2. Ifwelet F = (25 +- - -+22 ) (yi+---+y2), then Rk F < 2mn.
Proof. Letq =y} + --- + y2. We divide the proof in two cases: m even and m odd.

Case (i) m = 2k for some k € N. Then we write

(T4 +ap)qg = (z] + 23)q + - + (25_, + 23,)q.
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Therefore by Proposition we have Rk(z} + 23)q = Rk(z; + wa;)(z; — 1x;)q = 4n.
Hence we get

Rk F < 4nk = 2n - 2k = 2mn.
Case (ii) m = 2k + 1 for some k € N. Then we write

2

(@4 Fad)g= (@] + -+ a3 _o)q + (a4 + 35, + x%k+1)q'

Therefore, by case (i) and Proposition we get
Rk F <22k —2)n+6n=2n-(2k+1) = 2mn.
The proof is completed. [
Theorem 2.4.3. Letn > m > 3. Ifwelet F = (z7 + --- + 22)(y} + -+ +12), then
n(m+2) < Rk F < 2mn.

Proof. Note that the upper bound comes from Proposition [2.4.2] thus we only need to prove the
lower bound. Using Lemma we get

Ft = ({XiX h<icjem, X7 — XPha<icm, {YiV i h<icjen, (Y7 — Y bo<izn)-
SetI = (Yy,....,Y ) t=aY) + - +a,Y,for0# ;e C,1 <n,and J = (F*: 1) + ().
Thus, we get

J = ({XiXjheicjem (X7 — X7 }ocicm, ViV hicjcn, Vi h<icn) + (1)

Therefore
do| 1 | 2 | s s
HF(T/J,Z')‘1‘m—|—n—1‘m(n—1)—|—1‘n—1‘0

and thus 2 HF(T/J,i) = n(m + 2). Hence, by [12, Theorem 3.3], we get

120

Rk F > Y HF(T/J,i) = n(m + 2).

=0

We now prove by contradiction that Rk ' > n(m + 2). We assume that Rk ' = n(m + 2)

and we let X being a minimal apolar subset of F. Note that /' is e-computable using [ =

(Y1,...,Y,)and t = Z%‘Yi for 0 # «; € C. Thus, Remark 2.1.3|yields V (Y1, Ys,...,Y,) <

i=1

Fr.
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LetV = FXAC[Yi,...,Y,]o. Thendim V = Z +n—1. I weletdim V/I(X) = dimV —a,
then dim /(X)y n C[Y3, ..., Y, ]2 = a. Thus, by Lemma we have

HF (X, 2) < n(m + 2) — dim V/I(X).

Therefore
n+m+1

2

Applying Grassmann’s formula, we get

dim I(X), > ( > —n(m +2) + dim V/I(X).

a =dimI(X)2 n C[Y7,...,Y,]o = dim I(X)y + dim V — dim(V + I(X)2)

> dim I(X)y + dim V — dim Fy-

n+m+1
=
2

> 2<n> — Q.
2

> —n(m +2) + dim V/I(X) + dim V — dim Fj-

(2.4.1)

and thus, o > (Z)

We now show that o = (Z) Note that (X1, Xo,. .., X,) + I(X) A C[Yi,...,Y,] is
the ideal of the projection of X onto V' (X7, Xo,..., X,,), we call this projection Y. Since
HF(Y,1) = n, we get HF (Y, 2) > n. Thus,

HE(Y, 2) - (" ; 1) —dim [(X), AC[Y,..., Yol = n

a < <" ; 1) —n= (Z) (2.4.2)

Therefore, by Equations (2.4.1), and (2.4.2), we have

implies

dim I(X)s A C[Y4,. .., Y] = (’;)

Therefore, HF(Y,2) = n and thus, I(Y) is an ideal of n points. Therefore the apolar set X is
contained in n many m-dimensional linear spaces, each passing through V' (Y7,...,Y,). Simi-
larly as in the proof of Proposition[2.2.1  let Y = {Q1,...,Qy},and Hy = (£, Q1, . .. Qi Q)
where ¢ = V(Y1,...,Y,). Note that H; is a hyperplane, hence I(H;) = (L;) for some L; =

;1Y + -+ - + aynY,,. Indeed,

Pt (Y1 + -+ i Yn) = (Y1 + - + anYy) OF)l

1
((ﬁ +ay+-xh )y + o+ ainyn))
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where the first equality holds by [[12, Lemma 3.2]. Note that G = (2% + 23 + --- 22)(a1y; +
-+ + a,y,) is such that Rk G = 2m. Again, by Proposition F is e-computable with [ =
(Y1,...,Y,)andt = Y] + - - +Y,,. Hence by Remark [2.1.3|we have V' (Y1, Y5, ..., Y,) € Fp,

we obtain X contains 2mn distinct points. Hence a contradiction since 2mn > n(m + 2). [

ai a2

Next, we prove the Waring rank of the forms of the type I/ = x{' 25> - - - 2% (P +- - - +3),
where m,n > 1,0 > 2,and a; < ay < --- < a,, with a; + 1 > b. Note that this includes the
case F' = (22 + 23)(y] + - - + y2). To understand the structure of minimal apolar sets of such

forms, the computation of rank was crucial.

Proposition 2.4.4. Let F = 23'2% - 2% (y* + - + ¢°), where m,n = 1, b > 2, and

m
g <ay << apwithay +1 = 0. Then

m

Rk F = (] [(a;i + 1))n.

i=1
Proof. We use e-computability to obtain a lower bound. Consider I = (Y1,Y5,...,Y,) and
t= EaiY;. Let ] = F*: I+ (t). Then

i=1

I=({ X7 Y cicn, {YiVi hcicijcn, (Y hi<icn, Z a;Y;). (2.4.3)

=1

We want to compute the Hilbert function of 7'/ I.Forl > 0,and [/ + 1 < b, we have

HF(T/I,1+ 1) = (n — 1)(No. of linearly independent degree [ monomials in 7'/]
involving only zs) + (No. of linearly independent degree [ + 1 monomials in 7'/1

involving only xs). (2.4.4)

Leta = (ay,as,...,a,). Define
C(m,s,a) =| {(I1, s, ..., Im Zl—sandl a;} | .

Here C'(m, s,a) counts the number of linearly independent monomials of degree s in 7'/ I in-

volving only z;’s. By Equation (2.4.4)), for all [ > 0,

HF(T/I,1+ 1) = C(m,l,a)(n — 1) + C(m, 1 + 1, a). (2.4.5)
Further, HF T/I Zaz =0.Leta = Z a;. We have
i=1 i=1
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a+1 a+l
Y HF(T/I,1) =1+ ) HF(T/I,I) —1+ZHFT/[Z+ 1)
=0 =1

Q

L+ > (C(m,l,a)(n— 1)+ C(m,l + 1,a)) (by Equation (2.4.5))
=0

nZ C(m,l,a) = nH(ai +1)

=0

o~

(2.4.6)
Therefore, by Equation (2 we have
Rk F > Y HF(T/1,1) = n] [(a: + 1), (2.4.7)
10 i=1

where the first inequality holds by [12, Theorem 3.3]. Further, the ideal

[<X> = ({}/:iy}}lﬁi<j$7la Qh QQ; cee 7Qm>

where Q; = X®™ 4 (VA 4 VAT (—n+ 1Y + VP + - -~ + V) is contained in
F*+. We have
ﬂ Y17Y'27 'Yna q1>CI2a--'7Qm)7

where ¢; = X;jﬂ + Y;aiﬂ forall1 < j < m,forall 2 < ¢ < n, and for ¢+ = 1, for all
1<j<mgq = X;”H + (—n + 1)V, Note that over the field of complex numbers, ¢;
splits into linear forms, giving the primary decomposition of /(X). Hence /(X) is an ideal of

n H(ai + 1) distinct points. Therefore, by the Apolarity Lemma,
i=1

RkF <n] [(a+1). (2.4.8)
i=1
Therefore, by inequalities (2.4.7) and (2.4.8]), we obtain the result. ]

Remark 2.4.5. Our guess is that the upper bound is the Waring rank of F' in Theorem [2.4.3]
We prove m = 2 case in Proposition [2.4.4] If the guess is correct, then we have a nice structure

for minimal apolar sets of F.
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Chapter 3

Waring rank of quasi-monomial complete

intersections

In this chapter, first, we compute the Waring rank of the forms F' such that
F= (X0 + G(Xo,..., Xy), X1, X2 .., X)

where G'/(Xo, ..., X,) is a homogeneous form of degree ao with degy, G' < ao. This is done in
Section As an application, in Section |3.3| we further compute the Waring rank of binomials
whose annihilator ideal is a complete intersection. To obtain lower bounds on the Waring rank,
we highly depend on e-computability Hence, in Section we compute the relevant

colon ideals.

3.1 Preliminary results

In the rest of the chapter, we consider the standard graded polynomial ring 7" = C[ X, ..., X,,].

Let T'[t] = C[t, Xo, X1, ..., X, ] be the standard graded polynomial ring with the lexico-
graphic ordering t > Xy > --- > X,,. Next, we compute F'* : (X;), 1 <i <n,and F* : (h)
when X + G = h™g for some forms %, g € 1" with deg h > 0 and m > 2. In the next section,
using these colon ideals and Theorem [2.1.2]on e-computability, we obtain lower bounds on the

Waring rank of F'.
Proposition 3.1.1. Let I = (X{° + G, X', X532, ..., Xi") < T be an ideal.
1. Forany 1 <1 < n, we have
I:(X) = (X +G, X, Xe X)),
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2. If Xi° + G = h™g for forms h,g € T with deg h > 0 and m > 2, then
I:(h)=(h"""g, X{*, ... Xom).
Proof. We first prove (1). Note that a Grobner basis of ¢/ + (1 — ¢)(X;) < T'[t] is,

GB = {tX3+1G, tX0 X532 tX52, .. X0, (t—1)X;, X (X30+G), Xi X0, X, X582, ... X5 ... X, X0}

n

Thus by Theorem we have that
In(X;) = (Xi(X3° + G), Xp X7, Xo X592, .o, XM, o0 X Xom).
The conclusion follows by Theorem [B.2] Similarly, to prove (2) we use that
GB = {th™g, t X", t X352, ..., tX (t — )h,h™g, hX{*, hX3%, ..., h X"}
is a Grobner basis of t/ + (1 — t)(h) < T'[t]. Thus by Theorem B.1| we get
I n(h)=(h"g, RX", hX5?, ... hX2").

Again the conclusion follows by Theorem B.2

O

Recall that a set of points X < P" is said to be apolar to F if I(X) < F*. To prove
the existence of some apolar set, we use a geometric approach. We recall a few notation. Let
V < P" be a projective variety. We denote the homogeneous coordinate ring of V by C[V]
and the field of rational functions of V by C(V), that is, the field of fractions of C[V]. Let
f 'V — W be a map of varieties. Recall that f is said to be a finite map if C[V] is integral over
C[W].

Lemma 3.1.2. If f = X{° + G € T is a homogeneous irreducible polynomial of degree ay, and
m V() — P

is the map defined by the projection of V (f) from the point [1 : 0 : --- : 0] to P"', then the
pullback 5(C(P" ') < C(V (f)) is a finite separable field extension.

Proof. We have C[V(f)] = C[Xo,...,X,]/(f) and C[P"'] = C[Xy,...,X,]/(Xo) =

C[X;...,X,].- Note that f is a finite map. Indeed, by the properties of integral extension,

ISee Proposition ?.3 for a detailed version.
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it suffices to show that X is integral over C[P"']. Considering f as a polynomial in X, with
coefficients from C[P" '], X is integral over C[P"~']. Hence C[V/(f)] is finite over C[P"'].
Therefore C(V(f)) is a finite field extension over C(P"!). Since C(P" ') is of characteristic
zero, it is a perfect field and every finite extension of a perfect field is separable. Hence the

proof. ]

The following result describes a nice property of maps as in between normal vari-

eties.

Theorem 3.1.3 (Theorem 2.29 [66]). Let X,Y be irreducible varieties, Y be normal and F :
X = Y beamap. If F*(k(Y)) < k(X) is a finite separable field extension, then the set of

unramified points of F is open and nonempty.

Next, we recall a classical result: Bertini’s Theorem. This result is useful in obtaining an

ideal of a certain number of distinct points inside the annihilator ideal.

Theorem 3.1.4 (Corollary 10.9 [28]]). Let X be a non-singular projective variety over an alge-
braically closed field of characteristic zero. If ¢ is a linear system without base points on X,

then almost every element of § considered as a closed subscheme of X is nonsingular.

Remark 3.1.5. We note that from [28, Remark 10.9.2] that “projective” is not necessary in the
Theorem if the linear system ¢ is finite dimensional (which is indeed the case in our set
up). Moreover, if X has finitely many singular points, and J is base point free on X, then by [28|,

Remark 8.18.1] there exists an element in 6 which is smooth on X\ { singular points of X}.

3.2 Rank of quasi-monomial complete intersections
In this section we compute the Waring rank of F' such that
FH = (X0 + G(Xo, ..., Xp), X, X520 X

where G(Xo, ..., X,) is a homogeneous form of degree ay with degy, G(Xo,..., X,) < ao.

For the sake of simplicity, we denote X° + G(Xo, ..., X,) by X{° + G.

45



Theorem 3.2.1. Let F € T be such that F+ = (X{° + G, X™, X5?, ..., X)) where G is a

form of degree ag with degx, G < agand a; < az < -+ < ay,. Then
( n

aOH a; ifa; < agor
j=2

a; > ag and (X§° + G) does not have a multiple factor.
Rk F' = <

H a; if a1 > ag and (X§° + G) has a multiple factor.

\Jj=1

Proof. We divide the proof in two cases.
Case I: (a; < ag) or (a1 > ap and (X{° + G) does not have a multiple factor).
First, we prove a lower bound on the Rk F' using e-compatibility. Let J = (X;) and ¢t = X;.
By Proposition [3.1.1|[1)) we get
I=(F*: D)+ =(XP+G, X1, X5, ..., Xo).

And thus
Cl[Xo, ..., X,]
(X5 + G, Xy, X352, ..., Xon)

T/I =

Therefore, we get
n

Y HF(T/1,i) = ao] [ a.

=0 =2

Furthermore, Theorem on e-compatibility yields the lower bound

Rk F = ao] [ a;. (3.2.1)
=2
To obtain an upper bound on Rk F' we use the Apolarity Lemma That is, we con-
struct a set of aol_[ a; distinct points apolar to . We do this in two subcases.
i=2
Case I(i): We first prove an upper bound for Rk F' if a; < ay.

Consider the projective variety
V=V(X3?—- X2 ..., X" —X)

with a; > 2 for 2 < i < n. Note that (V)  F*. Let S be the singular locus of V. We compute

S using the Jacobian criterion. Note that the Jacobian matrix is given by

0 —apX ' apXxg! 0 0

0 —azX! 0 as X5t 0
J: . . .

0 —a, X! 0 0 s ap X!

(n—1)x(n+1)
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If P = [po,...,pn] € Sing(V), then rank J(P) < n— 2. This means all the determinants of size

D G
1_L;T—Zl(/p) = 0. This means X;(P) =

J
0 for some 2 < [ < n. Since P € V, we have X;(P) = X;(P) = X3(P) = --- X,,(P) = 0.
Hence S = {[1:0:0:---:0]}. Let V' = V\S, and 6 = (F*),, be the vector space defining a

(n—1) vanishes at P. i.e.,for 1 < j <n, D;(P) =

linear system on V'. i.e., given v € F- define a divisor D, = {Z € V' | v(Z) = 0} on V'. We

claim that the linear system defined by 6 on V' is base point free, that is BS(d) = ¢J.

Proof of the claim. By contradiction, assume that ¢ = [go : ¢1 : ... : ¢,] € V' is a base point
of . Since X{° € 0 we get ¢y = 0. This implies ¢; = --- = ¢, = 0 because ¢ € V. Thus a
contradiction since [1: 0 : --- : 0] ¢ V'. Hence the claim. O

By Theorem we know that a general element of ¢ is smooth on V’. Thus there exists
He Fal0 such that
X=V(H,X5*—X{?, ..., X2 — X))

n
is a smooth set of points. Moreover X is a set of aon a; distinct points with 7(X) < F*. Hence

=2
the Apolarity Lemma yields the upper bound

RkF < aOH a;. (3.2.2)
=2

Therefore, by Equations (3.2.1) and (3.2.2), we get the exact value of Rk F.

Case I(ii): To obtain an upper bound for the Rk F if a; > ag and (X§° + G) does not have a
multiple factor, we proceed as follows.

Let £p be the set lines in P" passing through the point P and £ < Lp be the set of lines
that intersect V (X{° + @) in distinct points. Note that f = X§° + G does not have multiple
factors, hence we assume f is irreducible. If not, write f as a product of irreducible factors, and
we can repeat the argument below on each component separately. Consider the projection map

from the point P =[1:0:0:---:0]
mp: V(f) —» P (3.2.3)

By Lemma3.1.2|7% (k(P" 1) < k(V(f)) is a separable field extension. Hence, by Theorem [66,
Theorem 2.29] the set of unramified points of 7p is open and nonempty. Thus the ramification

locus of 7p is a proper closed subset; we call this locus Z. Therefore £ is dense and non-empty.

Let us define apolar star to be the union of lines X’ passing through the point P defined by
the ideal
(X9 —wo X2, .., X —w,X{") < F* (3.2.4)
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with w; # 0 for all 2 < i < n. Let L, < Lp be the set of all lines containing apolar sets as in
Equation (3.2.4). Then L, is dense and non-empty. Indeed, the set of all apolar stars consists
of all the lines except the lines passing through the union of the surfaces {X; = 0| 0 < i < n}.
Hence the complement is open.

Note that the apolar star X is completely determined by any lines in it. Moreover, given
a line /, there is a unique apolar star containing it. A bad apolar star X is an apolar star such
that 7p(X) N Z # . That means there is a line ¢ in X’ intersect the ramification locus Z. i.e.,
¢ € X does not intersect V' (f) in distinct points. Note that X is completely determined by ¢
and 7p(l) € Z. Thus the bad apolar star is contained in a closed subset of £p and thus proper.
In other terms L7 < Lp the set of lines describing apolar star which is not bad, is open and

m

non-empty. If mp(¢) = [1:wq : -+ : w,] and £ € L n L] n L, then X, n V(f) is a set of

distinct ag H a; points apolar to F'.
i=2

Case II: a; > qg and X° + G has a multiple factor.
Let (X(° + G) = h™g with m > 2 for some h, g € T where h is a form of degree k& > 1.
Consider J = (h) and ¢ = h. Therefore by Proposition 3.1.1{[2) we get

I=Fr: D)+ ) =(h, XM, ..., X&) (3.2.5)

Note that h = Xé“ + h' for some homogeneous h’ € T},. Therefore we get

=

I
—

Y HF(T/I,i) = k

=0 A

a;. (3.2.6)

Since ¢ is of degree k, using Theorem on e-compatibility we obtain

1 . d
Rk F > E(Z HF(T/1,9)) = | [ a. (3.2.7)

120 i=1

To obtain an upper bound, we proceed as in Case 1(1) for the projective variety
W=V(X3*— X", Xo— X)

and the linear system defined by § = Fjl Hence the proof.
O

Example 3.2.2. Consider I = (X?+Y?+ 7% Y? Z%) and F = 2° —52°y* — 52°2% 4+ 150y%2>.
By Macaulay?2 we verify that F- = I. Hence, by Theorem 3.2.1/we obtain Rk F' = 6.
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3.3 Rank of binomials

In this section, we compute the Waring rank of binomials whose annihilator ideal is a complete
intersection. Recently, in [2], the authors have computed the annihilator ideal of binomial forms
in three variables. Subsequently, the papers [21,/67|] characterize the binomials whose annihi-
lator ideal is a complete intersection. In fact, they have computed F* in this case. This com-
putation shows that such an ideal is a quasi-monomial complete intersection in “most cases”.
As a consequence of Theorem we compute the Waring rank of binomials in these cases.
In the remaining cases, we use similar techniques to compute the Waring rank. Hence, we
compute the Waring rank of all binomial forms whose annihilator ideal is a complete inter-
section (CI). Consider a binomial F' = 250z - - - % (zb0 - - - 2% — a:Z’f:f ---2m). A necessary
condition (see [21,/67] for F* tobe aClis k = 1. Therefore we consider the binomial of
type F = 20251 - 2% (gh0 — 2% ... 2P). Rearranging the variables if required, we can write
F = F\Fy where F} = 029" - - (x> — 25 - - - 2%) is a binomial with b; # 0 for 1 < i < k,
b1 =---=0b,=0,and F5 = xZ’fll .-~z for some 1 < k < n. Moreover, by [22, Proposi-
tion 3.1] we have
Ft = (F)s, + (Fy)s,

where S; = C[xo, ..., 2] and Sy = C[zpy1,...,7,]. Note that (F)g, is a monomial com-
plete intersection. Hence ™ is a CI whenever (F;")s, is a CL If k = 1, then F} is a binary
binomial and (F}')g, is always a complete intersection, but may not be a quasi-monomial com-
plete intersection. We use a description of annihilator ideal given by K. Shibata in [67]. Using
that, we reprove a result [8, Theorem 3.1] of Brustenga i Moncusi and Masuti and obtain the
Waring rank of binary binomials. If £ > 2, then by [21,67] we have a characterization for (F})*
to be a CL In fact, it is a quasi-monomial complete intersection. Hence we use Theorem [3.2.1]
to obtain the rank.

We first present the case £ = 1. To do so, we recall a result by K. Shibata [67] which

computes the annihilator ideal of a binary binomial.

Theorem 3.3.1 ( [67]], Lemma 2.11). Let S = C|xg, z1], and T = C[ X, X1]| be the standard

graded polynomial rings. Let
bo bo

ag ..a1
F = zgait (g — 27°)
where by, ag, a1 € Nwithby > 1,0 < ag < aq. Let

v=min{i | ap + 1 < ibp}, w=min{i|a; + 1 <ibp}.
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Then

v
ag+bo+1 - ibg ya1+1—ibg . .
X LM =) XX ifv < w;
Fl . =0

v v—1
<P _ ZXébonf—l)bO’ Q _ Z X(C]IO+1—(U—1—’L)b()X{L1+1ib0> l:fv = w.

=0 i=0

It is easy to see that when the polynomials M, P, () are square-free. Indeed,
M(Xgo _ Xfo) _ XévH)bOXle_vbO o Xf1+1+b°.
Whenever a; + 1 — vby > 2, we obtain M has a multiple factor. Similarly,
P(Xgo . Xi)o) _ Xév+l)b0 o Xl(’l)-‘rl)bo‘
Hence P is always square-free. Note that
Q(Xgo _ Xi?o) _ Xgo+1+boXil1+1*(v*1)bo . Xgo+1*(v71)boXiz1+l+b0.

Hence () has a multiple factor if ag + 1 — (v —1)by = 2 0ora; + 1 — (v — 1)by = 2, otherwise it

is square free. By Sylvester’s algorithm [69,70], the result below is a direct consequence.

Theorem 3.3.2. Let F' = 20029 (250 —25°) be a binary binomial and notations be as in Theorem

Then we have the following:

v<w a1+ 1<ag+bg+1landa; +1—vby = 2 RkF =ag+by+1

Otherwise Rk F =a; + 1.

v=w |vbyg=ap+a;+2—(v—1by, a1 +1—(v—1)bg <1 | RkF =ag+a;+2—(v—1)b

Otherwise Rk F' = wvby.

Note that the above result is equivalent to [8, Theorem 3.1]. Rewriting the statement in
Theorem [3.3.2] we get F' = 20 bog81 — 720 ,91+% p terms of notation as in [8, Theorem 3.1],
we get r = ag, @ = by, s = a;. We claim that under this identification, both results yield the

same value of the Waring rank.
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Proof of the claim. Consider the Euclidean division of ag by by: ag = gby + 7, 0<j<by.
Hence v = g+1and vby = (q+1)by = ag+by—j. Therefore a;+1—vby = a1 +1—(ag+bo—j) =
j—0+1,whered =r+a—s=ag+by—ay.

Case I. We first consider the case v < w. Since w = [(a; + 1)/by|, we have
v<w <= a1+ 1>vby = j—0+1>0 < j=0.

Case L.A. Suppose a; +1 < ag+ by + 1 and a; + 1 — vby = 2. This means a; < ag + by <

0>0,andj—d0+1>2 <= j > 4. Thus, under the case 6 > 0,7 > J we have
Rk(F)=ay+by+1=r+a+1.
Case LB. In all remaining cases with v < w, we have
Rk(F)=a;+1=s+1.

This matches exactly the cases of |8, Theorem 3.1], where either 6 < 0,or 9 > O and j = 0.

Case II. Assume v = w. This implies
v=w <= a1 +1<vby = j—0+1<0 < j <.

Case II. A. Assume vby > ag+a; +2—(v—1)bpanda; + 1 — (v —1)by < 1. Sincev = g+ 1
the second inequality becomes

a; +1—qgby < 1.
Using a; = ag + by — 0 = qbg + j + by — 9, we obtain
j+by—0d<0.

Since 0 < by, we get 7 = 0. Hence 6 = by. This implies ay = a;. Note that j = 0 implies

ag = qbg. Therefore vby = ag + by and (v — 1)by = ag. Hence, the inequality becomes
vbg =ag+byg=ag+a;+2—(v—1)bg=ag+a +2—ay=ay+ 2.

This implies by > 2. Hence this case is the same as j = 0,7 = s, « > 1, and the Waring rank

Rk(F)=ap+a;+2—(v—1)bg =a; +2 =5+ 2.

Case II. B. In all remaining cases of v = w, the Waring rank is given by
Rk(F) =vby=ag+by—j=r+a—]j.
Hence, the proof of the claim. [
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Lemma 3.3.3. If V = V(G, X3t — xgstt X Hl _ X0ty < P* > 2 is a variety
where G € C[ Xy, X1] is a homogeneous form and square-free, then the singular locus of V is a
finite set, and is given by

Sing(V) ={[0:0:1:ws:---:w,] |wh =1forall2 <i<n}

U{[ug:ug:0:0:---:0]G(ug,uy) = 0}.

Proof. Note that the Jacobian matrix is given by

oG 0G
— = 0 0 0 0
0Xo 00Xy
0 0 —(azs+1)X$¥® (az+1)X5® 0 ce 0
J=1 0 0 —(ag+1)X® 0 (as + 1) X5 - 0
0 0 —(a,+1)X35" 0 0 coe (an + )X
(n—1)x(n+1)
If P=[po:---:pu] € Sing(V), then rank J(P) < n — 2. We divide the proof in to two cases.
Case I. We assume X, (P) = 0. Since P € V we get p, = - - - = p,, = 0. Hence the set of points
{lug :uq :0:0:---:0] G(ug,ur) = 0} < Sing(V).
Case II. Assume that X, # 0. All the (n — 2) x (n — 2) sub-matrices of J(P) does not have
oG oG
the full rank. This implies ——(po, p1) = =< (po,p1) = 0. Since G is square-free, this is not
0Xo 0X,
possible unless py = p; = 0. Hence the proof is complete. [

Lemma3.34. Let - = (P = Z X x b ) = Exg[)*l‘(“‘l‘“box?““’0, X8, X0,
1=0 i=0
1 IfI = (Xy), then F+: I = (P,Q, X$>™', X5, ..., X).
2. IfI = (X)), then F+ : I = (P, Q/X,, X5, ..., X).
3. If1 = (Xy,X,), then F+: 1 = (P,Q, X$*,..., X).
Proof. Refer to Lemma[B.4]|for a proof. N

We now present the computation of the Waring rank of binomials obtained as the multi-

plication of a binary binomial and a monomial in different sets of variables.
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Theorem 3.3.5. Let F' = F\Fy where Fy = 2002 (z}° — 2%), and Fy = 252 - - - 2% such that

ap < ay, and ay < -+ < a,. Let A\ = min{as + 1,a9 + by + 1}. Using the notations as in

Theorem[3.3.1]if v < w, then

n

by + 1
wn (a; +1) ifA<a;+1lor(ag+1<Xanda; +1—vby <1)

Rk F = =1

(ap + bg + 1 otherwise.

’:]:

z=2
If v = w, then we have the following cases:

( n

deg P deg () (H(ai + 1)) if one of the following holds:

i=3
(1) as + 1 < min{deg P, deg Q}

(i7) deg P < as +1 < deg@
Rk F' =<
(1i1) deg @ < ag + 1 < deg P and Q) is square-free

Rk Fy (H(ai + 1)) otherwise.
\ 1=2
Proof. We divide the proof into two main cases.
Case A: We first prove the case v < w. By Theorem we have

FJ_ _ (X610+b0+1 M = ZXéboxin-‘rl—ibo Xélz-‘rl o Xan+1>

i=0

a quasi-monomial complete intersection. Moreover, M is not square-free if a; + 1 — vby > 2.
Let A = min{ay + 1, ag + by + 1}. Hence by Theorem [3.2.1] we obtain

(a0+bg + 1)
A

—

(a;+1) ifA<a;+1lor(a;+1<Xanday +1—vby <1)
1

<.
Il

Rk F =

(ag+by+1)| |[(a; +1) otherwise.

=

Il
N

7

Case B: We now prove the case v = w. Proof of this case has two main sub parts.

Casel. Letas+1 < min{deg P,deg Q} ordeg P < as+1 < degQ or (deg Q < as+1 < deg P
and () is square-free). We first obtain a lower bound on the Rk F. Consider I = (X3), and
t = X,. By Proposition nwe obtain F'* : (X5). Then by the e-computability Theoremm

we get a lower bound

Rk F' > deg P deg Q (ﬁ(ai + 1)) .

1=3
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To obtain an upper bound on the Rk F', we consider the variety

V(Xgstt - Xgett Xt - X9t P)if gy + 1 < min{deg P, deg Q} or;
V= deg P < as +1<deg@
V(X - Xgert Xt - Xt Q) deg@Q < ay + 1 < deg P and Q is square-free,

and a linear system defined by the vector space

A FdLegQ if as + 1 < min{deg P, deg Q}

Fapp if degQ < as+1<degP.

By Lemma we get V has finitely many singular points. Moreover, we claim that the linear
system defined by A is base point free on V. i.e., BS(A) = (.

Proof of the claim. Assume by contradiction that ¢ = [qo : ¢1 : ... : ¢,] € BS(A). Hence
P(q) = Q(q) = 0 because ¢ € V n V(A). This implies g0 = ¢; = 0. Similarly, note that
Xy®9 e Fi,oifa+1 < degQand Xy®" € Fi. if a; + 1 < deg P. Hence g, = 0 in both

the cases. Further, ¢ € V implies ¢» = - - - = g, = 0. Hence the claim. O

Hence by Remark we can apply Bertini’s Theorem on the variety V\Sing(V)
and the linear system defined by A on V\Sing(V). Hence we obtain an upper bound

Rk F' < deg Pdeg @ <ﬁ(ai + 1)) :

i=3
Case II. If conditions of Case I are not satisfied, then either deg ) < min{as + 1, deg P} and
(@ is not square-free, or deg P < deg () < ay + 1. We compute Rk F' by dividing the cases into
three subparts. First we obtain a lower bound for Rk F.

Case II(a) Assume that deg Q < min{ay + 1,deg P} and @ is not square free. This gives
ay+1—(v—1)by = 2. Therefore Q = X7’ for some @)’ € T. Consider I = (X;),andt = X;.
Then by Lemma we have

FJ_ . _[+ (t) _ (P7 XIQ/7X§42+1" o 7X5n+1,X1>

= (P, X3t Xt X)),
Hence by computing the Hilbert function we get

DIHF(T/(F* T+ (t)),i) = degPﬁ(ai +1).

120 1=2
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Case II(b) If deg P < deg @ < as + 1, then consider [ = (Xy, X;),and t = Xy + X;. By
Lemma/[3.3.4] we have

Fr.1=(PQ,X52* . Xoth),
Hence we obtain
FroT+ ()= (PQ, X2 .., X Xo+ X)) (3.3.1)
Since deg P < deg () we obtain

ZHF(T/(FL I+ (t)),1) = degPﬁ(ai +1).

i=0 i=2
In both the Cases Il(a) and II(b), by Theorem [2.1.2]on e-computability, we obtain
Rk F > deg P [ [(a; +1). (3.3.2)
i=2
We now obtain an upper bound for Rk £ for the Cases II(a) and II(b). Let V = V(Xf.f?”rl —
Xyt X+l _ Xgntl P) < P" and a linear system defined by the vector space A =

FL

2541+ We claim that A is base point free on V.

Proof of the claim. On the contrary, assume that ¢ = [y : - - - ¢,] € BS(A). Note that X298,
X{”H_degQQ € A. Hence qo = ¢; = 0 or Q(q) = 0. Moreover q € V, hence P(q) = 0. This

implies ¢y = ¢; = 0. Further, we proceed similarly to Case I to obtain the claim. [

By Lemma V has finitely many singular points. By Remark we use Bertini’s
Theorem on the variety V\Sing(V) and the linear system defined by A on V\Sing(V) to
obtain an upper bound

Rk F' < deg P (ﬁ(ai + 1)) : (3.3.3)

i=2
Moreover in the Cases Il(a) and 1I(b), by Theorem
Equations and we have Rk F' = Rk F} H(ai +1)

i=2
Case II(c). Assume deg @) < deg P < as + 1 and @ is square-free. We obtain a lower bound

on the Rk F' using e-computability. Let I = (X, X;), and ¢t = Xy + X;. By Lemma we

we have Rk F; = deg P. Hence by

obtain [ : I + (). Here deg Q < deg P. We perform computations similar to the Case TI(b)

to obtain

N HF(T/(F*: 1+ (1)).4) = degQﬁ@ +1).

120
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Thus, by the e-computability Theorem we get a lower bound

n

Rk F > deg Q| [(ai +1). (3.3.4)

=2

To obtain an upper bound on Rk F', we consider the variety

V= V(X5 - Xt Xt — Xt Q)

L

and a linear system defined by the vector space A = F, ,, on V. By using arguments similar

a

to the Case II(b), we obtain an upper bound

Rk F < degQ (H(ai + 1)) . (3.3.5)

i=2
Again by Theorem in this case we have Rk F; = deg (). Hence by Equations (3.3.4) and
(3.3.5) we have proved Rk F' = Rk F; H(ai + 1)> :

i=2
]

We now present the case £ > 2. By the results of [2, Theorem 4.1], [21, Theorem 3.3],

and [67, Theorem 1.3] we know that if F'* is a complete intersection, then it is a quasi-monomial

complete intersection. Hence Rk F' is almost immediate from Theorem [3.2.1] First, we state

the known results describing F*.

Theorem 3.3.6 (Theorem 4.1 [2], Theorem 3.3 [21]], Theorem 1.3 [67]]). Let
F = (o — ol a)

be a binomial form with all b; # 0 such that Z b = byand k = 2, and a; > 0. If there exists
i=1

+1

0

1 ap+1 a1+b1+1 ap+bp+1
Y= (X0t 4 G X X )

a
an integer 1 < i < k with a; < qb; where ¢ = | ————|, then

Qa;

where G = Z:(X{’1 L XY XG0T ith m = min{[b

=1

|| 1<i<k}

We now present our results on the Waring rank of binomials whose annihilator ideal is a

quasi-monomial complete intersection as in Theorem [3.3.6]

Theorem 3.3.7. Let F = 2002 - 2% (a0 — 2% - aP). Write F = F\F, where F| =

z8ox (a0 — 2% 2l a binomial with b; # 0 for 1 < i <k, byyy = --- = b, = 0,
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and Iy = :I:Z'_fll <z for some 1 < k <n, and a1 < -+ < ap,.
If2 < k < n, and F} satisfies conditions as in Theorem[3.3.6] then

k n

i
3
+
=

rk(F) = <

k
1_[ a; +b; + 1) 1_[ (a; + 1) otherwise

where A = min({a; + b; + 1 | 1 < i < k} U {ag41 + 1}).
Proof. By Theorem we have

1 ag+1 a1+b1+1 ap+br+1 ap+1 an+1
FL = (X0 1@, XS L XOhL ot el

m
i —j . . Q; . .
where G = E(Xfl--‘X,i’k)JXgOH i with m = mln{[b—ZJ | 1 <4 < k}. Hence F:isa
i=1 ‘
quasi-monomial complete intersection. We claim that GG is not square-free. That is, we prove

that ag + 1 — mby > 2. On the contrary, assume that ay + 1 — mby < 1. This means

ap + 1
bo

bo + 1 1
m2+ |<|m+—|=m. (3.3.6)
0

= I<l
k

The last equality follows from the fact that by = Z b; = k = 2. Moreover, by the definition of
=1

m we have mb; < a; forall 1 < j < k. By hypothesis there exists 7 such that a; < ¢b; for some
1 <@ < k. Therefore, for the same ¢, we have mb; < a; < ¢b;. Since b; > 0 we get
m < q. (3.3.7

Hence, by Equations (3.3.6) and (3.3.7) we have a contradiction. Therefore, we can write
G = Xt for some g € T. Thus X! + G is not square-free. Hence, by Theorem[3.2.1]

immediately, we obtain the result.

We apply the Theorem in a specific case in the example below:

Example 3.3.8. Let I = 22232323 (2§ — 2{aqa3) € Clag, 21, 29, 23]. By Theorem [3.3.7, we
obtain the Waring rank Rk F' = 240.
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Chapter 4

Symmetric decomposition of the Hilbert

function of an ideal

Throughout this chapter, let (R, M) be a local ring over a field k¥ where k = R/M and J
an ideal in R such that A = R/J is an Artinian Gorenstein (AG) k-algebra. This chapter is
devoted to understand the structure of the Hilbert function of I, that is, the Hilbert function of
its associated graded ring G(I) := ®,>oI"/I"** for any ideal I in A. We prove the existence
of symmetric decomposition of the Hilbert function of an ideal.

In Section we prove some preliminary results and set up required background. In
Section we introduce a symmetric decomposition of the Hilbert function of an arbitrary
ideal in an AG local k-algebra. In Section we propose some problems and conjectures
on possible /-Gorenstein sequences in a codimension two AG k-algebra. In Section we
give a complete list of 2-admissible sequences of length at most 3 and with hy = 2 that are
I-Gorenstein sequences. These sequences support our conjecture. To conclude that certain
2-admissible sequences are not /-Gorenstein, we have deeply extracted information coming
from a possible symmetric decomposition of this sequence. In order to show that a certain
2-admissible sequence H is an /-Gorenstein sequence we have constructed an explicit AG k-

algebra A and an ideal I in A, such that G(I) has the Hilbert function H.

4.1 Preliminary results

In this section, we prove some properties of AG k-algebras.
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Lemma 4.1.1. Let A = R/J be an AG k-algebra of socle degree s. Then there exists a k-linear
map p : A — k which is non-zero on the socle of A. The k-bilinear map induced by this linear

map {-,-) : A x A — k, namely {a, by = p(ab), is non-degenerate.

Proof. By Proposition corresponding to A = R/J, there exists a k-linear map ¢: R — k
such that ¢ |ys+1= 0,7 |pms# 0. Define ¢ : A — k as ¢(a + J) = 1(a). First we show ¢
is well-defined. By Proposition we have ¢(Rz) = 0 for all = € J. Hence, in particular
Y(z) = 0 for all z € J. Thus ¢ is well defined. Moreover, since Soc A = M*® + J/J,
o(M?® + J/J) = 1p(M?) # 0. Hence ¢ is non-zero on the socle of A.

Next, we prove that (-, -) is non-degenerate. Suppose a + J € A = R/J is such that
{a+ J,b+ J)=0,forall be R. Then, forall b € R,

la+ J,b+ J)=¢(ab+ J) =1(ab) = 0.

Hence by the description of J in Proposition [C.1] we get that a € J. Hence a + J = 0.
Similarly, if b+ J € Ais such that {a + J, b+ J) = Oforalla+ J € A, thenb+ J = 0in A.

Therefore, our claim is proved. ]

By abusing the notation we denote the bilinear map ¢, -) in Proposition as . With
the notation as in we recall the definition of perp and annihilator of an ideal I in A induced

by this bilinear map ¢ :
Anny(I) ={ae A|p(at) =0, forallte I}, and I+ = {ae A | ¢(ta) =0, forall t € I}
Hence, Anny (1) = I*.

Proposition 4.1.2. Let A = R/J be an AG k-algebra, and Q < S < A be ideals in A. Then
(S/Q) = Q*/S* where V' = Hom(V, k).

Proof. Let ¢ : A — k be a k-linear map corresponding to A obtained from Lemma We
have a natural k-linear map 1 : Q* — (S/Q) given by

Y(a) =a: S/Q =k
where 1, (s + Q) = ¢(sa) for s € S. Since a € Q*, 1), is well defined. Note that

kert) = {a € Q| ¢(a) =, =0} = {a € Q| p(sa) = 0forall se S} = St ~nQt = S+
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Hence, we have an injective map ¢ : Q*/S* — (S/Q). Further,
dim(Q*/S*) = dim Q* — dim S*
=dimA —dim@ — (dim A — dim S)  (by Proposition|[C'2)
= dim S — dim Q)
— din(5/Q)

— dim(S/Q).

Hence ¢ is an isomorphism. Thus (5/Q) = Q*/S™. O

4.2 Symmetric decomposition of the Hilbert function of G(/)

Let (R, M) be a local ring over a field k£ with & = R/M and J be an ideal in R such that
A = R/J is an AG k-algebra. Let [ be an ideal in A. We define the end degree of I as the least
integer v such that I* # 0 and /™' = 0. Then we define the following decreasing sequence of

ideals of G(I) as follows:
GI)=0C(0)=2C(1)2---2C(u+1)=0

where C/(a) is a graded ideal of G(I) with i*" component given by

(O . [u+1—a—i) A I N (O . Iu-&-l—a—z‘) AT 4 Jitl
Cla)i = (0 : [uti-a—i) A [l — Jitt . (4.2.1)

Define Q(a) := C(a)/C(a + 1). We note that

Q(a), = C(a),/C(a + 1),
[(0 . ]u+1fa7v) ATV + ]v+1]/lv+1
= [(() : Iu-‘rl—a—l—v) ATV + ]v+1]/jv+1.

For simplification, let ! = v + 1 — a — v. Then

(0: 1Y) A IV + [+

Qla), = (R (4.2.2)
Since (0 : I'™") < (0 : I'), we can write
O IYAl"+1"™ =0: 1A+ (0: " A 1P + 177
Therefore
Ola), — (O:Il)mlv+(O:Il_l)mlanI”“. 42.3)

(0: =1 A [v 4 [vtl
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Let M := (0: InI", N := (0: "' )nI"+I°"". Then Q(a), = (M +N)/N = M/(M~N).
Now
MAN=(0:1INnI)n (I"" +(0: 1" " 1Y)
=[O IYnI" A"+ [(0: 17" 1] (since (0: 1) nI"2(0: ") A 1°)
=0: I +(0: "Y1
(4.2.4)

Hence

I"n (0: 1Y

42.5
Il (0: 1Y)+ Ivn (0: I ( )

Q(a),

lle

wherel =u+1—a—w.

The following lemma is a key tool for proving our main results.

Lemma 4.2.1. Let A = R/J be an AG k-algebra, I an ideal of A, and ¢ be a map correspond-
ing to A as in Lemma Then Anny(I) = I = (0: 1), and I = (0 : I)™.

Proof. By definition Anna(/) = {a€ A | p(al) = 0}. Leta € Anny(/). Then
p(alA) = p(al) = 0.

Since ¢ is non-degenerate, we get al = 0. Hence a € (0 : [).
Conversely, if z € (0 : I), then ¢(z) = ¢(0) = 0. Therefore x € Annu(I). Hence
Anny(1) = (0:1). As Anny(I) = I+, weget [* = (0: I).
Thus (Anny(I))* = (0 : I)*. Since (Anny(I))* = I by Proposition(ii), I=(0:
n*. O

Next, we prove the main technical result that shows that the Hilbert function of Q(a) is sym-

metric about (u — a)/2.

Proposition 4.2.2. Let A = R/J be an AG k-algebra, I an ideal in A with the end degree .

Then for any a = 0,

Q(a)v = HOIH(Q(CL), k)v = Q(a)u—a—v-

Proof. Letl = u+1— (a + v). By Equation (4.2.5)), we have

- I n (0: 1Y
Q(a), = <]v+1 A (0:I)+1"n (0: IH))
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(I A (0: 1)+ 1" (0: Il_l))L
(I* ~ (0: 1))
(A (01T A (1A (0 1Y) y .
— om0 1)) (by Proposition [C.1](iv))
(I +(0: 1Y) A () + (0: 171

lle

(by Proposition [4.1.2)

- T 10 T (by Proposition [C.2](iv))
O: 1)+ 1Y A ((0:1°) + 11
— ( G ')I”) Er 7 ) (by Lemmal[£.2.1)
0: 1! 0:1°)+ 17+ 1
— ( ) ?0[< 7o) +)]l ] (since I' € (0: IV) + I'™1)
- Jv [l—l :[”U-‘rl [l
_ 0 +(O . I(;) (fll )+ (since (0: 1Y) < (0: I"*h))
I A (0T 4+ (0 T + T
B (0: 1) + I
N It~ (0: 17+
T [0 1)+ I A [T A (0 T
=1 A (0 . [v—i-l)
- 1

[0: 1) + I (0: 1530 71

-1 ) . v+1
- [(0: I”)j:l- I'n E((J) : ;ﬂrl))] A JI-1 (since (0: I°) < (0 : "))

It~ (0: 1) . v _
S T A T A0 T (since I' ~ (0 : I*TY) < I'71)

= Q(a)-1. (by Equation [£.2.5)
= Q(a)y—a—v (sincel =u+1—(a+v)).
L]

The following is one of the main results of this chapter:

Theorem 4.2.3. Let A = R/J be an AG k-algebra, and I an ideal in A with the end degree u.
Then

HF(G(1)); = > H(a);,
a=0
where H(a) denotes the Hilbert function of Q(a). Moreover, H(a) is symmetric about (u—a)/2.

Proof. We have G(I) = C(0) 2 C(1) 2 --- © C(u + 1) = 0. By considering the Hilbert

function, we obtain HF (G([)); = Z H(a);. Further, by Proposition 4.2.2, we have
a=0

Qa)y = Q(a)u—a—v-
Hence H(a), = H(a)y_q_o- This proves the result. O
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Next, we give an example to illustrate Theorem For this, we recall a result by C.
Blancafort and S. Nollet which characterizes the Hilbert functions of standard graded algebras
over an Artinian local ring that need not be a field. We remark that possible Hilbert functions

of standard graded algebras over a field are classically known due to Macaulay [50].

Theorem 4.2.4 ( [5], Theorem 2.3). Let Ry be an Artinian ring, R = Ro|xy,...,x], and
H : N — N be a function. Define the functions q and r by the Euclidean division as H(n) =
b—1 b—1
(nz— ) )q(n) + r(n) where 0 < r(n) < <nz— 1 ) Then H is the Hilbert function of
R/I for a homogeneous ideal I < R if and only if
(i) H(0) < {(Ro) where ((Ry) denotes the length of Ry;

n+b

(i) Hin+1) < (b_ |

)Q(n) +7(n),t foralln = 0.

k k(1
Here for the n'" Macaulay representation r(n),, = ( n)) +- 4 ( ( )) of r(n),

e (5 (1)

Note that the integer b is the embedding dimension of the ring R. A numerical function H

satisfying the equivalent condition above is called a b-admissible sequence.

Definition 4.2.5. Let H be a b-admissible sequence. We say H is an [-Gorenstein sequence if

there exists a Gorenstein ring A and an ideal / — A such that the Hilbert function of G(I) is H.

Corollary 4.2.6. Let H = (hg, hy, ..., h,) be a b-admissible sequence. If h,, > hy, then H is

not an I-Gorenstein sequence.

Proof. Suppose H is an [-Gorenstein sequence. Notice that by Equation (4.2.5)), Q(a), = 0 for
all a > 0. Hence by Theorem{.2.3] h, = H(0),. By symmetry of H(0), we get h, = H(0), =

H(0)g. Since H(0)y < ho, we get h, < hg. This is a contradiction. O

Next, we give an example to illustrate Theorem 4.2.3]

k[t 5, 1]
(t19)

numerical semigroup ring generated by 4,5,6 is symmetric (see [7, Theorem 4.4.8]). Further,

Example 4.2.7. Let A = . We know that R = k[[t*,¢°¢°] is Gorenstein, since the

t* is a nonzerodivisor in R. Hence A is an AG k-algebra. Let I = (°) be an ideal in A. Then

I? = (t'?), and I* = 0. Hence the end degree of I is 2.

64



Note that £(A) = 10, £(A/I) = 6, £(A/I?) = 8. Hence the Hilbert function of G(I) is
(6,2,2). Now we compute C'(a) to obtain ()(a). We have

(0 : [) — (t47t87t9,t127t13,t17),

(0:1) | (¢*%,¢17) | I?

0:12| 1 |

Therefore

0:1)nA _ (0:1?

¢ 0:12)n 1 I
O:I)nI  (t2¢7)

1 — — —

¢ 0:1)nI? 2 0

C(1)y =0

@) O0:D)nA  (0:1)+1 (465,82, ¢" 12 ¢13 ¢17)  (0: 1?)

. _ _ -

S 0:nHnl I I I

Hence

Q) = C0)/C 1)y = A/(0: )
Q)1 = C(O0)/C 1)y = 11
Q(0)2 = C(0)2/C (1) = I?

Q(1)o = C(1)o/C(2)0 =0

Q1)1 =Q(1)2=0

Q@) = c@ueE), = ED

Therefore we have a decomposition of the Hilbert function given below:
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HF (6 2 2

HO) |2 2 2
H1) |0 0 0
H2) |4 0 0

The Hilbert series computation of G(I) can also be verified in COCOA as follows:

Use S::=00[x,v,2z];
J:=Ideal (y 2-x*xz,y 2,x*xz,x"3-2"2);
I:=Ideal(z)+J;

PS:= PrimaryHilbertSeries(J,I); PS;

Next, we show that, as in the case of symmetric decomposition of G(m), Q(0) is a Goren-

stein quotient of G(I) of socle degree u (see [Theorem 1.5] [38]).

Proposition 4.2.8. Let A = R/J be an AG k-algebra, and I an ideal in A with the end degree
u. Then G(1)/C(1) = Q(0) is a graded Gorenstein quotient of G(I) of socle degree w.

Proof. Consider 9t = 0 m[u) + (0);>1, the maximal ideal of Q(0). We prove (0 : ) is

one-dimensional. Let i < u and a € Q(0); be such that adt = 0. Then a - Q(0); = 0. Hence by
Equation (4.2.2), we obtain

a-IT<(O: 1"l + 12 < (0: 1),

Hence

ae(0: 1" I=(0:1"").

This gives a = 0. Therefore (0 : 9t) has no element of degree < w.

Now suppose = € Q(0), is such that € (0 : 9t). Then z € (O .

0 ]u)) Again, by using
Equation (4.2.2)), we get

am € (0: %) n 1" =0.

Therefore x € (0 : m). Hence we obtain (0 : 9t), = (0 : m) n [“. Since A is a Gorenstein
local ring, and an essential extension of (0 : m), we obtain that (0 : 9), = (0 : m) N [“isa

one-dimensional k-vector space. Hence ()(0) is Gorenstein of socle degree u. [
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Next, we provide equivalent criteria for GG(I) to be Gorenstein. Note that the equivalence
of (i) and (v) in the following result was obtained in [31, Theorem 4.2]. Here we provide an

alternative proof of the same with some more equivalent conditions in terms of the vanishing of

Q(a) for a > 0.

Theorem 4.2.9. Let A = R/I be an AG k-algebra, and I an ideal in A with the end degree u.

Then the following are equivalent:
(i) G(I) is Gorenstein of socle degree u;
(i) C(1) = 0;

(iii) C(i) = 0foralli > 1;

(iv) Qi) = 0foralli > 1;
(v) HE(G(1)) is symmetric.

Proof. (i) <= (ii) : Suppose G(I) is Gorenstein of socle degree u. By definition we

have

C(1); = ((0: Iy A I'+ ') /I
We claim that (0: [*~%) = ["*! for all 0 < i < u. Hence C(1); = 0 for 0 < i < u. Indeed,
I'tt < (0: I*™"). Conversely, suppose there exists a € (0: I*"")\I""'. Choose j < i + 1 such
that o € I7\I’**. Consider the ideal J = (a*) in G(I) where o* denotes the initial form of « in
G(I). Since G(I) is an essential extension of Soc G(I) and G(I) is Gorenstein of socle degree
u, we get [Soc G(I)], n J, # 0. Therefore 0 # o*z* € Soc G(I) n J for some z* € G(I),_;.

Since z € I*7 < [*"and o € (0: I"*™"), we get ax = 0 which is a contradiction. Therefore

we have proved the claim.
Conversely, C(1) = 0 implies that G(I) = Q(0). Hence G(/) is Gorenstein of socle
degree u by Proposition 4.2.8]

(1i) <= (di7) : By definition C'(1) 2 C(i), for all i > 2. Hence if C'(1) = 0, then C'(i) = 0

for all 2 > 2. The converse is clear.

(1ii1) <= (iv) : By definition, Q(i) = C(i)/C(i + 1). Hence Q(:) = O for all i > 1 if
C'(i) = 0 for all i = 1. Conversely, suppose (i) = 0, for all i > 1. Then

C(1)=C@2) = =Clu) = Clu+1) = 0.
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(iv) < (v) : Suppose Q(i) = 0 forall i > 1. Since HF(G(])) = Zu: HF(Q(7)) by Theorem
i=0

HF(G(I)) = HF(Q(0)). By Theorem 4.2.3] HF(Q(0)) is SyI;ll’Iletl‘iC, and so does the
Hilbert function of G(1).

Conversely, suppose that the Hilbert function of GG(1) is symmetric. Note that the Hilbert
function of Q(0) is also symmetric. Further, HF(G(I)) = Z HF(a) by Theorem |4.2.3] We
i=0

claim that Q(a) = 0 for all a > 0. Suppose Q(a) # 0 for some a > 0. Let
i :=max{j : Q(a); # 0 for some a > 0}.

Then Q(a); = 0 for all j > ¢ and @ > 0. Hence HF(G([)),—r = H(0),— for all u — k > 1.

Since the Hilbert functions of )(0) and G(I) are symmetric,
HF(G(I))r = HF(G(I))y—r = H(0)y_x = H(0); forall k < u — i.

In particular, for £k = v —a — i < u — ¢ we obtain H(a),_,—; = 0 for all « > 0. Hence by
Proposition4.2.2} H(a); = H(a),_,—; = 0 for all a > 0, which is a contradiction.
]

The above result helps us to conclude the Gorensteinness of the associated graded ring by

computing the Hilbert function alone.

4.3 Some open problems in codimension two

In this section we assume that A = M is an AG k-algebra. In the codimension two case,

Tarrobino proved that the symmetric decomposition of the Hilbert function of G(m) is unique.
We show that for any ideals in A such a result is not necessarily true.

Using Theorem we have written the code “isHFA” which is useful to understand
whether a given sequence is b-admissible. This code is written using the similar ideas of
Macaulay? function “isHF” used to verify admissible Hilbert functions of standard graded rings
over the field of rationals. But unlike in the code “isHF”, in the code “isHFA” we need to pro-
vide an integer b and a numerical sequence h in the input. The output is “true” if A is the
Hilbert function of M

is “false”. We use this code to verify that a numerical sequence is b-admissible in this chapter.

for some ideal I in Ry[xy,. .., x] where Ry is Artinian, else

The code is as follows:
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loadPackage "LexIdeals"
isHFA = method (TypicalValue=>Boolean)
isHFA (Z2Z, List) := (b,hilb) ->
( result:=true;
if not all(hilb,i->instance(i,ZZ)) then result=false
else( 1if hilb#1l > bxhilb#0 then result=false
else (
leng:=#hilb;
degr:=1; while result==true and degr < leng-1
do ((gq,r) :=
quotientRemainder (hilb# (degr), binomial (degr+b-1, b-1));
if hilb# (degr+l) > g* (binomial (degr+b, b-1))+macaulayBound (r, degr)
then result=false else degr=degr+l; );
)7
)7
result

)

——Example
il:isHFA (2, {2,2,3,4})

ol:true

Let A = be an AG k-algebra with the maximal ideal m. Inspired by the results

kllz,yl
J
from the symmetric decomposition of the Hilbert function of G(m) in [36] we ask:

Question 4.3.1. i. Which b-admissible sequences are [-Gorenstein sequences for an ideal |

in A?
ii. Does every [-Gorenstein sequence have a unique symmetric decomposition?

We remark that a characterization of Gorenstein sequence of codimension two is classi-

cally known due to F.S. Macaulay [49]|'| Namely, an admissible sequences of the form

H(A)=(1,2,...,d,hg,hgs1,...,hs =1),

'In [49] Macaulay concluded a proof using his inverse systems and some ideas of C. A. Scott in [[65]. The
characterization of local Gorenstein sequences was also obtained by Briancon [6], and later Iarrobino in [38}

Chapter 2] presented a self-contained proof using symmetric decomposition.
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where d > hg = hgy1 = hs = 1, is a Gorenstein sequence if and only if | h; — h;;; [< 1 for all
Q.
Inspired by this result, we guessed that if a b-admissible sequence (ho,...,hs) is I-

Gorenstein for an ideal [ in A, then | h; — h;y1 |< hg. The following example shows that

this need not to be true.

Example 4.3.2. Consider a 3-admissible sequence h = (3,7,7,3). Then h is an /-Gorenstein

k
L= v] and I = (2%, y* xy) = Abe an ideal in A. Then A
(z* + y*, 2%?)
is an AG k-algebra, and GG(I) has the Hilbert function h.

sequence. Indeed, let A =

Note that here | hy — hy |= 4 > 3, and h is not a 2-admissible sequence.

We conjecture the following for a 2-admissible sequence to be /-Gorenstein. We say that
a sequence H = (hg, hy, ..., h,) is partially strict unimodal if hg < hy < --- < h; = hjy1 =

-+- = h, for some 0 < i < u.

Conjecture 4.3.3. Let A = k[x,y]/J be an AG k-algebra. Let H = (hg,hy,...,h,) be a
2-admissible sequence such that

(i) H is partially strict unimodal; and

(ii) | hi — hit1 |< ho for all i.

Then H is an I-Gorenstein sequence.

A reason for assuming H is partially strict unimodal is that if / is an O-sequence of the
form (1,2,..., hs), then by Macaulay’s condition H is partially strict unimodal, which need not
be true if H is a b-admissible sequence. In the following we give an example of a 2-admissible

sequence, which shows that the assumption (i) in Conjecture 4.3.3|is necessary.

Example 4.3.4. Consider a 2-admissible sequence H = (2,2,3,2). Then H is not partially
strict unimodal, but | h; — h;y1 |< ho = 2 for all 7. But H is not an I-Gorenstein sequence

because H does not admit a symmetric decomposition.
In Section 5, we investigate 2-admissible sequences with hy = 2 and u < 3, which
supports our conjecture.

Now we investigate Question ii). In [36] Iarrobino showed that if A is an AG k-
algebra of codimension two, then the Hilbert function of A determines the symmetric decom-

position. Moreover, each ()(a) is isomorphic, after a shift in grading, to a complete intersection
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klz,y]/(fa, ga) [38, Theorem 2.2]. The example below shows that a 2-admissible /-Gorenstein

sequence need not determine the symmetric decomposition.

Example 4.3.5. /-Gorenstein sequence with two different symmetric decompositions: Con-
sider a 2-admissible sequence H = (4,4,1). Let A = Q[z,y]/(z%*)* — 2°,¢*), and I, =
(z%,97) an ideal in A. Then the Hilbert function of G(I;) is H. Further, consider the ring
B = Q[z,y]/(y* — 2°, zy), and the ideal I, = (2°,%*) in B. Then the Hilbert function of
G(I2) is also H. The Hilbert function of G(/») is also H. But G(I;) and G(I,) have different
symmetric decompositions shown in Table

HF(G(L)) | 4,4,1

HF(G(L,)) | 4,4,1
HO) | 1,2,1

H(0) L1,1
H() 2,2

H(1) 3,3
H(Q2) 1

Table 4.1: Hilbert function with two different symmetric decompositions

We conjecture that a 2-admissible /-Gorenstein sequence with Ay = 2 determines the

symmetric decomposition.

Conjecture 4.3.6. Let H be a 2-admissible G(I)-Gorenstein sequence where [ is an ideal in an

AG k-algebra A = k[ x,y]|/J with hg = 2. Then the symmetric decomposition of H is unique.

4.4 2-admissible /-Gorenstein sequences with the end degree

at most 3 and hy = 2

In this section, we give a complete list of 2-admissible /-Gorenstein sequences with hy = 2
and of end degree at most 3 where [ is an ideal in A = k[z,y]/J. This list shows that the
Conjecture [4.3.3|is true if H is an I-admissible sequence with hy = 2, and end degree at most
3.

Let [ be an ideal in an AG k-algebra A = k[x,y]/J such that G(/) has the Hilbert
function H with hg = 2. Then ¢(A/I) = 2. The following lemma shows that in this case we

can assume that I = (x,%?), up to a change of coordinates.
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Lemma 4.4.1. Let A = k[ z,y]|/J be an AG k-algebra with an embedding dimension two. If I
is an ideal in A such that ((A/I) = 2, then I = (x,y*) up to a change of coordinates.

Proof. Suppose ((A/I) = 2. Letm = (x,y)A. Then we have a composition series / c m < A
with m/I = A/m. Hence we obtain m* < I. Since £(A/I) = 2 whereas £(A/m?) = 3, m* < I.
We choose an element v € I\m?*. Let ? = (u) as a k-vector space.

Claim: m = (u,v).

By Nakayama’s lemma it is enough to show that i, v are k-linearly independent in m/m?
where u, v denote the image of u, v in m/mQ. First note that u,v € m\mZ. Suppose, u, v are
linearly dependent in m/m?. Then we may assume that % = ¢v for some c € A. Hence u — cv €
m? < I. Since v € I, we obtain that u € I. This is a contradiction because @ is a nonzero
element in m/I. Hence u, v are linearly independent in m/m?>.

Therefore ¢(A/(v,u?)) = 2. Since we have (v,u?) c I and ¢(A/(v,u?)) = (L(A/]) = 2,
we get I = (v, u?). Therefore by a change of coordinates, we can assume that I = (x, 3?).

]

Proposition 4.4.2. Let H = (2,hy, ho, ..., hy_o,hy_1, 1) be a b-admissible sequence. If H is an
I-Gorenstein sequence for an ideal I in an AG k-algebra A = k| x,y]/J with H(1), = 0, and
H(0) = (1,1,...,1), then H(1); < 1.

Proof. By definition H(a); = 0 whenever a + j > u + 1. Therefore by Theorem4.2.3] we have
H(1)u_y + H(0)u_y = hu_y.

Since H(1)o = 0, by Proposition 4.2.2)we have H(1),_1 = H(1) = 0.

Therefore, the decomposition table looks like the following:

H 29h15“' hufl’hu

HO) [1,1, -~ 1, 1
HD |0 - - 0
HQ2) | - - -
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A
By definition Q(0)y = 0 Since H(0)y = 1, we get

m=(0:1"). (4.4.1)

(0:1")

Moreover, by Equation (4.2.5) Q(1)y = T I < (0 1)

that

. Hence H(1), = 0 implies

0:1)Y=Tn(0:1"+(0:I"1). (4.4.2)
Substituting Equation (4.4.1)) in Equation (4.4.2), we obtain
m=1+(0:1""). (4.4.3)

Further, by Equation (4.2.5)) we have

B In(0: 1% B I
R0 I+ T (0: 1) T (0: vt

Since ¢(A/I) = 2, and H(0); = 1, we obtain

A

Q(0)

By Equation (4.4.3)) we have
m I+ (0:1"1)
I

I
(01
I (0: vty
0: vt
Since /¢ (?) = 1, we obtain /¢ <W) = 1. By using Equation (4.4.4)), we obtain
A
14 m = 2. Hence by Lemma4.4.1| after a change of coordinates, we can assume that

(0:1""") = (2,w?) where m = (z,w) in A.
Since ((A/I) = 2, by Lemma we may assume that I = (z,y?), up to a change of

coordinates.

Claim: z, z are linearly independent in n% and hence m = (z, z).

2

Suppose not. Then z — ax € m? for some o € A. Note that as /(m/]) = 1, m? € [ =

(z,y*). Hence we obtain z € I, which gives that

0:1""Y = (z,w?) = I.
By Equation we obtain

m=1+(0:1"" =1,
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which is a contradiction. This proves the claim.
Therefore £(A/(z, 2%)) = 2. As (x,2%) I and £(A/I) = 2, we obtain I = (z, 2*). Since
ze (0:1""), wegetzz,z° € I n (0: I"?). Therefore the set {1, x, z, 2°} spans the k-vector

space

Prln(0: 13 and hence

A
¢ ([2 TR0 IH)) <. (4.4.5)

By Equations (4.2.3) we have

)y = In(0:1%1  In (01"
YA )+ IA(0:12) P41 (0:102)

Using Equation (4.4.5)) and (4.4.4) we obtain

1)~ (o)~ o) <4731

Q1

]

Remark 4.4.3. Proposition is useful in obtaining information about the symmetric de-
composition of the Hilbert function of G(I) in certain cases. For example, if H = (2,4,3,1,1)
is an [-Gorenstein sequence, then by Proposition 4.4.2] we conclude that H has the unique

symmetric decomposition given below:

H [2,43,1,1

HO) | 1,1,1,1,1

H(1) {0110
HQ2) [ 121
H(3) [ 00
H(4) | 0

We are now ready to describe the complete set of 2-admissible /-Gorenstein sequences for an
ideal [ in A = k[x,y[]/J with the end degree at most 3 and hg = 2. If H = (2,hy,...,hy,)
is an /-Gorenstein sequence, then by Corollary we get h, < 2. Below is the list of all 2-

admissible sequences up to u = 3 with h, < 2, where we indicate the /-Gorenstein sequences

in bold.
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2,1

(2,2)

2,1,1)

(2,2,1)

(2,2,2)

2,3,1)

(2,3,2)

(2,4,1)

2,4,2)

2,LL1

2,2,1,D)

(2,2,2,1)

(2,2,2,2)

(2,2,3,1)

(2,2,3,2)

2,3,L1)

(2,3,2,1)

(2,3,2,2)

2,3,3,1)

2,3,3.2)

(2,3.4.1)

(2,3,4.2)

(24.1,1)

(2,4,2,1)

(24,2,2)

(2,4,3,1)

(24,3.2)

(2,4.4.1)

(2/4,4,2)

Table 4.2: 2-admissible sequences up to u=3 with h,, < 2.

In Table we justify that the sequences indicated in bold in Table are /-Gorenstein.
In fact, for each such sequence H we provide a polynomial /" in the divided power ring kpp[ X, Y]
so that the apolar algebra Ap := k[, y]|/Annyp, ,(F') is an AG k-algebra (see [39, Appendix
Al], [23, Appendix A2.4] for basic properties of divided power rings, and [24]] for definition of
apolar algebra). Then I = (x,%?) is an ideal in A such that G(I) has the Hilbert function H.
Moreover, in Table we also describe the symmetric decomposition of the Hilbert function

of G(I).

Table 4.3: 2-admissible /-Gorenstein sequences with a symmetric decomposition

I1-Gorenstein Form symmetric I-Gorenstein Form symmetric
sequence HF F decomposition || sequence HF F decomposition
HF 2,1 HF 2,2
(2,1) X +Yv? HO) 1,1 (2,2) XY H(0) 2,2
H1) 1 H(1) 0
HF 2,2,1
o AL HO) 111
(2,1,1) X?+Y? | H©O L1.1 (2,2,1) X?+Y? O L1
H() 1,1
H(1) 1,0
H®2) 0
HF 2,3,1
HF 2,2,2 H©O) 1,2,1
(2,2,2) X%y —_— (2,3,1) Xy? ©)
H(©) 2,2,2 H() 1,1
H®2) 0
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I-Gorenstein Form symmetric I-Gorenstein Form symmetric
sequence HF F decomposition || sequence HF F decomposition
HF 2,3,2 HF 2,4,2
(2,3,2) Xy 4yt | ———< (2,4,2) Xy3 S
H(0) 2,3,2 H(©O) 2,4,2
HF 2,1,1,1 HF 2,2,1,1
2,1,1,1) | X*+Y* | HO) LL,1,1 | (221,1) | X*+Y® | HO) 1,1,1,1
H@3) 1,0 HQ) 1,1
HE 22,21 HF 2,2,2,2
(2,2,2,1) X +Y® HO) 1,1,1,1 (2,2,2,2) X3y e
H(0) 2,2,2,2
H() 1,1,1
HF 2,3,1,1
HO Ll HF 2,3,2,1
(2,3,1,1) X3+ v O LLL (2,3,2,1) X2+Y% | HO 1,1,1,1
H(1) 0,1,0,0
H() 1,2,1
HQ2) 1,1
HF 2,3,2,2 HF 2,3,3,1
(2,3,2,2) X?+Y" | HO) 2,222 (2,3,3,1) X?y? H0) 1,2,2,1
H(1) 0,1,0 H() 1,1,1
HF 2,3,3,2 P 2421
(2,3,3,2) xX34+y" | — 20 (2,4,2,1) | X*Y +Y°® | H©O) 1,1,1,1
H©O) 2,3,3,2
H(l) 1,3,1
HF 2,4,2,2 HF 2,4,3,1
(2,4,2,2) XY +Y" | H©O) 2,2,2,2 (2,4,3,1) Xvy* HO) 1,2,2,1
H(1) 0,2,0 H(1) 1,2,1
HE 2432 HF 2,4,4,2
(2,4,3,2) | YT+ X%2Y? | H©0) 2,3,3,2 (2,4,4,2) Xys —
H(0) 2,4,4,2
H(1) 0,1,0

Next we prove that each of the sequences that are not bold in the Table are not /-
Gorenstein sequences. Since ¢(A/I) = 2, by Lemmal4.4.1|we assume I = (x, 7).

(2,4,1): Suppose (2,4,1) is an I-Gorenstein sequence. Then the possible symmetric decomposi-
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tions are

H |2.4,1 H 2,41
H(O) | 1,3,1 H(O0) | 1,4,1
H(1) | 1,1 H(1) | 0,0
HQ) | 0 HQ2) | 1

Since H(0)o = 1 in both the symmetric decompositions, by definition of Q)(0), we obtain (0 :
I?) = m.Hence mI < (0 : I) which gives thatzy, y* € (0 : I). Therefore ¢ (A/I* + 1 n (0: 1)) <

1
4. Since by Equation (4.2.5) we have Q(0); = P+1n(0:1)

H(0); = L(A/P+T1n (0:1)) —£(A/T) <4-2=2.

, We obtain

This is a contradiction in both the symmetric decompositions. Hence (2,4,1) is not an /-

Gorenstein sequence.

(2,2,3,1): If H = (2,2,3,1) is an I-Gorenstein sequence, then ((A/I) = 2, ((A/I?) = 4,
¢(A/I*) = 7, and the only possible symmetric decomposition of H is

H [2,2,3,1

H0) | 1,2,2,1

H(1) | 1,0, 1

H2) | 0,0

H3) | 0

Since Q(0)g = A/(0: I?) and H(0)o = 1, we get (0 : I?) = m. Hence mI < (0 : I?). Therefore
we obtain

zy, > e I n(0: 7). (4.4.6)
By Equation we have
_ I~ (0: I3) o (0:1)

Imn(0:I3)+I1°n(0:1%2) I+(0:1?)

Since ¢ (A/(0: I°)) = 1and H(1)o = 1, we get £(A/I+ (0 : I*)) = 2. Further, I < I+ (0 : I?)
and ((A/I) = 2 implies that [ + (0 : I?) = I, which gives (0: I?) < I.

Q(1)o
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Again by Equation (4.2.5) we have

In(0:1°%
Q) = Pr(0:13)+1n(0:12)
G ;Im (since (0: I%) < I).

Since H(0); = 2 and ((A/I) = 2, we get { (A/(0:1%)) = 4. Since I* < (0 : I?) and
((A/I*) = 4, we obtain

I?=(0:1?%. (4.4.7)
Hence by Equation (4.4.6)), we get

zy,y° e I%.

Note that I? = (2%, xy?, y*)+J in k[[z,y]/J. Since £ (k[[z,y]/J) = 8, we get £ (k[[z,y]/J*) =
8 where J* denotes the ideal of initial forms of .J in k[[z, y]|. Since zy € I? = (2%, zy?, y*) + J
we obtain

Ty — it e J* (4.4.8)

for some c; € k. Similarly, 3* € I?, implies that
y? — (dix + doy)x® + dszy® € J* (4.4.9)

for some d, ds, ds € k. Since z* € J, by Equations (#.4.8) and (4.4.9) we obtain that the set
{1,7,y,2* y? 2°} spans the k-vector space k[[x,y]/J*. Hence ¢ (k[x,y]/J*) < 6 which is a
contradiction.

(2,2,3,2): Since (2,2, 3, 2) does not admit a symmetric decomposition, it is not an /-Gorenstein

sequence.

(2,34,1): If H = (2,3,4,1) is an [-Gorenstein sequence, then the possible symmetric decom-

position of H is

H |2,3,4,1

HO) | 1,3,3,1

H(1) | 1,0, 1

A
Since Q(0)y = 0 and H(0)g = 1, we get (0 : I?) = m = (z,y). Hence mI < (0 : I?).

Therefore, 2y, € I ~ (0 : I?). This gives that £(A/I* + I n (0 : I?)) < 4.

78



Again, by Equation (4.2.5)),

In(0:13)

I

Q(0)y

T PA0:B)+1n(0:12) P+1n(0:12)

Since /(A/I) = 2,and ((A/I*+ 1~ (0 : I*)) < 4, we obtain H(0); < 2. This is a contradiction.

(2,3,4,2): Since (2, 3,4, 2) does not admit a symmetric decomposition, it is not an /-Gorenstein

sequence.

(2,4,1,1): Suppose H = (2,4,1,1) is an I-Gorenstein sequence. Then the possible symmetric

decomposition of H is

H

2,4, 1,1

H(0)

H(1)

H(2)

H(@3)

I, 1, 1,1

0,<1,0

Here we conclude H(1); < 1 by Proposition This shows that H(2); > 2 which implies

that H(2), > 2, a contradiction.

(2,4,4,1): If H = (2,4,4,1) is an I-Gorenstein sequence, then the possible symmetric decom-

positions of H are

H

2,4,4,1

H(0)

H(1)

H(2)

H(3)

1,3,3,1

I,1,1

0,0

0

H

2,4,4,1

H(0)

H(1)

H(2)

H(3)

1,4,4,1

0,0

0,0

1

Since H(0); = 1 in both cases, by using the arguments similar to the case (2,4, 1) we get a

contradiction.
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Chapter 5

Gorensteinness of associated graded rings

of filtrations

This chapter focuses on applications of the Hilbert function in the singularity theory. Let (A, m)
be a Noetherian local ring of dimension d with an infinite residue field. Recall that an F}-good
filtration, F = {F, },ez is a descending chain A = Fy 2 F} 2 --- of ideals satisfying F; F;
Fiyjforalli,jeZ, F, = Aforalln <0, and F,,;; = F\ F, for all n » 0. In addition, if F} is
an m-primary ideal, then F is called a Hilbert filtration [4]. We write G(F) = (—D F,/F,, for

n=0

the associated graded ring of F. In this chapter, we study the Gorenstein property of G(F) with
particular attention to the filtration {f_”}nez where .J denotes the integral closure of J. Let F be
a Hilbert filtration. It is well known that the Hilbert function of F, Hx(n) = ((A/F,,) where
¢ denotes the length, coincides with a polynomial of degree d for large n [53]. We denote this

polynomial by Pr(n) and write it as

Pr(n) = eo(F) (n+j_ 1) —e1(F) <n ;ff) Fo (1) ey (F). (5.0.1)

Here e;(F) are integers called the Hilbert coefficients of F. Recall that () is said to be a
reduction of F if ) < F; and F,,.; = QF, forn » 0. A reduction () of I is said to be a
minimal reduction of F, if () is a reduction of F and is minimal with respect to the inclusion.

The reduction number of F with respect to a minimal reduction () of F,
ro(F) = min{r | F,,;1 = QF, foralln > r},
and the reduction number of F is
r(F) = min{rg(F) | @ is a minimal reduction of F}.
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It is easy to observe that if / is an m-primary ideal in A, then F = {["},cz is a Hilbert
filtration. In this case we write G(I) for G(F), e;(I) for e;(F), ro(I) for ro(F) and r(I) for
r(F).

There is another interesting example of a filtration that appears in the study of resolution
of singularities, namely F = {I"},cz.

In [60] Rees showed that if A is an analytically unramified local ring and [ is an m-primary
ideal in A, then F = {I"},z is a Hilbert filtration. In this case we write G(I) for G(F). We
denote ¢;([) for e;(F), 7o (I) for ro(F), and 7(1) for r(F) and call them as the normal Hilbert
coefficients, normal reduction number with respect to a minimal reduction Q of {I"},cz and

normal reduction number, respectively.

It has been observed that G'(I) and G([) are rarely Cohen-Macaulay even if A is Cohen-
Macaulay. A lot of attention in the literature is devoted to obtain criteria for G(F) to be Cohen-
Macaulay in terms of Hilbert coefficients and/or reduction number with particular attention to
the filtration {I"},,cz and {I"},cz. For instance, it is well-known that if 7(F) < 1 in a Cohen-
Macaulay local ring, then G/(F) is Cohen-Macaulay [53]]. Also, it is known that if e;(F) = 0
in a Cohen-Macaulay local ring, then G(F) is Cohen-Macaulay [53]]. For these reasons, a huge
amount of research is devoted to obtain a sharp bound on the Hilbert coefficients and reduction
number, and studying the behaviour of G(F) when these bounds are extremal. This was also
a theme studied by several mathematicians, for example, Huneke, Goto, Lipman, Sally among

others.

In [29] Heinzer, Kim, and Ulrich established a criterion for Gorensteinness of G(/) when
A is an Artinian Gorenstein local ring. This has been extended for Hilbert filtrations in [30].
They proved that G(F) is Gorenstein if and only if the h-vector of G(F) is symmetric. In this
chapter we extend this result for any d-dimensional Gorenstein local ring (Theorem [5.1.1)). We

use this result to characterize the Gorensteinness of G(F) in terms of the Hilbert coefficients.

A first result in this direction is obtained in Section[5.1]when r(F) < 2 (Theorem [5.1.6).
We make an additional assumption when r(F) = 2, namely, there exists a minimal reduction
() of F such that ro(F) = 2 and F, n ) = QF;. This condition ensures that G(F) is Cohen-
Macaulay (Lemma [5.1.3)), and helps to compute the Hilbert series of G(F). Notice that this
condition is not restrictive. For instance, the filtrations 7 = {I"},,cz and F = {m"},cz, satisfy
this criterion. As a consequence of our result, we obtain a criterion for Gorensteinness of G(I)

(Corollary [5.1.7). This recovers and extends a recent result by Okuma, Watanabe, and Yoshida
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in [58].

In Section we next investigate the case r(F) > 2. A difficulty in this case is the
computation of the Hilbert series of G(F). In order to compute this, we introduce the notion of
relative reduction number nr(F) and maximal relative reduction number for Hilbert filtration
F. This is inspired by the definition of relative reduction number for normal filtrations defined
in [57]] in dimension two.

The relative reduction number of F with respect to a minimal reduction () of F is defined
as

nrg(F) =min{r € Z, | Fr.11 = QF,}.
The relative reduction number of F is defined as
nr(F) = min{nry(F) | @ is a minimal reduction of F}.

Observe that nr(F) < r(F) and the inequality can be strict in general (see [55, Example 2.8]).
If F = {I"},ez, then nrg(F) = ro(F) for any minimal reduction @ of I and hence nr(F) =
r(F). For F = {I"},ez, we denote nrg(F) by nro(I) and nr(F) by nr(I) and the latter
is called the relative normal reduction number. Note that nr(/) does not refer to the relative
reduction number of the filtration F = {I"},cz.

We derive an upper bound (see Theorem for nr(F) in a d-dimensional Cohen-
Macaulay local ring when depth G(F) > d — 1. We prove that

nr(F) < ey (F) —eo(F) + L(A/Fy) + 1.

In [55] the above inequality was proved for F = {I"},cz in a two-dimensional normal
excellent local domain. We also examine the conditions under which nr(F) achieves the upper
bound, which serves as a crucial technical assumption for the computation of the Hilbert series
of G(F). We say F has maximal relative reduction number if nr(F) = e (F) — eo(F) +
U(A/FY) + 1.

We conclude with some interesting examples of semigroup rings in dimension one in

Section [5.3{and use our criteria to detect Gorensteinness of G(m).

5.1 Gorensteinness of G(F) in small reduction numbers

In this section, we discuss the Gorenstein property of G/(F) of a Hilbert filtration F in the case

of r(F) < 2.
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In [30] Heinzer, Kim and Ulrich gave criteria for G(F) to be Gorenstein for a Hilbert
filtration F in an Artinian Gorenstein local ring. In the following theorem, we extend this result
for any d-dimensional Gorenstein local ring. This plays a very important role in determining

the Gorenstein property of the associated graded ring in terms of the Hilbert coefficients of F.

Theorem 5.1.1. Let (A, m) be a d-dimensional Gorenstein local ring, F = {F,},cz a Hilbert

filtration. Suppose G(F) is Cohen-Macaulay. Let

ho + hat + - - + hgt®
HSg(r)(2) = — El—t)d (hs # 0)

be the Hilbert series of G(F). Then G(F) is Gorenstein if and only if hs_; = h; for all
i=0,1,...,s

Proof. Let () be a minimal reduction of F. By [35, Theorem 8.6.3] there exists a generat-
ing set x1,..., x4 of @ such that xy,..., 24 is a superficial sequence. Since G(F) is Cohen-
Macaulay, =7, ...z} is a G(F)-regular sequence by [33, Lemma 2.1] where z} = z; + F}
fori = 1,2,...,d. Therefore G(F)/(z7,...,z;) = G(F/Q). Since x7,...,x} is a regular
sequence in G(F),

Hence

HSG(]:/Q) (t) = ho + hqt + - - + hgt®.

Therefore by [30, Theorem 4.2] G(F/Q) is Gorenstein if and only if h,_; = h; fori =
0,1,...,s. Now the result follows because z7,...,z} is a regular sequence in G(F) and

G(F)/(z5,...,x5) = G(F/Q). O

In general for an arbitrary filtration F, we have nrgo(F) < r¢(F), and hence nr(F) <
r(F). In [55, Example 2.8] the authors gave an example for which the inequality is strict for the
filtration 7 = {I"},,cz. In the following proposition we show that if G(F) is Cohen-Macaulay,
then nr(F) = r(F) for any Hilbert filtration F.

Proposition 5.1.2. Let (A, m) be a Cohen-Macaulay local ring of dimension d. Let F =
{F..}nez be a Hilbert filtration. If G(F) is Cohen-Macaulay, then nrg(F) = rq(F) for any
minimal reduction Q) of F. In particular, nr(F) = r(F).

Proof. We always have nrg(F) < ro(F). By [35, Theorem 8.6.3] choose () a minimal re-
duction of F; such that (@) = d. Since G(F) is Cohen-Macaulay, by [33, Proposition
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351Q n F, = QF,_; forall n > 1. Let m = nrg(F). Then F,,;; = QF,. Hence

F,io € F,,11 < Q. Therefore

Frva=Fni2n Q= QF, 1.

Continuing this successively we get Fj.,1 = QFj for all k& = m. This implies that 7¢(F) <

m = nro(F). Thus ro(F) = nro(F). O

Our goal is to use Theorem to obtain criteria for G(F) to be Gorenstein in terms of
the Hilbert coefficients. For this, first of all we should know whether G/(F) is Cohen-Macaulay.
There is a lot of research in the literature on obtain criteria for G(F) to be Cohen-Macaulay
in terms of numerical invariants such as Hilbert coefficients and reduction number. Below we
present a well-known criteria for G(F) to be Cohen-Macaulay in terms of reduction number.
We remark that the condition in (b) is not restrictive. For instance, the filtrations F = {I"},,cz

and F = {m"},z satisfy this criterion.

Lemma 5.1.3. Let (A, m) be a d-dimensional Cohen-Macaulay local ring and F = {F,} ez a
Hilbert filtration. Then G(F) is Cohen-Macaulay in each of the following cases:

a) r(F) =1
b) there exists a minimal reduction Q) of F such that ro(F) = 2 and F» n Q = QF).

Proof. The proof follows by [33, Proposition 3.5]. [

Now in order to provide conditions for G(F) to be Gorenstein, we need to compute the
Hilbert series of G(F). The computation of the Hilbert series of G(F) is not an easy task in
general. In the following proposition we compute the Hilbert series of G(F) in the case F
satisfies the conditions (a), (b) of Lemma|[5.1.3] and under certain additional assumptions when
r(F) = 3. For this, we recall the following definition: for a Hilbert filtration F the postulation

number of F is given by
n(F) = sup{n € Z|Hxr(n) # Pr(n)}.

If 7 = {I"},z, then n(F) is denoted by (). We also recall the result [53, Corollary 3.8]
that will be used frequently in the remainder of the chapter. Let (A, m) be a d-dimensional
Cohen-Macaulay local ring with infinite residue field and F = {F},},z a Hilbert filtration of

ideals where F} is an m-primary ideal. Suppose depth G(F) = d — 1. Then
r(F) =n(F) +d. (5.1.1)
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We can use the following lemma in order to reduce several problems to the case of dimen-
sion one. Recall that if f : Z — N is a numerical function, then A(f) : Z — Z is a numerical

function defined by A(f)(n) = f(n) — f(n —1).

Lemma 5.1.4 ( [33]], Lemma 2.1). Let (A, m) be a Cohen-Macaulay local ring of dimension

d > 1and F = {F,}.ez a Hilbert filtration. Let k be an integer with 1 < k < d and let

X1, T, ...,2xq € F be a sequence such that
(1) Q= (x1,29,...,24) is a minimal reduction of F.
(1) x = z1,...,xx is a superficial sequence in F7.

If depth G(F) = k, then
(@) z7,...,x; formsa G(F)-regular sequence.

(b) If we put F = F/(z) = {F, + (2)/(2) }nez, then

Pr(n) = A*(Px(n)) = 2 ei(ﬂ(—l)i( d—F—i

In particular, e;(F) = e;(F) foreachi =0,1,...,d — k.

Proposition 5.1.5. Let (A, m) be a Cohen-Macaulay local ring of dimension d > 1 and F =
{F,.}nez a Hilbert filtration. Put A = ((A/F}), e; = e;(F) fori = 0.

(@) Ifr(F) =1, thene; = ey — A\ e; =0foralli > 2 and

A — M)t — t
HSG(]:) (t) _ + (60 ) (60 @1) + e

e N (O

(b) Suppose there exists a minimal reduction Q) of F such that rqo(F) = 2 and FonQ = QF).
Then e; = 0 fori > 3 and

A+ (2e0 — €1 — 2\t + (X — eg + e)t?

HSG(]—')(t) = (1 — t)d

Also, if d = 2, then e = \ — eg + e and

(eg — €1 + €2) + (e1 — 2e9)t + eot?

HSG(]:) (t) = (1 _ t)d
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Proof. First, we prove (a) and (b) together for d = 1. (a) By Lemma G(F) is Cohen-
Macaulay. Hence using Equation (5.1.1) we get n(F) = 1 — 1 = 0. Hence for all n > 1,
Hz(n) = Pr(n) = eyn — e;. Taking n = 1, we obtain A = ((A/F}) = eq — e;. Also,
UF,)Fhi) = (A)Fhi1) — U(A/F,) = Pr(n+ 1) — Pr(n) = e for all n > 1. Therefore

HSc(r)(t) = Y UF/Fret)t" = A+ > et" = At leo — A f:ﬁ)t.

neZ n>1

This implies e; = 0, for all 7 > 2.
(b) By Lemma [5.1.3] G(F) is Cohen-Macaulay. Hence using Equation (5.1.1) n(F) =2 —1 =
1. In particular, Pr(n) = Hx(n) for all n > 2. Taking n = 2, we obtain {(A/F,) = 2¢; — e;.
Also, ((F,/F, 1) = Pr(n+ 1) — Pr(n) = e for all n > 2. Thus the Hilbert series of G(F)
is given by

HSr)(t) = D U Fo/Foyr)t"

neZ

= U(A/F) + (((A/Fy) — ((A/F))E+ . U(F,/Fyin )t

n=2
I)\+(2€0—€1—/\)t+260tn
n=2
A+ (260 — e — 20t + (X —eg + 1)t
a 1—t '

Next suppose that d > 2. By Lemma G(F) is Cohen-Macaulay. Then one can take
a sequence 1, Ta, . . . , £q Which satisfies the condition of Lemma for k = d — 1. If we
put A = A/(x), then A is a one-dimensional Cohen-Macaulay local ring and F is a Hilbert
filtration. Also, ((A/Fy) = ), €;(F) = ¢; fori = 0,1, and 7(F) = r(F). Indeed, the last
assertion follows from the following fact:

Foyo  Foa+zA Foia Foia  Fon

S ~ = = . 512
wE,  OFt2A - (QF, +2A) nFoi  QF,+2F, _ OF, (>-12)

Therefore one can reduce the proof to the case of dimension one.
Moreover, if d > 2, then since n(F) = 2 — d < 0, we have Hr(1) = Pr(1) and thus
A =ep— ey + ey Also, ¢;(F) = 0fori > 3. O

Using Proposition we provide criteria for G(F) to be Gorenstein in terms of the

Hilbert coefficients.

Theorem 5.1.6. Let (A, m) be a Gorenstein local ring of dimension d > 1. Let F = {F, }necz

be a Hilbert filtration.
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(a) Let r(F) = 1. Then G(F) is Gorenstein if and only if eo(F) = 2e1(F).

(b) Suppose there exists a minimal reduction Q) of F such that rqo(F) = 2 and FonQ = QF}.
Then G(F) is Gorenstein if and only if eo(F) = e1(F).

Proof. Put A = ((A/F}) and e; = ¢;(F) for all i = 0. In both the cases, by Lemma G(F)

is Cohen-Macaulay.
(a) By Proposition|5.1.5] we have

(eo —e1) + egt

HSG(]—')(t) = (1 — t)d

Also, Proposition we have A = ((A/F) = ey — e;. Moreover, eg = ((A/Q). Hence
er = ((F1/Q) # 0 as r(F) = 1. Therefore e; # 0. Using Theorem [5.1.1, we obtain G(F) is
Gorenstein if and only if ¢y = 2e;.

(b) By Proposition [5.1.5] we have

A+ (260 — €1 — 2>\)t + ()\ —€p t+ 61)t2

HSG(]—') (t) = (1 _ t)d

By Theorem [5.1.1} we obtain G(F) is Gorenstein if and only if ey = e. O

Now we recover the result in [58, Theorem 2.1]. Moreover, we extend it for any d-

dimensional analytically unramified Gorenstein local ring.

Corollary 5.1.7. Let (A, m) be a d-dimensional analytically unramified Gorenstein local ring

of dimension d > 1, and I an m-primary ideal in A.
(a) If7(I) = 1, then G(I) is Gorenstein if and only if eo(I) = 2&,(I).
(b) If7(I) = 2, then G(I) is Gorenstein if and only if eq(I) = & (I).

Proof. (a) If 7(I) = 1, then the result follows by Theorem [5.1.6]
(b) Let 7(I) = 2. By [42, Theorem 1], we obtain Q n I2 = QI. Hence by Theorem 5.1.6} the

result follows. O]

5.2 A Bound on relative reduction number

In this section we obtain an upper bound for the relative reduction number nr(F) of F when

the depth of G(F) is almost maximal.
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In general, the reduction number 7 (F) of F and the relative reduction number nrg(F)
of F are dependent on the minimal reduction Q. It is well-known that if depth G(F) > d — 1,
then r¢(F) is independent of the minimal reduction (). In the following proposition we show

that nrg (F) is also independent of @) if depth G(F) = d — 1.

Proposition 5.2.1. Let (A, m) be a d-dimensional Cohen-Macaulay local ring, and F =
{ F\,}nez a Hilbert filtration. If depth G(F) = d— 1, then nrg(F) is independent of any minimal

reduction ().

Proof. Using 53 Theorem 3.6] for all n € Z, we have

AY(Pr(n) — Hr(n)) = ((Fp1a/QFnsa ).

Since the expression on the left-hand side is independent of ), we get £(F,,1q/QF14-1) is

independent of (). Hence it is easy to verify that nr(F) is independent of Q). [

If (A, m) is an analytically unramified Cohen-Macaulay local ring of dimension two and
F = {I"},cz, then depth G(F) = 1 by [53, Proposition 3.25]. Hence by Proposition
nrq (/) is independent of () and thus nr(/) = nrg(/). This is a reason that the authors use the
notation nr (/) (without suffix) for the relative normal reduction number in [55].

In the next theorem we extend a result by Okuma, Rossi, Watanabe, and Yoshida. In [55,
Theorem 2.7] they showed that if (A, m) is an excellent two-dimensional normal local domain

containing an algebraically closed field A/m, then for an m-primary ideal /
nr(I) < e (1) —ey(I) + ((A/T) + 1.

They also provided a criterion for the equality to hold. In the following theorem we prove
an analogue bound for any Hilbert filtration in a d-dimensional Cohen-Macaulay local ring,

provided G(F) has almost maximal depth.

Theorem 5.2.2. Let (A, m) be a d-dimensional Cohen-Macaulay local ring, and F = {F,},cz
a Hilbert filtration. Suppose depth G(F) = d — 1. Then

(@) nr(F) < ey (F) —eo(F) + L(A/Fy) + 1.

(b) The equality holds in (1) if and only if nx(F) = r(F) and {(F,/QF,—1) = 1 for all

2 < n < nr(F) for any minimal reduction Q) of F.
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f
When this is the case, e;(F) = <nr(. >> for2 <i<d.
i

A Hilbert filtration F is said to have a maximal relative reduction number (or, nr(F) is

maximal) if nr(F) = e (F) — eo(F) + L(A/Fy) + 1.

Proof. (a) Using 33| Proposition 4.6], for any minimal reduction ) of F we have,

(F)

ellF) = D UF./QF, )

r(F)

= ((F/Q) + Z ((F/QF, 1)
) r(F)

= eo(F) = UA/Fy) + Y UF/QF,—1) (aseo(F) = ((A/Q)). (5.2.1)

n=2

We observe that ((F,,/QF,_1) > 1for 2 < n < nr(F). Therefore by (5.2.1)

m(F)
nr(F) — 1< Y UF,/QF,—1) = e1(F) — eo(F) + U(A/F), (5.2.2)

n=2
and hence nr(F) < ey (F) —eg(F) + L(A/Fy) + 1.
(b) Suppose nr(F) = e1(F) — eo(F) + £(A/Fy) + 1. Then by (5.2.2) ¢/(F,,/QF, 1) =0
forn = nrg(F) + 1 and U(F,/QF,—1) = 1 for 2 < n < nr(F). Therefore nr(F) = ro(F),

which yields nr(F) = r(F) as r¢(F) is independent of (). The converse is also clear.

Again using 33, Proposition 4.6] we have, for i > 2,

e(F) = nf)aFn/@Fnl)(?__f ) ) (7;__ 11 ) - (m)

n=i n=i

]

Using Theorem for the filtration F = {I"},c7 in dimension two, we recover and

extend the result [55, Theorem 2.7] by Okuma, Rossi, Watanabe and Yoshida.

Corollary 5.2.3 ( [55], Theorem 2.7). Let (A, m) be a two-dimensional Cohen-Macaulay an-
alytically unramified local ring, and I an wm-primary ideal. Let () a minimal reduction of I.
Then

nr(l) < e (1) —eo(I) + £(A/T) + 1.
Moreover; the equality holds if and only if (I /QI™1) = 1 for all 2 < n < nr(I). In this case,

ne(T) = #(1). Also, 5(I) (mé] )).
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Proof. Since depth G(I) > 1 by [53, Proposition 3.25], the result follows from Theorem|[5.2.2}
O

Remark 5.2.4. If v(F) = 1, then nr(F) = r(F). Moreover, by Proposition we have
((A/F)) = eg — e;. Hence nr(F) is maximal.

Suppose d > 2 and there exists a minimal reduction () of F such that ro(F) = 2 and
Fy,nQ = QF}. Then by Proposition[5.1.5] we obtain nr(F) is maximal if and only if e (F) = 1.

Now we compute the Hilbert series of G/(F) when nr(F) is maximal.

Theorem 5.2.5. Let (A, m) be a Cohen-Macaulay local ring of dimension d > 1, and F =
{F\.}nez a Hilbert filtration. Suppose depth G(F) = d — 1, and nr(F) = r = 2 is maximal. Put
A =((A/Fy) and eq = eo(F). Then

At (eg—A=1)t+1¢"
(1 1)

HSq(#)(t) =

Proof. First suppose d = 1. Let Q = (x) a minimal reduction of F. By Theorem we have
r(F) =nr(F)and ((F,/QF,—1) = 1 forall 2 < n < r(F). Observe that for 1 <n <r — 1,

C(Fn/Fpi1) = A/ Fai) — ((A/F)
= ((AJxF,) — {(Fyer/F,) — ((A/F,)
— ((AJzA) + L(A/F,) — {(Fysr [z F,) — ((A/F,)

= 60—1.

Forn > r,
UF,/F 1) =(A/F,1) — L(A/F,)
=(n+1)eg —e; — (neyg — e1) = eo.
Therefore
HSo(m) (1) = X ((Fu/ Fas)t"
n=0
r—1
= A+ 2(60 — 1)tn + Z eot”
n=1 n=r
1=t egt”
= —1
Aleo— D=+



A+ (eg= A=D1t + 1t
1-t¢ '

Next suppose d > 2. We take a sequence x1, xs, . . ., 4 in F} which satisfies the condition
of Lemmal5.1.4, Put Q = (21,20,...,29)A, & = 21,..., 241, A = A/(z)A, and F = F/(z).
Then by Proposition nr(F) is also maximal. Hence it follows from the argument as above

that
At (eg— A=t +1t"
1—-1¢

HSq 7 (t) =

and thus

HScr (1) A+ (eg—A— 1)t + ¢
e (t) = Tt = (1—t)d

]

As a consequence, we provide criteria for G(F) to be Gorenstein in terms of the Hilbert

coefficients in the case where nr(F) is maximal.

Theorem 5.2.6. Let (A, m) be a Gorenstein local ring of dimension d = 1, and F = {F,,} ez
a Hilbert filtration. Suppose that nr(F) = r = 2 is maximal and G(F) is Cohen-Macaulay.
Then

(a) When r =2, G(F) is Gorenstein if and only if [} = m.
(b) When r = 3, G(F) is Gorenstein if and only if | = m and ep(m) = 2.

Proof. (a) By Theorem|5.2.5] we have

A+ (eg — A — 1)t + ¢
(1—1)

Thus, by Theorem [5.1.1} G(F) is Gorenstein if and only if A\ = 1, that is, ', = m.

HSq (7 (1) =

(b) By Theorem|5.2.5| we have
At (eg—A=1)t+1¢"

HS t) =
G(}')( ) (1 — t)d
Thus, by Theorem G(F) is Gorenstein if and only if A = 1 and eg — A — 1 = 0, that is,
F1 zmandeo(m) = 2. L]

Applying Theorem for the filtration {I"},cz we get the following result.

Corollary 5.2.7. Let (A, m) be a analytically unramified Gorenstein local ring of dimension
d =1, and I an w-primary ideal in A. Suppose that v = ¥(I) = nr(I) is maximal and G(I) is
Cohen-Macaulay.
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(a) Whent(I) = 2, G(I) is Gorenstein if and only if I = m.
(b) Whent(I) = 3, G(I) is Gorenstein if and only if I = m and ey(m) = 2.

Proof. Follows from Theorem O

5.3 Examples in semigroups

Note that if (A, m) is a positive dimensional Cohen-Macaulay local ring and [ is an m-primary
ideal, then depth G(I) > 1 by [53| Proposition 3.25]. In particular, if dim A = 1, then G(I) is
Cohen-Macaulay.

Next, we apply our results to one-dimensional semigroup rings .

Definition 5.3.1. Let m; < my < --- < m,, be positive integers with gcd(my, ms, ..., m,) =
1, and S be the semigroup generated by mq, ms, ..., m,. Then the Frobenius number F'(S) of
S is defined as the smallest integer k such that n € S for all n > k.

A semigroup S is symmetric if F'(S) is odd and for every a € Z, either a € S or F/(S)—a €
S.

Lemma 5.3.2. Let A = K[[t"™,t™2,...,t""] be a semigroup ring of the semigroup generated

by my; < mg < -+ < my, with gcd(my, mg, ..., my,) = 1. Then
F(S
7(m) = [—( w )
my
Proof. We note that ) = (t™") is a minimal reduction of m = (¢™*,¢™2 ... t™"), the maximal

ideal of A. By [30, Example 7.3] we have mi = {a € A | ord(a) > myi} where ord(«) is
the degree of the initial form of «. Indeed, the natural inclusion map A — K[t] is an integral
extension. We have I = IK[t] n A for any ideal I in A. Since K[t] is a PID, (t™)K[t] is
integrally closed. As Q = (™) is a minimal reduction of m, Qi = m for all i. Let k be the
smallest integer such that m,k > F'(S).

mik gmik+1
t 7t 5

Consider m* = ( -+ ). Hence

QI‘[TC _ (tml(k+1),tml(k+1)+l - ) e

Therefore 7(m) < k.
By the definition of k& we have my(k — 1) < F(S). Hence F(S) + m; = mqk. Therefore

tFS+m e mk Suppose t7+™ ¢ Qmk-1. Then ¢t"®)*™ — ™} where b € A. Since
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t™ is a regular element in k[t], we obtain t**5) = b € A. This is a contradiction. Hence

1F(S)+m1 o W\ka—l, Therefore 7(m) = k. -

Example 5.3.3. Let A = K[t*,*] be a semigroup ring generated by ¢* and ¢*. The Frobenius
number F'(.S) of the semigroup S = N3 + N4 is 5. Since S is symmetric, A is Gorenstein with
eo(m) = 3. Also,mi = {a € A | ord(r) > 3i}. Note that Q = (¢*) is a minimal reduction
of m. Hence by Lemma [5.3.2] #(m) = 2. Using Equation (5.1.1), 7i(m) = 2 — 1 = 1. Hence
Pu(n) = Hy(n) for all n > 2. Therefore &, (m) = 2ep(m) — £(A/m2) = 2-3 — 3 = 3. Since
eo(m) = é;(m), by Corollary G(m) is Gorenstein.

Example 5.3.4. Let A = K[t*,#™] be a semigroup ring generated by ¢* and ¢, where m is an
odd integer > 3. The Frobenius number F'(S) of the semigroup S = N2 + Nm is m — 2. Since
S is symmetric, A is Gorenstein. Also, mi = {a € A | ord(cr) > 2i}. Note that Q = (t*) is a
minimal reduction of m. Hence by Lemmal[5.3.2 7(m) = (m—1)/2. Therefore Py (n) = Hp(n)

forall n > (m — 1)/2. Also, since ey(m) = 2, we have
er(m) = eo(m)((m —1)/2) — ((A/mlm=D72) = (m — 1) — (m —1)/2 = (m — 1)/2.

Hence 7(m) = é;(m) —eg(m) +¢(A/m) + 1 and thus nr(m) is maximal. Therefore, by Corollary

5.2.7,

Q

(m) is Gorenstein.

Example 5.3.5. Let A = K[t*,¢°,t°] be a semigroup ring generated by 4, 5 and 6. The Frobe-
nius number of the semigroup F'(S) = 7. Since S is symmetric, A is Gorenstein. By Lemma
[5.3.2]we get #(m) = 2. Using similar arguments as above we obtain eg(m) = 4 and &;(m) = 4.
Hence, by Corollary G(m) is Gorenstein.

The following example is from [30, Example 7.3]. They prove that G(m) is not Goren-

stein. We also prove the same by using our techniques.

Example 5.3.6. Let A = K[t*,¢° ¢"] be a semigroup ring generated by 4,6 and 7. The Frobe-
nius number of the semigroup F'(S) = 9 and the semigroup is symmetric. Hence A is a
one-dimensional Gorenstein local ring. Let m = (#*, % ¢7). Thenmé = {a- € A | ord(c) > 4i},
and Q = (t*) is a minimal reduction of m with reduction number 7#(m) = 3 by Lemma|5.3.2|
By Equation (5.1.1), 7(m) = 3 — 1 = 2. Hence Py(n) = Hy(n) for all n > 3. In particular,
e1(m) = 3eg(m)—£(A/m3) = 3-4—7 = 5. Thensince nr(m) = 3 = &, (m)—eg(m)+£(A/m)+1
is maximal, but eg(m) = 4, by Theorem G (m) is not Gorenstein.
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5.4 Gorensteinness of G(m) in Zariski hypersurface rings

We consider the following setup for the rest of the section. Let K be an algebraically closed
field, and let m > 1, 2 < a < b be integers, and put S = K[[x,y1, ..., yn]] be a formal power
series ring with (m + 1)-variables over K. Then S is a complete regular local ring with the
unique maximal ideal mg = (2,1, ...,ym). Puty = y1,...,ym. Let g, f be polynomials such

that

g = gly) e\,
f = flzy) =2"—g(y).

Then a hypersurface A = S/(f) is called “Zariski-type hypersurface” if a # 0 in K. Let
@ = (y)A. Note that @ is a minimal reduction of m = mgA. Indeed, m* = Qm®~!. In this
section, we compute ¥(m) and prove the Cohen-Macaulayness of G(m). In order to do that, we
generalize several results for Brieskorn hypersurfaces in [57, Section 3] to that of Zariski-type
hypersurfaces. We fix the following notation for the rest of the paper:

d = ged(a,b), o = - b’=b

kb
L 7 and nkzlgj fork=1,2,...,a—1.

For all n > 1, we define the following two ideals:

Jn = Qn + x@nfnl + $2ann2 S malenfna_lj
Ly o= (2fylt oyl [ + (i + o +ip)d =k, i € Zso) A

Proposition 54.1. J,, = I, for everyn > 1.

Proof. First we prove J, < I,,. It is enough to show ku”_”k c I,y for every k =

1,2,...,a— 1. Foreachkwithl < k<a-—1,ifi; +--- + 1, = n — nyg, then

/
kb + (i1 + - +im)d = kb + (n—ng)ad’ = kb + (n— i)a’ = na,
a

as required. Next we prove the converse. If 2"y - - -y’ € I, then kb' 4 (i1 +- - -+i,)a’ = na'.

Thus

kb’ ) ) . .
ng=|—]=n—(iL+ - +in), thatis, iy + - +ip =n —ny.
a
Hence 2"y - - - yim € 2*Q™ ™. This yields I, < J,. O

Proposition 5.4.2. Under the notation above,
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(a) Forevery k,n =1, 2% € Q" ifand only if n < ny,.
(b) Q™ < J, < Q", that is, J, = Q" for eachn > 1.
Proof. (a) We first show that if n < n; then ¥ e @ By definition of ny, we get
(@) =2 e (@) = Q" = Q™ = (@)
Hence z* € Qu < Q.

Suppose z* € Qm. We will show n < n;. By assumption, there exists a nonzero divisor
c € A such that ¢(z*)* = Q™ for sufficiently large /. By Artin-Rees’ lemma, we can take an
integer £, > 1 such that if £ » 0, then Q° N cA = ¢(Q": ¢) < cQ"™*. Thus Q*: ¢ c Q"
because c is a nonzero divisor.
Now suppose that n > n; + 1. By the choice of n;, we have
kb 1
—+—-<np+1<n.

a a

Then kb + 1 < a(ng + 1) < an. If € = {y + 1, then
gk’Z _ xaké c Qanf: cc Qan@—ﬁo - Q(kb-‘rl)é—@o - kaé-ﬁ-l'

Moreover, since g € Qb\Qb+1, if necessary, by replacing y = 41,2, ...,y With the other

minimal generators of (), we may assume that g = yi’ (mod (ya,...,ym)A). Hence yi’“ €
(41 4y, ... ym). This contradicts the fact that yy, s, ...,y forms a regular sequence on
A.

k, i1

(b) It is enough to show x"y;" - - -yf,;” € @ if and only if 4y + - -+ + 4, = n — ng. Since
G(Q) = R(Q)/t "R/(Q) and R/(Q) is normal, we have depthG(Q) > 1. Hence we obtain
Qn: y; = Q! for every n, j. So one can easily see that

gFyit - yim e Qn = 2F e Qr(ittin),

By (a), the last condition means that 7; + --- + 4, > n — n;. Hence we get the required

inclusions. O

Set Z = {I,,}nez, Which is a filtration of ideals in A introduced above and, I,, = A for

every integer n < 0. We put

R'(I) = P I.t" < Alt,t71], G(I) =P IL,/Ins1 =R (T)/tT'R(T).

neZ n=0

In the following, we set gt’“ — it yntfandY = Yi,. .., Y.
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Lemma 5.4.3. Write g = g, + gp+1 + - - - + g, where g; denotes a homogeneous polynomial of

degreei = b,b+1,...,c. Then R'(T) =~ A[xtb/,gta/,t’ land G(Z) = K[X,Y]/(X*—g,(Y)).
Proof. We have

R(I) =PI t"

neZ

lle

2 ka 1,1 . yzm tkb+11+ “+im)a + ZAt—

ki1, im€Z=0 n=0
=Y K@)t gt Y A
ki1, ’L‘meZ>0 n=0

= A[:ctb', it ymt®, t1].
Put X = 2t”)Y, = yl-t“/ fori=1,2,...,mand U = t~'. Then
X — xatab’ _ xata’b

ta’b ta’b

= (Y1, Ut G (YY)t (Y, Ym)

— (Y1, Yo, Vo) + gor (Y, Yo, o Yo ) 4 4 g (Y, Ya, . Yy )t (0
= (Y1, Yo, .., V) + g1 (Y1, Yo, o Vo)UY + -+ g (Y1, Ya,. .., Y ) U
Hence
G(T) = R(D)/'R()
> b[X, Y1, Ya, . Y] /(X = g(Y).

The normality of A is needed in the following proposition.
Proposition 5.4.4. Suppose that A is a Zariski-type hypersurface. Under the notation as above,
(a) G(Z) is reduced.
(b) I, = I, for everyn > 1.
() J, = J, foreveryn = 1.

Proof. (a) By Lemmal|5.4.3| since G(Z) =~ K[X,Y]/(X*—g,(Y)) is a hypersurface, it satisfies
the Serre condition (.5}).
Put f = X% — g,(Y). Then

ht(af of of

X YA ) > ht(X, go(Y)) = 1.
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Hence G(Z) satisfies (Ry) and it is reduced.
(b) It follows from [52, Lemma 3.1].

(c) Since J,, = I, for every n > 1 by Proposition|(5.4.1} J,, is also integrally closed by (b). [J
The following theorem generalizes 57, Theorem 3.1].

Theorem 5.4.5. Under the notation as above,

(@ M7 =Q"=Q" + Q"™ 4+ 22Q"™ + ... 4 g IQ e,

(a—1)b

a

.

(b) fQ(m) = nrQ(m) = Ng—1 = [
(¢c) G(m) is Cohen-Macaulay.

Proof. (a) It follows from Proposition b) and Proposition C).

(b) It immediately follows from (a).

(c) By Proposition|5.4.4, G(T) is a hypersurface. Therefore it is Cohen-Macaulay. Hence R'(Z)

is Cohen-Macaulay.

On the other hand, R'(m) = R'({J,}) = R'({I,«}) by Propositions |5.4.1] b) and
¢). Then R/(m) is also Cohen-Macaulay since R’(m) is isomorphic to the a'th Veronese
subring of R'(Z). Therefore G(m) is Cohen-Macaulay. O

Next, we give a criterion for G(m) to be Gorenstein in the case A is a Zariski-type hy-
persurface. First, we need the following criterion from [56]. We put L, = @ + m"™ and

l, =U(A/L,) for every n > 1.

Lemma 5.4.6 ( [56], Proposition 2.5). Put r = rg(m). Then the following conditions are

equivalent:
(a) G(m) is Gorenstein.
(b) Q: L, =L, 1, foreveryn =1,2,...,r.
) b, +lpi1_p, =aforeveryn =12, ..., [g]
As an application of Proposition we obtain the following proposition.
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Proposition 5.4.7. Under the same notation as above, we have
l, = min{k € Z, |n < ny}.
Proof. Suppose n > n;_1 and n < ng. Then

L, = Q+m"
_ Q+ (Qn_i_xannl _i__“_‘_xklenfnk,l _i_kunfnk +)

= Q-+ (a").

Hence ¢, = /(K [z]/(z")) = k. O

The following theorem is the main result in this section. Recall d = ged(a, b).
Theorem 5.4.8. G(m) is Gorenstein if and only if b= 0,d (mod a). Moreover,
(a) Ifb=0 (mod a), then G(m) is a reduced, hypersurface.
(b) Ifb=d (mod a) and d = 1, then G(m) is a non-reduced, hypersurface.

(¢) Ifb =d (mod a) and d > 1, then G(m) is a complete intersection but not a hypersurface.

In what follows, we prove the above theorem in several steps. By Theorem[5.4.5] we have

ntn

m

(Qn + SBQn_nl 4t {Ea_lQn_”a—l)t"

(QU) + (™ (@O ™™ 4+ (a2 M) QT

Thus
ﬁ(m) = K[It, gtu {xktnk}lSkéafla til]'

Using this fact, we first consider the case where a divides b.

Proposition 5.4.9. If a divides b, then G(m) is a reduced hypersurface, and thus Gorenstein. In
fact,
G(m) = K[X, Y]/(X* = go(Y)).

Proof. Asb = b'a for some integer b’ > 1, we have ny, = |kb'| = kb forevery k = 1,2,... a—

1. Hence one can easily see that

R'(m) = K|zt yt, ("™ M cheamt, t71]
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= Klzt™,yt, t7']

lle

K[X,X, U]/(Xa — gb(z) _— . = QC(K)UC_b),
where X = 2t™,Y; =yt (i =1,2,...,m),and U = ¢t ".

Moreover, the claims on G(m) immediately follow from the fact that

G(m) = R/(m)/t "R/ (m).

Secondly, we consider the case of d = 1 and b = 1 (mod a).

Proposition 5.4.10. Ifd = 1 and b = nia + 1, then G(m) is a non-reduced hypersurface, and
thus Gorenstein. In fact,

Gm) = K[X,Y]/(X) = G(m).
Proof. For every k with 1 < k < a — 1, we have

kb Emat Dy E

nkzl —
a a a

Hence

R/(m) = K[l’t, Qu {xktnk}1$k$a717 til]

= Klat,yt,at™ t7']

lle

K[X, Y, UJ/(X* = g(Y)U — -+ — g (Y)U"1).

Indeed, put X = xt™,Y; = yt fori = 1,2,...,mand U = ¢t~ '. Then xt = (xt™)(t"1)™*

and
Xa — (Iﬁh)a — (gb+gb+1+"'+gc>taml
= (gb + Jbi1 4+ -+ gc>tb_1
= (gbtb)U + ngthU? I gctCUC—b+1
= gb(K)U + o+ gc(X)UC‘b“.
The other assertion follows from this. .

Thirdly, we consider the case 1 < d < a, b =d (mod a), thatis, b’ =1 (mod a’).
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Proposition 5.4.11. If1 < d < aand V' = nya’ + 1, then G(m) is a complete intersection, and

thus Gorenstein. In fact,
G(m) = K[X,Y, Z]/(X", 2" — g,(Y)).

Proof. Note that b’ = 1 (mod ). One can easily see that ny = kn; for 1 < k < — 1, and

ny = b'. Foranyintegerp (1 < p<d—1),ifpa’ +1 <k < pa’ +da’ — 1, then

k(ma +1 k
Mm@ 2D | oy 4 15 = ka1 = b+ (k— paym

e = | a a

Hence (k,ny) = p(a’, V') + (k — pa’)(1,ny). Similarly, if & = pa’ (2 < p < d — 1), then
(k,ng) = p(a’, V). Therefore

R'(m) = K|zt iyt ..., ymt, xt"™, ¥ t1]

lle

K[X,Y,Z,U|/(X" - ZU,Z% — g,(Y) — - - — g.(Y)U*?),
where X = xt™, Y, = y;t, Z = 27t" and U = . Indeed,

Xa’ _ Ia’tnla' _ (xa’tb’)(t—l)b’—nla’ _ (xa’tb’)(t—l) = 7U.

and
zd _ (:L,a’tb’)d
= 2%
= gy, Ut gy Yt
= oY)+ + g (YU
The other assertion follows from this. 0

In the rest of this section, we consider the case of 1 < d < a and b’ = § (mod a') for
some 0 (2 < 0 < a' — 1). Note that

(a— 1)

- | =(a—1)n; +do— 1.

f(m) = Ng—1 = [

In order to prove Theorem [5.4.8] it suffices to prove the following proposition.

a/

Proposition 5.4.12. In the above notation, if we put ky = [E] andty = (ky — 1)ny + 1, then
£t1 + €r+1—t1 =a+ 1(7’é CL).
In particular, G(m) is not Gorenstein.
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Proof. We first prove the following claim.

ko ko
Claim 1. [?J =0, [?] = 1foreachk (1 <k <k —1).
! ko ko ko
By definition, & < k1 — 1 < —. Thus 0 < ~ < 1. Hence |~~| = O and [~—] = 1.
) a a’ a
. k10 k10
Claim 2. [FJ = 1, [7] = 2.
a a a
By definition, k] — 1 < 5 < ky. Since (d,0) = 1, 5 is not an integer. Hence 5 < kq,
k10 k10
that is, L/ > 1. If L/ > 2, then one has
a a
2a’ a
— 1<k —-1<—.
5 TS

k

This yields @’ < 4, which is a contradiction. Hence 1 < L/ < 2. The claim follows from here.
a

Claim 3. n;, = kn; forevery k (1 < k < ky — 1) and ny, = kynq + 1.

Indeed, for every k (1 < k < k; — 1), Claim 1 implies

kb k(nia’ + 6) ké
ng = [?J = [TJ = kny + [?J = kn;.
On the other hand, Claim 2 implies
kit ki(nya’ + 90 k16
e R A B et

Claim4. n, = (a—k)n;+dd—1foreach k (1 < k < ky—1)andn,_x, = (a—k1)n;+di—2.

For every k (1 < k < k; — 1), Claim 1 implies

(= R)md +3) (g [%‘ﬁ — (a— K)ny +do — 1.

na—k::l 0

On the other hand, Claim 2 implies

(a — k1)(ma’ + 5)J = (a—k)ny +db — []%6] = (a — ki)ny +dd — 2.

na*kl == |. a/

ClaimS. ¢, + {14, = a+ 1.

By Claim 3, ng, 1 + 1 = t; < ng,. Hence ¢;, = k; by Proposition 5.4.7[ By Claim 4, we

have
Moty +1 = (a—k)n+ddo—1=r+1—-1t
Natyr1 = (@a—ki+1)ni+dd—1>r+1—1.
Hence (,,1 4, =a—ky + landthus l,, + 0,y 4, =(a—ki1+1)+k =a+ 1. O
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Using Theorem [5.4.8] we can determine all Zariski-type hypersurfaces having maximal

relative normal reduction number.

Proposition 5.4.13. Let A = S/(x" — g(y)) be a Zariski-type hypersurface with b = ordy)(g).
Then

(a) 7(m) = 1ifand only if (a,b) = (2,2), (2, 3).
(b) 7(m) = 2 ifand only if (a,b) = (2,4),(2,5),(3,3),(3,4).

(c¢) nr(m) is maximal if and only if (a,b) = (2,n),(3,3),(3,4),(3,5), where n = 2 is any

integer.

(a—1)b

a

Proof. Note that 7#(m) = | | = a — 1 by Theorem|5.4.8

(a) 7(m) = 1 implies @ = 2 by the above remark. Thus one can easily see that 7#(m) = 1 if
(a,b) = (2,2), (2,3).

(b) 7(m) = 2 implies a = 2, 3 by the above remark. When a = 2, 7(m) = [gj = 2 if and only
ifb=4,5. When a = 3,7(m) = [%bj = 2if and only if b = 3, 4.

(c) Suppose r = nr(m) is maximal. We may assume r > 2. By Theorem we have
((m7/Qmn=1) = 1 forall n = 2,...,r. On the other hand, using Theorem 5.4.8| we can show

that £(m™/Qm™1)) = max{a — [%1, 0} for all n > 2. Thus

2a 3a ra
a—lz[?]é[?]é---é[?]éa—l.

2
This means [f] =a—1 Thena—1= [?a] < 2yields a < 3. By a similar argument as in
the proof of (b), we obtain the required result. It is not so difficult to chech that the converse is

also true. O]

The following example gives a Zariski-type hypersurface such that nr(m) is maximal but

G (m) is not Gorenstein.

Example 5.4.14. Let m > 1 be an integer, and let A = C[z,y1, ..., ym /(> + 37 + -+ +1°).
Putm = (z,v1,...,Ym). Then

(a) A, is arational singularity if and only if m > 4.
(b) m2 =m? m3 =m®+ (22), and m* = (y1,9s, ..., Y )m>.
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(c) RI(m) = K[t yit, yot, . .., Ymt, 22> t71].
(d) G(m) is a Cohen-Macaulay ring of e;(G) = 3 and CM type 2.
Ifweput X = at,Y; = yit (i = 1,2,...,m)and Z = 2%, and U = ', then
Ri(m) = K[X,Y,Z U|/(X? - ZU,XZ +Y5U,Z* + XY?).
In particular,
G(m) =R/ (m)/t '"Rl(m) = K[X,Y, Z]/(X*, XZ, 7% + XY?®),
where Y = VP + -+ + Y.

Example 5.4.15. Let A = K[t* t"] be a semigroup ring generated by the positive integers
a < b such that ged(a,b) = 1. We know that A = k[z,y]/(z* — ¢°) is a hypersurface. By
Theorem|5.4.5|7g(m) = [(a — 1>bJ. By Theorem|5.4.8} G(m) is Gorenstein if and only if b = 1
(mod a).

The examples [5.3.3]and[5.3.4] can also be verified using Theorem [5.4.8]
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Chapter 6

Summary and Conclusion

In a nutshell, Chapters [2| and [3| are focused mainly on Waring decomposition of forms. We
described the structure of minimal apolar sets of reducible forms (22 + - - -+ 22 ) (y7 +- - +12)
for m = 1, 2. For m,n > 3, only a bound on the Waring rank is known. Even in a specific case
where m = n = 3, the Waring rank is unknown. It would be nice to explore more on the rank
and understand the structure of minimal apolar sets for m > 3.

Further, we think that our techniques in Chapter [2| may be useful in understanding the
structure of minimal apolar sets of degree 4 forms if the rank is known in general. Although
this thesis does not state results for forms not of the type (z7 + - - + 22)(y] + -+ + y2), it is
an interesting direction to explore.

In Chapter [3, we computed the Waring rank of quasi-monomial complete intersection.
This is a special case of Question |C| In general, it is not so clear when is a homogeneous ideal
of the form (X7° + Go, X{" + G1,..., X" + G,,) where deg G; = a; and degy, G; < a; for
0 < ¢ < nis acomplete intersection. Further, it would be nice to characterize the homogeneous
polynomials whose annihilator is a quasi-monomial complete intersection. By the results of
[21,/67] we know which binomials are subsets of such class of forms.

We note that, in general computing the Waring rank of F' such that its annihilator ideal
F* is a complete intersection remains open. Moreover, the computation of the Waring rank of
binomials whose annihilator is not a complete intersection, even in three variables, has not yet
been solved.

In addition, we have not explored other notions of rank. For instance, the border rank
and the cactus rank of forms that we have worked on in both chapters. It would be worth

understanding if there is any gap between the Waring rank and border rank of such forms.
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Chapter 4| opens a whole new direction for characterizing /-Gorenstein sequences. We

have conjectures [4.3.3|and 4.3.6/ on uniqueness of symmetric decomposition. Our investigation

of small socle degree cases support conjectures, but this is far from having a complete solution.

In Chapter [5| our computation of the Hilbert series uses the hypothesis of depthG(F) >
d — 1 where d is the dimension of the ring. We do not have any efficient tools to tackle the
problem if we drop the condition on the depth in general. Moreover, it would be nice to have a
characterization for Gorensteinness if we assume depth G(F) = d — 1 in Theorem|[5.2.6]instead
of assuming G(F) is Cohen-Macaulay.
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Appendix A

Apolarity Theory

A.1 Apolarity action

Let S = C|zo, ..., x,] be the standard graded polynomial ring and let " = C[ X, ..., X,,] be
the ring of differential operators on S. The apolarity action of 7" on .S is defined on monomials

by

Xg’oXs"o(ajgoaj

and then linearly extended on S.

Definition A.1. With respect to the action defined above, given a polynomial F' € .S, we define

an ideal

Ft={geT|goF=0}cT.

Proposition A.2 ( [39], Lemma 1.15). Let L € Sy be a linear form given by L = Z a;x;, and
i=0
g € T be such that 0 < d. Then

d!

golLt= (d_a)!g(

d—é
ao,al,...,an)L .

Proof. To prove this result, it is enough to assume ¢ is a monomial. First we prove for g = X.
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Consider

XpoF = Xyo L

n d
= XD o (Z aiazi>
=0
n d
=Xpo (aoxo + (Z aixi)>

i=1

= Xpo ((aofl}o)d + <61l> (aoxo)dfl(i aim’i) 4+t (i aixi)d>
i=1 i=1
=dag (apro)* " + ag(d — 1 d aopro)t 2 naixi 4+ +a d naiwid_l
otouroy* aold 1) () o) H X ) v (1) D)

_ d—1 PPN
= dag(apxo)” 1*Hll%( 1 )(aoxo)d 2O i) + -

i=1

d— 1 n _ n B
+ da0< 1 >(a0x0)(2 aiz;) 2 + dao(z ary) !
i=1 i=1
d! d—1
= ag L4 .
(d—1)!

Let by > 1, by induction on by, we obtain that

d!

b d __
Xo o LU=

abo 4. (A.1.1)

n
Let g = X2 X ... X’ be such that Z b; = 0 < d. Consider
i=0
(Xl X0 Xty o F = (ot Xty o 19
= (Xpexbr... xtrxbey) o L

= (XX - X, o (Xpr o LY)

n—1

d!
= (Xboxh... xinho <( abr Ld_b"> (by Equation (A.1.1))

d—by)!
ol (d=ba)!
~ (d—bp)! (d— by —by_1)!
d—>byp—---—0p)! b by —
(d(_b Ep——— —l)bo)!mgo'”agn)ﬂd )
d! _
Therefore, we have proved the result. [

The following is a standard property of a non-zerodivisor in the quotient ring of an ideal

of points, included here for the sake of completeness.
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Lemma A.3. Let X = {Py,..., P} be a set of | points in P". Then g is a non-zerodivisor in

T/I(X) if and only if g(P;) # 0 forall 1 < i <.

Proof. Let g be a non-zerodivisor in 7'/1(X). This implies g ¢ (X). Suppose there exists P,
such that g(P,,) = 0 for some 1 < m < . Let P; denote the prime ideal corresponding to the
point P; for 1 < i < [. By rearranging if required, assume that g(P;) # 0 for 1 < i < e and
g(P;) = 0fore+1 < i <. Since P; ¢ P; forany 7, j, we can choose h € Py N - NP\ Peyy.
Then g # 0 and h # 0 in T/1(X), and gh = 0 in 7'/I(X). This is a contradiction to our
assumption that g is a non-zerodivisor.

Conversely, assume g(P;) # 0 forall 1 < i < [. Let h € T'/I(X) such that gh € [(X).

This implies, forall 1 <7 <[,

h(P;) =0 (because g(P;) # 0for 1 <i <)

Hence h € I(X). Therefore g is a non-zerodivisor. Hence proved. O]
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Appendix B

Grobner basis computation

In this chapter, we present some computations in detail that we need in Chapter |3 Firstly, we
recall some useful results in the theory of Grobner bases and elimination theory. We use these
results to compute the Grobner bases of some ideals.

Let T = C[Xy, ..., X,] be the standard graded polynomial ring with the lex ordering, i.e.,
for o, B € Znx0, @ >y B if the left most non-zero entry of the vector difference o — 8 € Z is

positive.

Theorem B.1 ( [20], Theorem 4.3.11). Let I,J be ideals in T. If t is a new variable and
tI + (1 —t)J is considered as an ideal in T'[t], then

InJ=0tl+(1—-t)J) nT.

Note that, if we compute a Grobner basis GB of the ideal t1 + (1 —¢).J using the lex ordering in
which ¢ is greater than X; for all 7, then the terms in GB not involving ¢ are a Grobner basis of

I n J. The following theorem shows that we can use this information to compute a colon ideal.

Theorem B.2 ( [20], Theorem 4.4.14). Let I < T be an ideal and g € T. If {hy, hs, ..., h,} is
a generating set of I ~ (g), then {h1/g,h2/g, ..., h,/qg} is a generating set of I : (g).

Next, we compute F- : (X;),1 <i < n, and F* : (h) when X§° + G = h™g for some

forms h, g € T with deg h > 0 and m > 2.

Let T[t] = CJ[t, Xo, X1,...,X,] be the standard graded polynomial ring with the lex

orderingt > Xog > --- > X,,.
Proposition B.3. Let I = (X{° + G, X{*, X532, ..., X)) < T be an ideal.
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1. If J = (X;) < T for some 1 <i <n, then

I A J= (XX +G), XX, X, X8, ., X0 X, X0,

2. Suppose X;° + G = h"™g for some forms h,g € T withdeg h = k > 0and m > 2. If
J = (h), then
I nJ=(h"g, hX{", hX3% ..., hX").

Proof. We start by proving (1). We show that a Grobner basis of ¢t/ + (1 — t)J < T'[t] is,
GB = {tXP+tG tXM X582 tX0, . X0 (t—1)X;, Xi(X0+G), X, X0, X X852, ., X%, . X; X0},

Thus the conclusion follows by Theorem B. 1

To show that GB is a Grobner basis, we show that S(f;, f;) = 0 (mod GB) for all distinct
fi, f; € GB. Note that if f;, f; are monomials, then S(f;, f;) = 0. Also, if the leading terms
of f;, f; are coprime, then S(f;, f;) = 0 (mod GB). We compute S(f;, f;) for the remaining
pairs. We have

tXEX,
X 00

- tXZG + XngO

tXEX,
e

S(tXy® +tGtX; — X;) = (tXg° +tG) — (tX; — X;)

= Xl(Xgo + G) — GXZ(l — t) = O(mod GB)

tX; X(°
S(Xl(XgO + G)7 tXZ - X’L) = c? (XZXSO + XlG) —
X; X0

== tXZG + XgOXZ‘

£X, X0
e

(tX; — X;)

- tXZG - XZG + XZG + Xngo
= (t — ].)XZG + XZ'(XSO + G) = O(mod GB)
tX X, tX X

SEXS X, — X,) = —L (X0 - LN X, - X,
(tX;7, ) thJ(]) tXi( )

= XX, = 0(mod GB) forall 1 < j <n,i # j.

XXX XXX

S(Xi<Xgo + G),XIX;J) — J (XZ'XSO + XZG) — T){;J

X, XG0
= X;X;'G = 0(mod GB) forall1 <j < mn,i#j.
Hence (1) proved.
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To prove (2) we perform similar computations as above and prove that

GBy = {th™g, tX® tX22, .. tX0n (t — 1)h, h™g, hX®, hX52, ... hX}

is a Grobner basis of ¢t + (1 — t)J < T|[t]. Then the conclusion follows by Theorem [B.1
To prove that GB; is a Grobner basis, it is enough to compute the S-polynomials and their

remainder modulo G B;. Consider
S(th™g, tX;7) EXGO X (th™g) EXG0 X (X7
PtRi) = X P
=X} h"g — t X X}

=tX(h™"g — X§°) = 0(mod GBy).

J

£X 0 £X0
- th™q) —
X (th™g) tXF

=th™g — thX§* ™" + hX§~F

S(th™g, th — h) (th — h)

= th(h™ g — X0F) + hxgo*
= th(h"™ g — X§°™") — h(h™ g — X§°7F) + h(h™'g — X§°F) + nXGO "

= (t—Dh(h™ g — X3F) + h™g = 0(mod GBy).

X0 X0
S(th™g. h™g) = —2 (th™q) — =2 (h™q) = 0
(th™g,h™g) ; Xgo( 9) Xe (h™g)
S(th™g, hX% —thOX; : th™ —thoX; : hX %

= tXhmg — thX§ " X

=X (h"g — hX{° ") = 0(mod GBy).

o tXTXG e EXXG
S(EX]7 th — h) = =S (X)) = =2 (th — h)
i 0

= tX X5 —tX"h + hX
= tX7(X§ — h) + hX;" = 0(mod GBy).
tX Xk | EXXE

StXT hX7) = — (X —
( J J ) thJ ( J ) X(]]CXjJ

(hX})
= tX7(X§ — h) = 0(mod GB;).
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S(th — h,hX;") LY X (th — h)
T tXk

tXGX

— ——2(hX}’
i )

J

= —hX}’ = 0(mod GB;).

X0 X0
th —h,h"q) = —2 (th — h) — -2

= X3 h — X0k h — th™myg

(h™9g)

= th(Xgo™F — hm=lg) — hXgo*
= th(Xg"™" = h™lg) = (X5 = ™ lg) + h(XGO ™" — k™ lg) — hXGOT

= (t = (X  — A 1g) — h™g = 0(mod GBy).

S(h™g, hX™) XSOX;j(hm) Xgoij(th
95 Jj /7 Xgo g X(]]{,’X;’j J

= X"h™g — X§° " h X
= hX7 (k" g — X$7%) = 0(mod GB,).
XX Xgo X

h™g,hX) = —2-(h"g) — ——2—(h X’
S( g? 7 ) Xg() ( g) X(]]CX;IJ( J )

= Xh"g — X" h X

= hX7(h™ g — X§°7F) = 0(mod GBy) for j = 1,...,n.

Hence the proof is complete.

O
We compute some colon ideals required for the Waring rank computation.
v A ] v—1 ] .
LemmaB.4. Let F© = (P = ) X X[ Q= ) xgott-mtooxmetzibo xg2  xon)

i=0 i=0
where v is the least integer such that ag + 1 < vby and a; + 1 < vbyg.

1. IfI = (Xy), then F* : [ = (P,Q, X5>7', X8, ..., X2).
2. IfI = (Xy), then F* : I = (P, Q/Xy, X5, ..., X%).
3. IfI = (Xo, X4), then F+ . [ = (P,Q, X%2,..., X).

Proof. To prove part (1) we note that by performing computations similar to Proposition
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we obtain a Grobner basis of the ideal t F'* + (1 — )1 < T/[t] given by
GBy = {tP,tQ,tX5*, ..., tX", (t—1) Xy, tX @t XO P Xo0Q, X592, Xo X535, ..., Xo X0}

By Theorem we obtain the result (1).
We now prove (2). We show that a Grobner basis of the ideal tF* + (1 — ¢)I < T[t] is

GBy = {tP,tQ, tX52, .. X, (t— 1)X;, X0+ X P Q, X1X%, ..., X; X}

To show that G B, is a Grobner basis, we show that S(f;, f;) = 0 (mod GB,) for all distinct
fi, [; € GB,. Note that if f;, f; are monomials, then S(f;, f;) = 0. Also, if the leading terms
of f;, f; are coprime, then S(f;, f;) = 0 (mod GBz). We compute S(f;, f;) for the remaining

pairs. We have

S(tP, tQ) _ Xfl+1f(v71)botp . Xé)bof(ao+1)tQ

_ tXil1+1+b0

= (t — 1) X @ttt xatl+ho — 0 mod GB,.

S(tPtX7) = X;7tP — X"t X}
v—1
= tX;j(Z XPox =) — 0 mod GB,.
1=0
S(tP,(t —1)X;) = XitP — X (t — 1) X,

v—1

= (t— D)X (O] XX ™) + X1P =0 mod GB,.
=0
SHQ,EXY) = XtQ — Xgort xy - x

v—2

= tX]‘?j(Z Xgo+1—(v—1—i)boXiz1+1—z’b0) — 0 mod GB,.
i=0
S(th (t - 1)X1> = tQ — Xgo+1(t o 1)X111+1—('u—1)b0
v—2
= (t = DX (Y XTI T £ Q = 0 mod GB,.
i=0

S(tQ,Q) =1Q —tQ =0 mod GB.
S(Q, X, X7) = XPtQ — tXgor XV x -
= tX;j (Q _ X(t)zo+1Xil1+l—(v—1)b0) — 0 mod GB,,.

S(tQ, Xf1+1+b0> _ beotQ _ tho+1Xf1+1+b0
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v—2
_ Xfl+1+b0(2 X(C]Lo+17(v7171)b0X1(v7171)b0) —0 mod GB,.

=0

SEX, (t—1)X1) = Xot X" — X7 (t - 1)X,
= XlX;j =0 mod GBs.
S((t—1)X,, Xa+irboy — xor+bop 1) x, — gx@+i+ho
= —X@tHh — 0 mod GB,.
S(X,P,Q) = XU p _ (et
= X{HH — 0 mod GB,.

S(X1P, X1 X)) = X7 X1 P — X X, X
v—1
= X, X7 Y XX =0 mod GB,.

1=0

S(Q.XXY) = XPQ - Xgorixp1-h

v—2
= X XY Xgertr i xmito — 0 mod GB,.

1=0
Therefore

Fral= (X0t XiPQ, X1 X2, ..., X, X%).
By Theorem B.2] we obtain
FL. 1= (X®to p Q/Xy, X52, ..., X&),
Since
Xfﬁbo _ Xfqubof'uboP i ngo—(aoﬂ)Q/Xl

we get

Fr:.I=(P Q/Xy, X5, ..., X™).

To prove part (3) we first obtain F* : (X;). By performing computations similar to the Case

(2) above, we obtain that a Grébner basis of the ideal tF* + (1 — t)(X,) < T[t] is

GBy ={tP,tQ,tX57, . tXa, (t — 1) X, tX7% + Y X X["70% XXttt xgotbor!

i=1
X()P, Q, XoXSQ, X()ng, cee X()Xg"}
By Theorem [B.2| we obtain
FL : (XO) = (Xfl+1+b07 X(C)lo+b07 Pv Q/X07 Xéma X?(,l37 R Xan)

n
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Moreover,

a1+1+b a1+1+bo—vb vbp—a
X11 O:Xll 0 op_XO 0 OQ/XO,

X(l)10+bo _ X(‘)lo-‘rbo—vbop o beo_(a1+1)Q/X0.

Hence

FY(Xo) = (P, Q/Xo, X2, ..., X).

Therefore we have

P (Xo, X1) = (F2 (X0) ) (F* : (X))

= (P,Q, X352, ..., X).

Hence the proof is complete.
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Appendix C

Artinian Gorenstein algebras and bilinear

map

In this chapter, we recall some properties of AG k-algebras and bilinear maps. Some of these
properties are well-known, but we have added details of some results for the sake of complete-

ness.

C.1 AG k-algebras

Let (R, M) be alocal ring over a field k =~ R/M. In this subsection we recall that there is a one-
many correspondence between AG quotients of R and k-linear maps from R — £k satisfying

certain conditions. This map induces a non-degenerate bilinear map from A x A — k.

Proposition C.1. Let (R, M) be a local ring over a field k. There is a one-many correspon-

dence between the following sets:

AG quotients A of R k-linear map ¢ : R — k such that
of socle degree s © |pms+1= 0,0 |ms# 0.

Here A= R/J with J = {h € R | p(Rh) = 0}.

Proof. Refer to [38, Lemma 1.1]. O
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C.2 Properties of bilinear maps

Let k be a field and V, W be finite-dimensional k-vector spaces. Recall thatamap ¢ : VxW —
k is said to be bilinear if it satisfies the following properties: for any x,y € V, 2z, w € W and

a €k,
@) pla(z +y),2) = ap(,2) + apy, 2);
(i) o(z,a(z +w)) = ap(z, 2) + ap(z,w).

Let ¢ : V x W — k be a bilinear map. For a subset S of V, we define a subset S+ of TV
as

Sti={we W | p(v,w) = 0 forevery v e S}.
Similarly, if 7" is a subset of IV, then a subset Anny (T") of V' is
Anny (T) :={veV | p(v,t) =0forallt e T}.

Note that both Anny (7") and S 1 are subspaces of V and W, respectively. For subsets S, O
of V recall that
S+0:={x+y:xeSandyce O}.

Proposition C.1. Let ¢ : V x W — k be a bilinear map and S,O < V,and T,U < W are

subsets. Then
(i) If T < U, then Anny, (U) < Anny (7).
(ii) If S < O, then O+ < S*.
(iii) Anny (T + U) = Anny (T') n Anny (U).
(iv) (S+0)t =50~
Proof. Easy to check. [
Throughout, for any k-vector space V, we set V' := Hom(V, k). For a subset S of V, let
(0: »S) :={f eV : f(t)=0forallt e S}.

Note that (0: {~S) is a subspace of V. We denote the k-vector space dimension of V by dim V.
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Proposition C.2. Let V,W be finite dimensional vector spaces of the same dimension, and

S c V,T < W are subspaces. Let ¢ : V x W — k be a bilinear map.
(i) If the k-linear map ¢' : V- — Hom(W, k) induced by o is injective, then
(0: wT) = Anny (7).
Moreover, diim Anny (T') = dim W — dim 7.
(ii) If the k-linear map " : W — Hom(V, k) induced by  is injective, then
(0: S) = S™.
Moreover, dim S* = dim V — dim S.
(iii) If p is non-degenerate, then

Anny(SH) = S, (AnnyT)*: = T.

(iv) Assume @ is non-degenerate. Let S, O be subspaces of V and T, U be subspaces of W.
Then
(SOt =8+ + 0% Anny(T n U) = Anny(T) + Anny (U).

Proof. (i) Since dim V' = dim W, dim V' = dim W' Therefore, if
¢V —Hom(W,k) =W

induced by ¢ is injective, then ¢’ is surjective as well. Hence ¢’ is an isomorphism.
Let ¢ be the restriction map of ¢’ to Anny (T, that is ¢» : Anny(T) — W is defined as
Y (v) = ¢'(v). Note that for v € Anny (T),

¢ (v)(t) = ¢(v,t) = 0forallt e T.

Hence ¢(v) = ¢'(v) € (0: T). Therefore im(v)) < (0: 1T). Clearly, as ¢' is injective, v is
injective. Also, for any f € (0: /T, surjectivity of ¢’ implies that there exists v € V' such that

¢'(v) = f. Then v € Anny (T) because
d(v,t) = ¢ (v)(t) = f(t) =0forallt e T.

Thus ¢(v) = ¢'(v) = f. Hence im(¢)) = (0: yT'). Thus we get Anny (T') = (0: 7).

121



In order to compute the dimension of Anny (7'), first observe that (0: 1") ~ (W /T'). Hence

dim Anny (7') = dim(0: 7)) = dim(W/T") = dim W /T = dim W — dim T".

(i1) Proof is similar to (i).
(iii) We have
dim Anny (S*) = dim W — dim S* (from (1))
= dimW — (dimV — dim 5) (from (ii))
= dim S (since dim W = dim V).
Since S < Anny (S*), we obtain that Anny (S+) = S.

Similarly, (AnnyT)* = T is proved.
(iv) We have

Anny (St + OF) = Anny (S*) A Anny (O1)  (by Proposition(z'z'z’))
=5Sn0 (by part (iii)).
Therefore we obtain
(S nO)* = (Anny (S* + O4))*
= S+ + O+ (by part (iii)).

Similarly, Anny (7"~ U) = Anny (T') + Anny (U) is proved.
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